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ABSTRACT. A lattice construction using Z-submodules of rings of integers of number fields is presented.
The construction yields rotated versions of the laminated lattices A, for n = 2,3,4,5,6, which are the
densest lattices in their respective dimensions. The sphere packing density of a lattice is a function of its
packing radius, which in turn can be directly calculated from the minimum squared Euclidean norm of the
lattice. Norms in a lattice that is realized by a totally real number field can be calculated by the trace form
of the field restricted to its ring of integers. Thus, in the present work, we also present the trace form of the
maximal real subfield of a cyclotomic field. Our focus is on totally real number fields since their associated
lattices have full diversity. Along with high packing density, the full diversity feature is desirable in lattices
that are used for signal transmission over both Gaussian and Rayleigh fading channels.

Keywords: sphere packings, algebraic lattices, number fields, cyclotomic fields.

1 INTRODUCTION

Lattices are discrete subgroups of Euclidean n-space, R”, and they have been considered in dif-
ferent applied areas, especially in coding/modulation theory and more recently in cryptography.
Algebraic lattices are those obtained via number fields and they have been studied in several pa-
pers and from different points of view, see [1,2,3,5,6,10]. These algebraic lattices are constructed
through the canonical homomorphism via Z-modules of the ring of algebraic integers of a num-
ber field. Having the construction of algebraic lattices as our goal, in this paper, we focus on the
construction of algebraic lattices with special features, known in the literature, via maximal real
subfieds of cyclotomic fields. In digital communications, the lattice parameters of interest are its
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sphere packing density and minimum product distance. The performance in terms of minimum
product distance is given by number field discriminant, i.e., minimizing the discriminant. The
question of find totally real number fields with minimal discriminant is a hard problem. Those
parameters can be obtained in certain cases of lattices associated to number fields through al-
gebraic properties [6]. From [4, Thorem 4.1], we can to give a lower (and upper) bound on the
minimum product distance. The higher those two parameters are the more attractive the lattice
becomes to be used for data transmission over Gaussian and fading channels.

We can find, in literature, several constructions of full diversity rotated Z"-lattices [5,6,7,8]. In
[6], it was shown that algebraic lattices obtained via totally real number fields have full diversity.
In [8] the authors presented constructions of algebraic lattices over totally real fields and in
[7] the authors presented constructions of lattices and the trace form for Q(&,r + Cp_,l). In this
work, we focus our construction on totally real number fields and we present the trace form for
Q(&,+¢, "), where n > 5, where we present constructions of algebraic lattices of full diversity
and optimal packing density. In full diversity algebraic lattices, the minimum product distance
depends on the minimum of the algebraic norm of nonzero elements in the lattice. This gives an
advantage provided by the algebraic tools, once to calcule the minimum product distance in a
general lattice is a hard problem.

In this paper, we present constructions of algebraic lattices of optimal center density and full
diversity, that is, we present constructions of algebraic lattices on totally real number fields. In the
first construction, the fields are the maximal real subfields of cyclotomic fields, and in the second
construction, the fields K are extensions of QQ of degree p where p is an odd ramified prime in
0%k, the ring of integers of K. In Section 2, we review necessary concepts from number fields
and lattices. In Section 3, we present explicit trace forms over the maximal totally real subfield
of cyclotomic fields. In Section 4, we present constructions of laminated algebraic lattices in
dimensions 2 up to 6 with optimal center density. In Section 5 we give our conclusions.

2 BASIC RESULTS OVER ALGEBRAIC LATTICES AND NUMBER FIELDS

In this section, we briefly review the definitions and results that will be needed subsequently.
Many of them will be assumed known to the reader; those interested in further details are referred
to [10, 14].

Let A be a full lattice in R”, that is, A is the set of all integral linear combinations of some basis
of the vector space R". Let r denote half the minimal distance between (distinct) lattice points.
We can then immediately construct a sphere packing from A by centering an n-dimensional
sphere with radius r at each lattice point. The obtained arrangement is called the sphere packing
associated to A. The proportion of the space that is occupied by the spheres is called the sphere
packing density of A, denoted by A(A). For comparison purposes, a more used parameter is the
center density of the packing, denoted by 6(A), which in turn equals A(A) divided by V,, the
volume of an n-dimensional sphere of radius 1.
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The minimum product distance of A is defined as

i=1

dp min(A) = min{ﬁ|xi 20 (xp,...,x) € A} )

Lattice A is said to be of full diversity if d) min(A) # 0. In the present work, we will only be
concerned with constructing lattices with a high sphere packing density and full diversity.

A number field K is said to be Abelian (cyclic) if the extension K/Q is Galois and its Galois
group, Gal(K/Q), is Abelian (cyclic). Let K be a number field of degree n and signature [ry,73].
The Q-monomorphisms of K into C whose images are contained in R are denoted by o1, - - - , 0},
and those whose images are not contained in R are denoted by 6, 1,641, " ; Or 4y Or 41 -

The set Ox = {o € K : there is a monic polynomial f(x) € Z[x] such that f(a) = 0} is called
the ring of algebraic integers of K. If {at, 0, -+, a,} is a Z-basis of Ok, the integer dg =
(det(oj()) ;- 1)? is an invariant over change of basis and is called the discriminant of K. The
trace of any element x € O is defined by Try g(x) = X 0i(x).

If R(x) and F(x) denote, respectively, the real and imaginary parts of x € K, then the canonical
homomorphism ¢ : K — R” is defined by

o (x) = (01(x); -+, 07, (x),](0p 11 (x)), 3(0r 1 (%)), -+, H(Opy 1, (%)), 3(Gy 4, (1))

for every x € K. If .# is a Z-module of K of rank n, the set A = 6(.#) is an n-dimensional
lattice in R”. If either r; = 0 or r, = 0, then the center density of A is given by

S(A) = "2 _ (Vo)
2|k |[Ok : ) 27\/|dg[Ox : M)

where [0 : /] denotes the index of .# in Ok, and

t =cemin{Trg o(6x) : x€ .4 ,x#0}

with ¢, = 1 or 27! according to whether r, = 0 or r; = 0, respectively. The quantity 2"[0f :
M) \/@ is equal to the volume of o (.#). Lattices constructed from totally real number fields,
i.e., those with r, = 0, always have full diversity, a desirable property for practical applications
as already observed.

3 TRACE FORMS OVER SUBFIELDS OF CYCLOTOMIC FIELDS

In this section, we present an explicit trace form over maximal real subfield of Q(&,) that allow
us to find the packing radius of algebraic lattices. In Subsection 3.1, we present explicit trace
forms over the maximal totally real subfield of cyclotomic field Q(&,). Thus, in Theorem 2, we
present the trace form for any n, in the Corollaries 1, 2 and 3, for n = p", n = 2p” and n = pq,
respectively, where p and g are prime numbers and r an integer such that » > 1. We present
it again in the Subsection 3.2, since it will be used in the next section for the constructions of
laminated lattices.
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3.1 Trace form over maximal real subfield of Q({,)

A number field LL is said to be cyclotomic if L = Q({,), where §, is a primitive n-th root of unity.
Furthermore, [L : Q] = ¢(n), where ¢ is Euler’s phi function, the ring of algebraic integers of L is
givenby Op, = Z[¢,] and {1,¢,, 2, C,?<">71} is an integral basis for L. f K = Q({, + &7 1) is

the maximal real subfield of the cyclotomic field Q(&,), then [K: Q] = ¢(n) /2, Ok = Z[(,+ 1]
o(n) _ o)

and {&,+ &1 24626, 7 +&, 7 }is an integral basis of Ok [14].

Let n = p1p2--- pr+1, where the p; are distinct prime numbers, a = p1ps---pr and b = pyy .
Observe that §, = £ and §, = £¢, whence Q({,,{,) € Q(&,). On the other hand, since

n >

gcd(a,b) = 1, one has au+ bv = 1 for some u,v € Z. Thus,

C Cau+bv Cau va Cb CV

and Q(&,) € Q(&4, &), that is, Q(&) = Q(&4, &) Furthermore, Q(&,) NQ(&,) = Q because
gcd(a,b) = 1. Since Q(&,)/Q is an Abelian extension, it follows that Q(,)/F and F/Q, for any
F C Q(&,), are Abelian extensions. Finally, the mapping

¢: Gal(Q(6)/Q%) — Gal(Q(5)/Q)

o — o)

is an isomorphism. Furthermore, if o € Q(&;), then

Tro,) /0 (@) = Trog,) /(@)

Lemma 1. [11] Let j and n be integers. If gcd(j,n) = d, then

TrayalEh) = oy et aralEh):

Lemma 2. [11] Ifi, j and p are integers with i > 1, p prime and gcd(j,p) = 1, then

- —1 ifi=1,
TV@(cpi>/@(C,if>{ 0 Wil

Lemma3. [11] Letn= p{' p5*--- p% witha; > 1 fork=1,2,...,s. If j is prime and ged(j,n) =
d, then
(n)

Troe)e(6h) = %u(n/d),

where L is the Mobius function.

Lemmad. [/]] Let n = p‘f1 <o pds, where ay > 1 for k=1,2,...,s. If i is an integer such that
i < @(n)and d = gcd(i,n), then

Tro,)o(6h) # 0 d = (n/P)tjand i= (n/P)j,
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where P =py---p,, tj=gcd(j,P)and j=1,2,...,¢(P)— 1.

Theorem 5. [11] Letn=p{'--- p%, withay > 1, fork=1,2,...,s, m=@(n). If x=ag+a1 5, +
A a1 &MV is an element of 7[L,), then

Tro(g,) /(%) = { Za 12 Z u( ) JAy; }

where P = py---py, tj = ged(j,P) for j=1,2,...,0(P)— 1, and A; = apa; + araiy1 + -+~ +
am—1—iam—1 fori=1,2,....,m— 1. In the next result, we present an explicit trace form over the
ring of algebraic integers of Q(&, +¢;1).

Theorem 6. Let K = Q(§, + &, 1), where n = p{'...p%, with a; > lfor j=1,2,...,5 and
o(n)
= o). Fx = ar(G+ 6 )+ ar(@+ 62 4ot agy (EnF 48 ) is an element of
2

Z[Gu+ ), then

m/2 -1
TI’K/Q mZa “r* Zpt,an —I—ZZP l‘,An +2 Z pt,Bn R
.
214

where P = pi---ps, t; = gcd(i,P), |y| is the greatest integer less than or equal to y, [y] is

n 2 n

the smallest integer greater than or equal to y, u = {Z—Pw, s = LM - IJ, V= (3—13}, pt) =

u (g) o(t), Aj=aiaj11 tmajo+-tan_jan and Bj = Z araj_x. Proof. If x € Oy,
1
k<j—k§%

then

— (Gt 6 ) 4 a2+ 5+ han(CF 4800

where a; € Z, fori=1,2,..., (P(2">. Therefore,

m m
2 2

o= (aICn'FalC;l"""—‘ra%g; )(a1Cn+a1§n—1+...+a%C;)
[(a]§n+02gr12+“'a%§117)+((11C;1+a2C;2+...+a%C;7)]2
A2 4 A% 424,

whereA:a1Cn+a2§,%+---+a%C,,%.So,
m/2 m/2 m/2—1
X —Za (% + &) +2<23,ﬁ,>+2<2a + Z jﬁj>,

where Aj = ajajy +axajo+ - +an_jan,Bj= Z axaj_i, and B; = £+ 7. Since
_1(21 m
k<j—k<7

Trow) o) =[Q(&) : K] Tri g (),

Tend. Mat. Apl. Comput., 21, N. 2 (2020)



304 CONSTRUCTIONS OF DENSE LATTICES OF FULL DIVERSITY

it follows that ]
t=TrgQ(x*) = 5Tro(g) /().
Thus,

1 m/2 m/2—1 m/2 . L m—1
T3 [T’@@,)/@ <2Z“3+2 Y AB+ YA (G + 8 +2 ) BiB;
= =1 =1 =3
m/2 m/2

= mZa +Za TI"Q 4)/Q CVL)

m/2— 1 ) m—1 )
2( Y. ATrge) el + ) BjTr@@a/@(Cﬁ)) :
j=1 =3

From Lemmas 3 and 4, it follows that

m2 s n®® p ,
Y aiTroga(&’) =5 L # <t> (i),
Z AjTro)a(8h) = %I;H (:) o (1:)Ay;,

m— 1 ) o(P)—1 P
;BjTr@@n)/@(Cﬁ) = Y w()e()By:,

J= i=v

where u, s, and v are as in the theorem statement. Therefore,

m/2 (p(P)fl
Trg o(** mZa +f Zp ) an +22p 1A Z p(t)By; |,

2| n

as desired. O

Corollary 7. Let n = p’, with p an odd prime number and r a positive integer. If x = a) (&, +

w(p _ o)

G +a i+ + cotaon (Gt 8 ) is an element of Z[G, + '), then

o) p—1 ez p=2
— 2
Trijo(®) = o) ¥ at —p " [ L@y 2 At 2 ) Byl
i=1 =u . i= i=v
2 ‘ ni

where u = L%—‘, Vv = {p%—‘, Aj = arajy + axajio + - +aw_ja% and B; =
Z araj_x. Proof. Since P = p, it follows that % =p"~!and ¢(P) = p— 1. Thus, from
k>1

k< j—k< 201
Theorem 6, it follows that u = L),Z,l—‘ = "2—3, andv= L,{L —‘ . Now, t; = ged(i, P) = ged(i, p) =

1, because 1 <i < p—1, hence p(t;) = (5) (t;) = u(p)e(1) = —1. The result now follows
from Theorem 6. O

©
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Corollary 8. Let n = 2p", where p is an odd prime number and r is a positive integer. If x =
(2p ) o(2p")

ai(G+ &) +a(la+ 80 + - ey (6 +&n 2 ) is an element of Z[G, + &',
then

P

S

[

TrK/Q( 22: a?—p! Za 172U+2V ,
i=1 S
p 3 z
where U = ZA,[,, '+ ZBZP, LV = ZA,I,, o+ ZB = [E] v =[5 4=
i=v
yz % 2ﬁ 2Ji
alajﬂ+a2aj+2+...+a¢(22,,r)_ja@, and B; = Z ara;_. Proof. Since P =2p, it

=1
. o(2p")
k< j—k< 220

follows that % = p’fl, and ¢(P) = p — 1. From Theorem 6, it follows that u = [%], s = ’%3

andv = L’%—‘ . Also,

1ifiisodd,

fi = ged(i, P) = ged(i;2p) = { 2if i is even

Therefore,

1 ifi isodd,
P(U)Z{ r

—1 ifiiseven.

Since p is odd, it follows that n_ P~ lis odd. So, %i is even if and only if i is even. The result

now follows from Theorem 6. O

Corollary 9. Let n = pq, where p and q are distinct primes. If x = ay (§, + ;') +aa(§2+82) +
(pq) _9(pg)
—i—a(,,,,q (Cn 7 +&, 7 ) isanelement of Z[L, + €, Y], then

@lpg
T
Trg (¥ Z PHU 42V 42w,

Tend. Mat. Apl. Comput., 21, N. 2 (2020)
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where
§= L%M) - 1J yAj=ai1aj4 -l-tlzajJrz-i----—f—aw_ja%q)7
Bi= ), @ajy,
k>1
k< j—k< 244)
?(pq) ?(pq) o(pq)
U=-(p-1)Y @& -@-DYd+ Y &,
i=2 i=2 i=2 2
2pli 2q|i 2|i, ged(i,pq)=1
s K s
V=—p-DYA-(g-DY A+ Y A,
i=1 i=1 i=1
pli qli ged(i,pg)=1
¢(pg)—1 ¢(pg)—1 o(pg)—1
W=-(p-1) Y B-(-1) Y B+ Y B
i=3 i=3 i—3
pli qli gcd(i,pg)=1

Proof. From Theorem 5, m = ¢(pgq) = ¢(P), u(P) = n(pg) = 1, and t; = ged(j, P) with j =
1,2,...,0(pg) — 1. Thus,

p if jis a multiple of p
tj=ged(j,pq) =< g if jis a multiple of ¢
1 otherwise,

and
—(p—1) if jis a multiple of p
p(t) =3 —(g—1) if jis a multiple of ¢
1 otherwise.

Furthermore, % j = j. Thus, if n = pgand x = a;(§,+ §;7 ") +ax ({24672 +- +an G +6 2
is an element of Z[{,]. The result now follows from Theorem 6. O

3.2 Trace form over cyclic number fields of degree p

In [13], a lattice construction using cyclic number fields of degree p, where p is unramified, was
presented. Lattices whose center densities are arbitrarily close to optimal values were obtained.
Below we present a similar construction, in this case using cyclic number fields of degree p,
where p is ramified. Let K be a cyclic number field of prime degree p > 2. From Kronecker-
Weber Theorem [14], it follows that there exists n > 0 such that K C Q(&,). The least integer n
with the property K C Q({,) is called the conductor of K. In this case, the discriminant of K is
given by dg = nP~! [9, p. 186]. If n is the conductor of a cyclic number field K of odd prime
degree p, then

1. pis ramified in K if and only if n = p* or n = p*p1p2--- pr;

2. pis unramified in K if and only if n = p1p2 - - - py,

Tend. Mat. Apl. Comput., 21, N. 2 (2020)
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where r > 1 and the p; are distinct prime numbers such that p; = 1 (mod p).

Let K be a cyclic number field of degree p and conductor n = p? or n = p>pps - - - p,, where the
pi are distinct prime numbers such that p; = 1 (mod p). From [12], if = Trg¢,)/x (8n), then

1. K=Q().
2. B={1,0(t),---,0P"1(t)} is a Z-basis for 0.

Theorem 10. [3] Let K be a cyclic number field of prime degree p > 2, K C Q(&,), where
n=p>pipar---pr with r > 1 and the p; distinct prime numbers such that p; = 1 (mod p). If
x= ao-i-Zf:_ll a;c'(t) € Og, where a; € 7, fori=1,2,--- ,p— 1, then

p—1
TVK/@(XZ) = Pa(2>+PP1"'Pr<—2 Z aiaj+(p—1) ai2>
1<i<j<p-1 i—1
p—1
= pag+ppr-pe| Ya+ Y (ai—aj)?).
i=1 1<i<j<p—1

4 CONSTRUCTIONS OF LAMINATED ALGEBRAIC LATTICES OVER NUMBER
FIELDS

In this section, we explicit constructions of algebraic densest lattices in dimensions 2 up to 6.
The strategy used is to search for submodules contained in the ring of algebraic integers that
perform the laminated lattices via canonical homomorphism. In this sense, we use center density
as a parameter, so the trace forms (Theorem 6 and Theorem 10) are important for calculating the
packing radius.

4.1 The Aj-laminated lattice

IfK=Q(in+ &5, then [K: Q] =2, {&1n+ &', ¢4 + 57} is an integral basis for K and
di = 12. 1

M ={ar (G + ") +ar(lh+ ) € Ox tar+ax =0 (mod 2)},

then .# is a Z-submodule of Ok of rank 2 and index 2. From Theorem 6, the trace form of
o € / is given by

Trio(a?) =8(ai —araz +a3).
Thus, t = min{TrK/Q(Otz) co € A, 0 # 0} =8, which is attained at ¢; = 1 and a = 0. Since
the volume of lattice o(.#) equals 22\/|dx|[.# : O] = 2*\/3, it follows that

2
5(c()) = (f% -

i.e., the center density of 6(.#) is the same as that of lattice A,.

Tend. Mat. Apl. Comput., 21, N. 2 (2020)



308 CONSTRUCTIONS OF DENSE LATTICES OF FULL DIVERSITY

4.2 The Az-laminated lattice

FK=Q(+¢ "), then [K: Q] =3, {So+ &', ¢3+ &%, & + &} is an integral basis for K
and dg = 3. If

M= {al(Cg—i-C;l)+a2(C()2+C972)+a3(C93+C973) € Ok : 4a) +4as + a3 = 0(mod 6)
and a3 = 0(mod 2)},

then .# is a Z-submodule of O of rank 3 and index 6. From Theorem 6, the trace form of
o € ./ is given by

TrK/@(Ot2) = 18(a% +ajay +4aia;3 —|—a§ +4aras —|—2a§).

Thus, t = min{Tr]K/Q(otz) ro € ./ ,a+#0} =18, which is attained at a; = 1 and ap = a3 = 0.
Since the volume of lattice 6 (.#) equals 23\ /|dx|[.# : O] = 2*-33, it follows that

22\3
slatay = S~

i.e., the center density of o(.#) is the same as that of lattice As.

4.3 The A4-laminated lattice

K =Q(&a+ '), then [K: Q] =4, {Ooa+ 851, G+ 5557, Gy + 80y Gy + §54*} is anintegral
basis for K and dg = 28 - 32. If

M ={a1(Ga+ 853 ) +aa (G + 53D + a3 (83, + 637) +aa (83 + 654 € Ok :
4ay +3ar +2a3 +as = 0(mod 6)},

then .# is a submodule of 0k of rank 4 and index 6. From Theorem 6, the trace form of o € .4
is given by

TrK/Q(OcZ) = 24(a% +2ay1as +3ajas +4ayas + 2a§ +4aras + 6aras + Sa% + 8azas + 6ai).

Thus, t = min{TrK/@(az) to € M ,a# 0} =24, which is attained at ap = 1 and a; = ap =
a3 = 0. Since the volume of lattice o(.#) equals 2*\/|dx|[.# : Ox] = 2° - 32, it follows that

)4
s(olay =0k L

i.e., the center density of 6(.#) is the same as that of the lattice A4.

4.4 The As-laminated lattice

Let K be a number field of degree p = 5 and conductor n = 52. In this case, the Galois group
Gal(K/Q) = (o) is cyclic of order 5, t = TrQ(CSz)/K@ﬁz)’ and dg = 5%. Let ./ be the submodule
of Ok of rank 5 and index 10 given by

M = {ap+a10(t) +a0%(t) + a30°(t) + ay0(t) € Ok :
ag =0(mod 2), —ag+a) +ay+az+as =0(mod 5)} .

Tend. Mat. Apl. Comput., 21, N. 2 (2020)
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From Theorem 10, it follows the trace form of K restricted to .# is given by

Trg /g (x?) = 50(2x% + 6x0x1 + 6x0X2 + 6x0X3 + 8x0x4 + 6x% +11x1x0 + 11x1x3
+15x124 + 633 + 1 Lxoxs + 15x2x4 + 633 + 15334 + 10x3),

where xo, ..., x4 are any integers. It follows that t = min{Tryg /Q(xz) :x € M} =50 is attained at
ap=a; =a; =0 and a3 = —a4 = 1. Since the volume of lattice 6(.#) equals 2°+/|dg| - [.# :
Ok = 26.55 one has

.82)5
R

i.e., the center density of o(.#) equals that of lattice As.

4.5 The Ag-laminated lattice

If K = Q(&6+ &ig'). then [K: Q] =6, {G36 + &3, 6 + G367 G + Gag - Gos + GigH G +
Cie s C% + 83} is a basis of K and di = 20-3°. If ./ = (2+ (G6 + G36) — (Gi6 + Gag) — (3 +
C;;))@K. In this case, .# is a submodule of Ok of rank 6 and index 72. From Theorem®6, the
trace form of & € .# is given by

TrK/Q(ocz) = 72(a% + 2apa; — 2agaz — 2apas — apas + 2a% —2ajaz —3ajas + a%
+  arasz+2aras+azas + 3a% + Sazas +2azas + 3a‘2‘ +2a4as + a%.

Thus, t = min{TrK/Q(ocz) ta € 4,00 # 0} =72 which is attained at ap = 1 and a; = ap =
a3 = a4 = as = 0. Since volume of the lattice o (.#) equals 2°\/| di | [# : O] =2'%-3%V/3, it

follows that .
3.122

6(M):(V2 3?) _ 1 7

212.364/3 83

i.e., the center density of o(.#) is the same of the lattice Ag.

5 CONCLUSION

A construction of algebraic lattices with special features, namely, high center density and full
diversity, was presented. Each lattice was obtained as the image of the canonical homomorphism
from a suitably chosen Z-submodule of the ring of integers of the maximal real subfield of a
cyclotomic field into R" (n-dimensional Euclidean space). The trace form of the maximal real
subfield of the cyclotomic field Q(,) was derived explicitly so that the minimum of the associ-
ated lattice could be determined. As a result, rotated versions of full diversity of laminated lattices
in dimensions 2 to 6 have been obtained. Although the constructed lattices are well known, this
work helps answer the question of which lattices can be realized by a given number field, as
posed in [5]. Whether the presented technique can be used to yield higher dimensional lattices
with the desired features (full diversity and high packing density) is left as a research problem.
Calculating or providing a good lower bound for the minimum product distance [6] of the lattices
obtained by the construction technique of this work is also left as a research problem.
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RESUMO. Uma construcio de reticulados usando Z- submédulos de anéis de inteiros de
corpos de nimeros € apresentada. A construgdo produz versdes rotacionadas dos reticulados
laminados A, paran =2,3,4,5,6, que sdo os reticulados mais densos nessas dimensdes. A
densidade de empacotamento esférico de um reticulado é uma funcio do seu raio de empa-
cotamento, o qual por sua vez pode ser diretamente calculado a partir da norma quadrada
minima do reticulado. Normas em um reticulado realizado por um corpo de nimeros total-
mente real podem ser calculadas pela forma trago do corpo restrita ao seu anel de inteiros.
Portanto, no presente trabalho, apresentamos também a forma trago do subcorpo real maxi-
mal de um corpo ciclotdmico. Nosso foco é em corpos de nimeros totalmente reais pois os
reticulados associados a eles possuem diversidade maxima. Juntamente com a densidade de
empacotamento, a caracteristica de diversidade méxima é desejdvel em reticulados que sdo
usados para transmissao de sinais que percorrem os canais gaussiano e de desvanecimento
Rayleigh.

Palavras-chave: empacotamento de esferas, reticulados algébricos, corpos de nimeros,
corpos ciclotdomicos.
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