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ABSTRACT
Let M" be a complete spacelike hypersurface with constant normalized scalar curRaiture
the de Sitter Spac@i’*l. Let H the mean curvature and suppose tRat= (R — 1) > 0 and
R < supH? < Cx, whereCy is a constant depending only @handn. It is proved that either
SupH? = R andM" is totally umbilical, or supH? = Cx and M" is the hyperbolic cylinder
H1(1 - coth?r) x $"~1(1 — tant?r).

Key words: hyperbolic cylinder, spacelike hypersurfaces, de Sitter space.

1. INTRODUCTION

The study of spacelike hypersurfaces with constant scalar curvature in the de SitteS’{s*diﬂ:e
related to an analogue of Goddard’s conjecture for the second elementary symmetric polynomial
in the principal curvatures; more precisely: “L&t" be a complete spacelike hypersurface with
constant scalar curvature immersed in de Sitter sﬁ@‘cje ThenM" is totally umbilical .

S. Montiel (Montiel 1996) described the hyperbolic cylindé&f$(1 — cott? r) x "~ 1(1 —
tantfr), n > 3,in S’{“ with constant mean curvatufé? = % and normalized constant scalar
curvatureR = 1+ 2(2+ (n — 2) tanif r)).

In (Zheng 1995), (Zheng 1996) and (Cheng & Ishikawa 1998) partial results were obtained.
Recently, Haizhong Li (Li 1997)(and also S. Montiel in a more general spacetime (Montiel 1999))
obtained the following result: “Let” be a compact spacelike hypersurface immersed into the de
Sitter spaces; ™ with normalized constant scalar curvatResatisfyingR > 0. ThenM is totally
umbilical".

In this note we announce the following
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THeoreM 1.1. Let M" be an n-dimensional complete (n > 3) spacelike hypersurface immersed
into the de Stter space S’“rl with constant scalar curvature R suchthat R = R —1 > 0 and supose
that R < supH? < Cx where

R—2 2
Cx= <(n—1)2” —5 F2An =D _2)

Then
(i) supH? = R and M istotally umbilic or

(i) supH? = Czand M isisometricto H(1 — coth?r) x §"~1(1 — tantf r).

2. PRELIMINARIES

Let Rf*z be the real vector spad®*? endowed with the Lorentzian metric) given by (v, w) =
—vowo + viw1 + ... + v,p1w,yq that is, RIT? = L"+2 is the Lorentz-Minkowski(n + 2)-
dimensional space. We define the de Sitter space as the following hyperquad?ﬁt”of:
Sttt = {xeRy*? |x[? = 1). The induced metrig, ) makesS; into a Lorentz manifold with
constant sectional curvature 1. L@t be a n-dimensional orientable manifold, complete and let
f:M" — Si*1 < L"*2 be a spacelike immersion 81" into the de Sittes; ™. Choose a unit
normaln along f and denote by : 7,M — T,M the linear map of the tangent spaeV at the
point p € M, associated to the second fundamental form of f akpng

(AXv Y> = _<VXY9 T]),

where XandY are tangent vector fields on M &nhig the connection oﬁf“. Let{es, ..., e,} bean
orthonormal basis which diagonalizésvith eigenvalues; of 7,M, i.e.,Ae; = kie;,i = 1,...,n
We willdenote byH = % > ki the mean curvature gfand|A|2 = Y k2. Inour case itis convenient
to define a linear mag : 7,M — T,M by

It is easily checked thatrace(¢) = 0 and that

1
912 = o= > ki = k))?

so that|¢|? = 0 if and only if M" is totally umbilical. Letu; = k; — H be the eigenvalues qf;
then ) . u; =0, and

= _ui=IAP—nH?
Zk?:nH3+3HZ,ui2—Z,ui3.

2.1)
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The standard examples of spacelike umbilical hypersurfaces with constant mean curvature in the
de Sitter space are given by

M" = {pe S (p.a) =1},

wherea € R;‘*Z, lal> = p = 1,0, —1 andr? > p. The corresponding mean curvatueof such
surfaces satisfies

1,2

(t2—p)

(Montiel 1988) andv/" is isometric to a hyperbolic space, an Euclidean space or a sphere according
to p equal to 10, —1, respectively. On the other hand, hyperbolic cylinders are the hypersurfaces
given by

H? =

M" = {pe S —p?+ pi+ ...+ p? = —sinkPr},

withr € Rand 1< k < n.
Such hyperbolic cylinders have constant mean curvature

nH = [k cothr + (n — k) tanhr].

Thus, we have
H2 > 4(n ; 1
n
and the equality is attained fér= 1 and cotRr = (n — 1). Their normalized scalar curvature is
R=1+12+ -2 tanlfr).
We point out that these examples have only two different constant principal curvatures at each
point and one of them has multiplicity one. Moreover, they are isometric to the Riemannian product

HY(1 —coth?r) x $"1(1 — tanit r).

The Gauss equation relates the scalar curvature, the mean curvature and the square of the nort
of the second fundamental formula as follows:

nin — 1)(R — 1) =n’H? — |A)% (2.2)
LetT = Zi’j Tijw; @ w; be asymmetric tensor defined o', where
Tij = I’lHSl'j — hij-

Following (Cheng & Yau 1977), we introduce the operatgrassociated td@" acting onC?
functions f on M" by

Lif =) Tifiy =) (nHéy —hip) fi. (2:3)
ij i,j
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Around a given poinp € M we choose an orthonormal frame fidld, .. ., ¢,} with dual
frame field{ws, ..., w,} sothath;; = k;§;; at p. We have the following computation by using (2.3)
and Gauss equation (2.2) :

LinH) = nHA@H) - knH);

1

= SA0H) - Xi:(nH),? — Xi:ki(nH) 2.4)
1 1

= n(n = DAR+ SAJAP —n?|VHI - le,(nH)n-.

On the other hand, using Simons Formula (see Zheng 1995) we get

1 1
§|A|2 = |VA|2 +n E kiHi,' + 5 E Rijij(ki - kj)z- (25)
i iJ

From (2.4) and (2.5), we have:

1 1
Li(nH) = én(n —1AR+ |VA? —n?|VH|? + > Z Rijij (ki — kj)2. (2.6)
i,J

3. SKETCH OF THE PROOF OF THE THEOREM

SinceR is constant, by (2.6) we obtain

1
Li(nH) = |VA|2—n2|VH|2+EZ(1+kikj)(k,-—kj)z
i,j
= VAR [VHP+ 20 Y K+ 2n YR
2 & 2

1 3 1 3 21,2
= D okki+ S ) Kk 5y ik — ) kK.
i, i, i,j i,j
Makingi = j, we then have
LinH) = |VA]? = n?|VH|?> + n|A)> = n®H? + |A|* — nH Z k3. (3.1)
Using (2.1) in (3.1) we obtain
Li(nH) = |VAP? = n?|VH)?> + n|¢|*> + |¢|* — nH Z nd — 3nH?¢|? — n?H*. (3.2)
Then,

LinH) = [VAP —n?|[VHP + nl¢|? + p|* + n?H* + 2n H? |$|?

—3nH? |¢|2—n2H4—nHZui3. (3-3)
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This yields

Li(nH) = |VAP? = n? |VH + ||* (n —nH® + |$|>) —nH »_ . (3.4)

1

We need to estimate (¢°%) in (3.4). First we recall an algebraic lemma (Okumura 1974) which
asserts

(n—2)

S D (g3 < 378 = () = —m 2 (g2 (3.5)

Vnn —1) Jnn —1)

and the equality holds on the right hand side if and only if

= 1= L sl and p= " "L
H1=...= Up-1= l’l(l’l — l) Mn = n .

Using (3.5) in (3.4), we obtain

nn—2)

Li(nH) > |[VA]? —n?|VH|? 2(n —nH? 2 —— " |H||9)). 3.6
1(nH) = [VA|® =n®|VH|* + [¢|" (n —nH" + |§| ml oD (3.6)
SinceR is constant, by (Alencar et al. 1993)
|A|?> — n?|VH|?> > 0. (3.7)
By Gauss equation (2.1) we know that
612 = 1A — nH? = "= 2412 — nR). (3.8)
n
Using (3.8) and (3.7) in (3.6) we obtain
n—1 2 —
Li(nH) > T(IAI —nR)Py(|9]), (3.9)
where Py is a polynomial given by
(n—2)
P = (n —nH? 2 _ — __— _|H . 3.10
u(|p)) = (n —nH” + || ml 1) ( )
By (3.8) we may write the above polynomial as
— -2
PR(IAD =n =201 = DR+ —|4P?
(3.11)
-2 — —
=22 Ja - DR + 1AP(AR - nR).
n
Therefore (3.9) becomes
n—1 2 —
Li(nH) = T(IAI — nR) Pr(|A]). (3.12)
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Using the hypothesis th& < supH? < C%, one proves that

Pg(/sup|Al?) > 0. (3.13)
On the other hand,

Li(nH) =Y (nH8;j —nhij)(nH)ij = Y (nH — nhi)(nH)j;

o ’ (3.14)
=nY HmH)i—nY knH)i <n(Hlmax— C)A(nH),

where| H |max IS the maximum of the mean curvatukgin M andC = mink; is the minimum of
the principal curvatures in.

Now, we need the maximum principle at infinity for complete manifolds by Omori and
Yau(Omori 1967):
“Let M" be an n-dimensional complete Riemannian manifold whose Ricci curvature is bounded
from below. Letf be aC2-function bounded from below ol”. Then for eacts > 0 there exists
a pointp, € M such that

IVfI(pe) <& Af(pe)>—e and inff < f(p,) <inf f +¢&." (3.15)

The hypothesi®R < supH? < Cg together with Gauss equation implies tiRitc), > (n —
1 - "T‘;’Z, so the Ricci curvature is bounded below. Thus we may apply Omori and Yau'’s result to
the function

1
= J1+ nH)?

We have

1 V)P

2 e —
V=205 2

(3.16)

and

2
f=_} A(nH) . 3|V(nH)|5. (3.17)
2(14 (nH))?  4(14nH):2

Let{p:}, k € N, be a sequence of points M given by (3.15) such that
. . 1 2 1
Jm f(po) =inf f, Af(p) > =7 and |V f2(pe) < 5. (3.18)
Using (3.18) in the two equations (3.16) and (3.17) and the fact that

kILmOO(nH)(pk) = sup(nH)(p),

peM
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we obtain

1 1 AnH 3 3
—— < —z U )3(Pk)+p(1+nH(Pk))z- (3.19)

k™ 21+ (H))?
Hence

A(nH) 2 1 3
3 (Pk) < _( '

S R — +
(l+nH)2 k 1+ mH)(p) Kk
On the other hand, by (3.12) and (3.14), we have

). (3.20)

n —

" 1(IAI2 —nR) Pr(|A]) < Li(nH) < n(|H|max— C)A(nH). (3.21)

At points p, of the sequence given in (3.18), this becomes

-1 _
nT(|A|2(pk) —nR)Pr(|Al(pr)) < Li(nH (py)) (3.22)

< n(|H|max— C)A(nH)(py).
Makingk — oo and using (3.20) we have that the right hand side of (3.22) goes to zero, so by
(3.15) either=t(sup|A|? — nR) = 0 or Px(,/sup|A|?) = 0. But by (3.8)|¢|> = 1 (JA|?—nR)
and so sujp|? = 2=L(sup|A|? — nR) = 0, then|¢|? = 0, proving thatM" is totally umbilical.

If Pz(\/Sup|A|2) = 0, it can be proved that sup? = Cx and so the equality holds on the
right hand side of (3.9) and we obtain

-1 o
L(nsupH) = - - (SUP|A|* — nR) Pr(+/sSup|A[?).

One proves that the equality also holds in Okumura’s lemma (3.5). After reenumeration, we finally
have

ki =k, =...=k, 1, k1 # k,, wherek, = tanhr andk, = cothr.

Therefore M" is isometric toH (1 — cott? r) x S"~1(1 — tani? r), finishing the proof.
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