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ABSTRACT
Let L ¢ C? be a real 3 dimensional analytic variety. For each regular poiatL there exists a
unique complex ling,, on the space tangent foat p. When the field of complex line

p=lp

is completely integrable, we say thatis Levi variety. More generally; leL. ¢ M be a real
subvariety in an holomorphic complex varieW. If there exists a real 2 dimensional integrable
distribution onL which is invariant by the holomorphic structuranduced byM, we say that.

is a Levi variety. We shall prove:

Theorem. Let £ be a Levi foliation and let ‘F be the induced holomorphic foliation. Then, F
admits a Liouvillian first integral.

In other words, if£ is a 3 dimensional analytic foliation such that the induced complex distribution
defines an holomorphic foliatiofi; that s, if £ is a Levi foliation; thenfF admits a Liouvillian first
integral—a function which can be constructed by the composition of rational functions, exponen-
tiation, integration, and algebraic functions (Singer 1992). For exampfeisfan holomorphic
function and if6 is real a 1-form oriR?; then the pull-back o by f defines a Levi foliation

L : f*0 = 0 which is tangent to the holomorphic foliatigh : df = 0.

This problem was proposed by D. Cerveau in a meeting (see Fernandez 1997).
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ANNOUNCEMENT

Let £ be a Levi foliation and letF be the holomorphic foliation tangent # Note that if4 in an
holomorphic function such thgf is a-invariant ¢* F = F); then£ is alsok-invariant ¢* £ = L).
We shall mainly use that property in order to prove

THEOREM. Let £ be a Levi foliation and let F be the induced holomorphic foliation. Then ‘F
admits a Liouvillian first integral.

E-mail: ostwald@impa.br

An. Acad. Bras. Ci., (2001)73 (1)



8 RENATA N. OSTWALD

We proceed as follows:

We first show that if£ is a Levi foliation, there exists analytic real functiofs g2 such that:
if G = g1+ ig», then the Levi foliation is defined by

L£:Gw+ Gw =0,

wherew is an holomorphic 1-form so that = 0 defines the holomorphic foliatioff tangent to
the Levi foliation£. We then verify that; iff * is the holomorphic foliation obtained froff after a
finite number of blow-ups, there exists a Levi foliati6htangent tgf *. Therefore, by Seidenberg
Theorem (Seindenberg 1968), we analyse the foliafidrior which all singularities are reduced.
Let D denote the divisor obtained on the process of reducing the singularity abgl dienote
the irreducible curves with normal crossings such that UD;. We consider the induced Levi
foliation on sections transversal to the holomorphic foliation through each comppnesftthe
divisor. We show that the holomorphic diffeomorfisms for which the Levi foliation is invariant
must satisfy an equation on one variable of the type

h(z) = t%h); teR *

We can then find an holomorphic coordinate systeam the section such that

k+1
M

F(y) = :
) 1— oy

We refer to such coordinate system as a normalizable coordinate system. We verify that it is unique
up to homographies.

If either» # 0 ork = 0, thent = 1 for all solutionsh of the differential equation (*).
Furthermore, ik = 0, then the group of solutions of the differential equation is a linear group. On
both cases we have an abelian group for the group of solutions of (*). We can already conclude:

THEOREM A. Let p beasingularity of the foliation
F :w=Axdy + ydx + {higher order terms} =0 L e R* - Q.

Supposethere existsa Levi foliation £ tangent to F. Then the singularity isanalytically equivalent
to alinear singularity.

Proor. For if there exists a Levi foliation, the holonomy associated to the singularity must satisfy
an equation as (*). If so, the order &f at O cannot be but 1; that is, k=0. The holonomy is
linearizable; as a result, so is the singularity (Mattei & Moussu 1980).

We still have to consider the case= 0. There are solutions for whieh# 1, (h'(0))* = 71 e R.
These solutions are necessarily linearizable, but not those for whichL.. The latter, though,
also determine an abelian group. We shall then describe the abelian group of solutions of (*) for
t=1k>0.
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We can take an holomorphic coordinate systamy) such that the group of solutions of the
differential equation is in normalizable coordinate system on each transversal settiore.

For an holomorphic vector field, let expX denote its exponential application, that is, its flow
forr = 1:

0 1 1
eXFJ(%‘(Z)—a )(2) =2+ f1(2) + 5 f2(2) + 5 f3(2) + ...
z 2 3!

satisfying
fl = g’
fn = 5 ;1/_1-
If i is a diffeomorfism which satisfies
hk+1 1— A k
W (z) = Yy
1— )\.hk yk+1

then thek-th interate of hz*, is tangent to the identity. There exigtsuch that* is the exponential
of the vector field:

k+1 9
Y =2niu —
1— aykay
that is
h*(w) = exp2ri - i)(w)
- T gk ay
Consequently
k+1
. N d ok
h(w) = eXp(anz 1y 5)(611)), e =1

0 0
X =x— ,y)—
xax + yf(x y)ay

is the vector field which defines the holomorphic foliation; then the holonomy application is defined
by
expzriX.

We have found two linear independent vector fields¥ that defing:. Therefore; they commute:
[X,Y]=0.

We can describ& to be so as to satisfy the commutability condition. We then show the local
result:

THEOREM B. Let p be a singularity of the foliation

F :w = ixdy + ydx + {higher order terms} =0, » € C.
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Suppose there exists a Levi foliation £ tangent to F. Then the singularity is normalizable in
the sense of Martinet and Ramis (1982), Martinet and Ramis (1983). In particular, » admits an
analytic integrating factor.

Proor. If A € C — R, the singularity is linerizable by Poincare’s Theorem I€ R — Q, we
have proved (Theorem A) that is also a linerizable singularity. Thus, we have to prove the result
for A € Q; since the singularity is a reduced ones Q, . Let

yk+1 9

1— Ap(xo)y* By

be the vector field whose exponential application determines the holonomy applicatign on

If there are two invariant curves through the singularity, then the vector field that defines the
holomorphic distribution can be written asb% + yf(x, y)%. By solving the commutability
condition[X, Y] =0:

—27iY (x0, ) = —2i p(x0)*

9 9 yk+l 9
0= |x— V) —, LTS AR
[xax +yf(x y)ay p(x) 1ok oy

( ! A v f) — v 2 )8
YA apoky g WY 3 ) =y e 0 ek oy

Let f(x,y) = f(x,0) + g(x, ), thenf must be as to satisfy

_ w(ox
f(xs 0) - ukx)
By logg = ky(lf)»//./"yk) - kay IOg((lmky")%>’
which leads us to / k
w(x)x Y
flx,y) = + 6 ——— -
11(x) 1= Apoytyt

The foliation on the punctured neighborhood is defined by the following 1-form

W' (x)x ¥
=xd —8(x)—— |d
©= y+y( p(x) (x)l—w"y" *

or still by

k, Kk
Y H
— = g
M/X 1-— )»//kak) K
ll«k+1yk+l (1 _ kukyk d(,bkak) S )

— °d
T axkyk\ gk (ukyh)2 T4

%a) = pdy + y(1—

Necessarilys has an holomorphic extension through 0 arfdhas either an holomorphic or a
meromorphic extension through 0. If it were meromorphic, the singularity would not be a reduced
one, contradicting our hypotheses. The extension is then an holomorphic one. We have then a
normal form for either cases:

An. Acad. Bras. Ci., (2001)73 (1)



ON THE EXISTENCE OF LEVI FOLIATIONS 11

If u* e ©*, we have a saddle-nodeyif € © — O* and letp be the order of the zero of at
0, we have a ressonant singularity.

If there is only one invariant curve through the singularity; the singularity is a saddle-node and
the invariant curve iy = 0. Therefore the vector field that defines the holomorphic distribution
can be written ast = (x + h(y)) 2 + yf(x, y)%, f(0) = 0. The holonomy is defined by the
exponential application of the vector fig} ;(}’)X = x%—i—%% The commutability condition
[——=X, Y] = 0 implies that

Fh()
X X
—[X,Y]=|d—Y )X.
x +h(y) ( x+h(y) >

By solving the equation just above, we obtain tlf}amust be an holomorphic function which
contradictsf (0) = 0. O

Following, we prove results that will allow us to relate the first integrals obtained on the
neighborhood of each componebt.

THeoreM C. Let p be a singularity of the foliation F : w = 0 and
w = fdF isanholomorphic 1-form

where F isa Liouvillian function and f is an holomorphic integrating factor of w. There exists a
Levi foliation defined by

L:f(fdF)+ f(fdF).

Furthermore, if p isnot a linearizable ressonant singularity, then any other Levi foliation must be
of the type:
L hf(fdF) + xf(fdF).

Note thath (A F) is a first integral of the Levi foliatio’,. We can then show:

CoroLLARY. Let p beasingularity of the holomorphicfoliation F : w = 0. Let F; beLiouvillian
functionsand let f; be holomorphic functions such that

w = fdeJ

Suppose there exists a Levi foliation £ tangent to F and suppose that 9i(F1), R(F>) are first

integrals of £. Then:
dF; _dF

F; F

ProoF. Follows fromdF; = ‘;—!_'dFj andd(F; + F;) Ad(F; + F;) = 0.

We are then able to show:
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THeorREM D. Let F be an holomorphic foliation and £ be a Levi foliation tangent to /F. Suppose
all singularitieslie on anirredutible curve S; which is F-invariant. Then F admitsa Liouvillian
first integral 7 defined on a neighborhood of S. Furthermore, d(I + I) defines a Levi foliation
tangent to F.

Proor. To show the existence of a Liouvillian first integral gfit is enough to show the existence
of a Liouvillian first integral of the reduced foliatigfi*. Let D = UD); be the divisor obtained on
the process of reducing the singularities. Let us fix a transversal sectiphtbioughD;. Since
there exists a Levi foliation tangent $6*, there exists a normal coordinate system on the section
so that the holonomy applications determined by the singularitie3 osatisfy (*).

For eachD;, we then find an holomorphic vector fielt); that defines the foliatiorf* in a
neighborhood of the divisor. L&t be the holomorphic vector on each transversal section which
defines the holonomies. To firk;, all we have to do is solve the equation

[Z;,Y]=0.

The vector fieldZ; allows us to describe a Liouvillian first integral of the holomorphic foliation
on a neighborhood of each irreduceble comporenof the divisorD = UD; obtained on the
resolution of the singularity. Lef; be a Liouvillian first integral of the holomorphic foliatigfi*
on a neighborhood of thB; such thati(F;) is a first integral ofL*. By Theorem b, for each

p < D; N Dj
we have
dFy _dF
P, B
Therefore
=
w =1—.
F;

is a well defined closed 1-form. Thus

I:exp/w*

is a Liouvillian first integral of the holomorphic foliatiofi* and there is a Levi foliatiod (1 +1) =
0; The Theorem is thereby proved.

RESUMO

SejaL ¢ C2? uma variedade real de dimens&o 3. Para todo ponto reguéarl. existe uma Unica reta
complexal, no espago tangentelaem p. Quando o campo de linhas complexas

p=1p

€ completamente integravel, dizemos queé uma variedade de Levi. Mais geralmente, dejec M
uma subvariedade real em uma variedade analitica complexa. Se existe uma distribui¢éo real integravel de
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dimenséo 2 enk que é invariante pela estrutura holomaffanduzida pela variedade compleig dizemos

queL é uma variedade de Levi. Vamos provar:

Teorema. Sgja £ uma folheacdo de Levi e sgja F a folheacdo holomorfa induzida. Entéo F temintegral
primeira Liouvilliana.

Em outras palavras, 98é uma folheagéo real de dimenséo 3 tal que a folheagao holomorfa induzida define
uma folheacdo holomorf#; isto €, seL é uma folheacdo de Levi; entdo admite uma integral primeira
Liouvilliana — uma funcéo que pode ser construida por composi¢éo de fungfes rationais, exponenciacdes
integracdes e funcdes racionais (Singer 1992). Por exemplp,ésema funcdo holomorfa e $eé uma
1-forma real enR?; entdo o pull-back dé por f define uma folheacdo de LevE : f*¢ = 0 a qual é
tangente a folheacdo holomorfa: df = 0.

Este problema foi proposto por D. Cerveau em uma reunido (Fernandez 1997).

Palavras-chave: folheac@es de Levi, folheacdes holomorfas, singularidades, variedades de Levi.
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