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Rational first integrals of the Liénard equations:
The solution to the Poincaré problem for the
Lienard equations
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Abstract: Poincaré in 1891 asked about the necessary and sufficient conditions in order
to characterize when a polynomial differential system in the plane has a rational first
integral. Here we solve this question for the class of Liénard differential equations X +
f()x+x =0, being f(x) a polynomial of arbitrary degree. As far as we know it is the first
time that all rational first integrals of a relevant class of polynomial differential equations
of arbitrary degree has been classified.
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1 - THE POINCARE PROBLEM ON THE RATIONAL FIRST INTEGRALS OF THE POLYNOMIAL
DIFFERENTIAL SYSTEMS

A rational function f(x,y)/g(x,y) has degree m if the polynomials f(x,y) and g(x,y) are coprime in
the ring R[x, y], and the maximum of the degrees of f(x,y) and g(x,y) is m.
A polynomial differential system is a differential system of the form

ax @_

o x=Q(xy), (1)

where P(x,y) and Q(x, y) are real polynomials in the variables xand y, and t is the independent variable
usually called the time. The polynomial vector field associated to the polynomial differential system
(1) is

0 0
X = P(x,y)& + O(x,y)a—y.

Let U be an open subset of R2. Here a first integral is a C* non-locally constant function H: U — R
such that it is constant on the solutions (x(t), y(t)) of the polynomial differential system (1) contained
inU,ie if X(H)ly=0.

If the function H is rational then we say that H is a rational first integral.

The problem of providing necessary and sufficient conditions in order that a polynomial
differential system in the plane has a rational first integral was stated by Poincaré (1891). This problem
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is of a global nature involving whole classes of polynomial differential systems and this is one of the
reasons for being so hard.

If X is a polynomial vector field on R2 the n-th extactic curve of X, En(X), is defined by the
polynomial equation

Vi V9 Vi
X(v X(v e X(v
dot (v1) (v2) (V) o
X)) A vg) o Aty
where vy, v, - -+, v is a basis of Rp[x,y|, the R-vector space formed by all polynomials in R[x,y| of

degree at most n, and so [ = (n+1)(n +2)/2, and &/ (v;) = X771 (x(v;)). Observe that the definition
of extactic curve is independent of the chosen basis of the R-vector space of polynomials of degree at
most n, and that the extactic curve is an algebraic curve. See Christopher et al. (2007) for more details
about the extactic curve.

As far as we know the first solution for the problem mentioned above was given in the next result.

Theorem 1. Let X’ be a polynomial vector field. Then the polynomial E,(X) is identically zero and the
polynomial E,-1(X) is not identically zero if, and only if, X admits a rational first integral of degree
n>1

This result is Theorem 4.3 of the paper Christopher et al. (2007). But in general Theorem 1 is
difficult to apply because if the degree of the rational first integral is higher, then the computation of
the determinant which appears in the definition of £,(X) is not easy.

2 - THE SOLUTION TO THE POINCARE PROBLEM FOR THE LIENARD EQUATIONS

One of the most studied classes of polynomial differential equations is the Liénard differential
equations, or simply Liénard equations

X+ ()X +x =0, (2)

where f(x) is a polynomial. The first in considering the differential equations of the form (2) was
Liénard (1928) during the development of radio and vacuum tube technology. Later on these equations
were intensely studied as they can be used to model oscillating circuits, see for instance the classical
books Andronov et al. (1987), Conti et al. (1969), Lefschetz (1957) and Sansone (1948).

Passing to the Liénard plane the second order differential equation (2) is equivalent to the first
order polynomial differential system

X =y-F(x), y =X, (3)
where F(x) = /Xf(s)ds.
0

Another way to write the second order differential equation (2) as a planar differential system of
first order is

X=y, y=-f(xX)y -x. (4)
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The objective of this paper is to solve the problem stated by Poincaré on the existence of rational
first integrals for the class of polynomial Liénard differential systems (3), and consequently also for
the equivalent classes of differential equations (2) and ().

Consider the polynomial differential systems (3) in R? where F(x) = Fn(x) is polynomial in x of
degree n > 1. These differential systems are called simply Lienard systems.

We denote by

0 0
X=(y-F — = X—=—
(V= Fn)) g g
the polynomial vector field associated to system (3).
The Totiente Euler function ¢(x) is such that for each x € N = {1,2,3,.. .}, ¢(x) is the quantity of
numbers k € {1,2,...,x} such that (k,x) = 1, that is x and k are relatively prime.

p(x) =#{neN:n<xA(nx)=1}

The fundamental theorem of arithmetic states that if x > 1 there is a unique expression for x =
pfflpgzmpfﬂ where 1 < p; < pg < --- < pr are prime numbers and each integer k; > 1. Then the
function ¢(x) has following expression

)

plx

where the product is over the distinct prime numbers dividing x, for more details on the Totiente Euler
function see Theorem 62 of Hardy & Wright (1979).
Our main results are the following two theorems.

Theorem 2. For all m > 1 different from 2 there are 2¢(m) Liénard systems (3) of degree 1 with a
rational first integral of degree m, and for m = 2 there are 2o(m) + 1 Liénard systems (3) of degree 1
with a rational first integral of degree 2.

Theorem 3. There are no Liénard systems (3) of degree > 1 having rational first integrals.

We proved Theorems 2 and 3 in the next section.

We note that Theorems 2 and 3 characterize all the Liénard equations (2) which have rational first
integrals. As far as we know it is the first time that all rational first integrals of a relevant class of
polynomial differential equations of arbitrary degree has been classified.

We remark that the limit cycles of the Liénard equations (2) has been intensively studied, see
for instance Dumortier et al. (2007), Dumortier & Maesschalck (2011), Hirsch et al. (1977), Huzak &
Maesschalck (2015), Li & Llibre (2012) and Llibre & Zang (2017). But it remains many open questions
about these limit cycles.

3 - PROOF OF THE RESULTS

Proof of Theorem 2. We consider the Liénard system of degree 1 given by

X=y-ap-aiX, y=-X (5)
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It is easy to check that system (5) is integrable with the first integral

10% 1 1 1
- -—+
a? -4 2 a?

H = (o 5— — 1] (a0 +aix-y) +2x

-4
12 —|—1> (ao+alx—y)—2x>.

ai

Y
Q
flan
VRS
Q
[

So in order that from the expression of the function H we can obtain rational first integrals of degree

m = 1 we must have
a? 4
- -5 41) =1, (6)
2 aj

i.e. a; = £2. This proves the theorem for m = 1.
Again from the expression of the function H we can obtain rational first integrals of degree m > 1

we must have
2
a / 4
1_ 1 1_ 1 [

with r € {1,...,m-1}and (r,m) = 1. Solving equations (7) with respect to a; we get

ﬁ‘g

: 7)

m-4r
vmr’

So, for a given positive integer m > 1 we have ¢(m) good numbers m/r for which from the expression
of H we can obtain ¢(m) different Liénard systems of degree 1 with a rational first integral of degree
m. This proves the theorem for m > 2.

For m = 2 we note that if a; = 0 then system (5) is Hamiltonian with the first integral H =
(x2 + (y - ag)?)/2. So in this case the number of rational first integrals is 2¢(2) + 1. This completes
the proof of the theorem. O

a;y ==+

From Theorem 2 we provide the explicit Liénard systems with a rational first integral H of degree
2,3 and 4.

Example 4. Consider m = 2. from Theorem 2 there are two Liénard systems of degree 1 with H a
rational first integral of degree 2, which are given by:
Forr =1,

-v2ag + 2x + /2y
2Y
(—x/iao + X+ \/§y>

V2ag + 2x - /2y
(\/500 +X- \/5)/)2

Example 5. Consider m = 3. From Theorem 2 there are four Liénard systems of degree 1 with H a
rational first integral of degree 3, which are given by:

X:y—a0+3x/\/§, y=-x, with H=

X=y-ag-3x/V2, y=-x with H=
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Forr=1,
-V/3ag + 3x + /3y
3!
(—\/§ao + x4+ \/§y)

~ V3ag +3x - V3y
(x/gao +x- \/§y>3

X=y-ap+4x/V3, y=-x, with H=-

X=y-ag-4x/V3, y=-x, with H=

Forr =2,

(—200 +/6x + 2y) ?

X=y-ag+5x/V6, y=-x with H= T
(\/éao—2x—\/6y)

(200 +/6x - 2)/)2
(—\/éao - 2% + \/@)3-

Example 6. Consider m = 4. From Theorem 2 there are four Liénard systems of degree 1 with H a
rational first integral of degree 4, which are given by:

X=y-ayg-5x/V6, y=-x with H=

Forr =1,
. . . -ag +2X+Vy
X=y-ag+ 5x/2, =-x, with H= ,
v Y (-2ap +x + 2y)4
. . . ag + 2x -y
X =Yy-ag-5x/2, =-Xx, with H= —————.
y—do 2.y (2ag + x - 2y)4
Forr =3,

3
-v/3ag + 2x + \/§y)

4 ?
2v/3ag - 3% - 2\/§y)

X=y-ag+T7x/V12, y=-x, with HE

(\/300 + 2x - x/§y)3
(—2\/300 -3x + 2\/§y)4'

Let f be a real polynomial in the variables x and y. The algebraic curve f = f(x,y) = 0 is an
invariant algebraic curve of a polynomial differential system (1) if for some polynomial K = K(x,y) we
have

of of

Xf:Pa—i—Qafy—Kf- (8)

Since on the points of the algebraic curve f = 0 the gradient (9f /9x, 9f | dy) of the curve f(x,y) = 0
is orthogonal to the vector field X = (P,Q) (see (8)), on the points of f = 0 the vector field X is
tangent to the curve f = 0. Therefore the curve f = 0 is formed by trajectories of the vector field X.
This justifies the name of invariant algebraic curve given to the algebraic curve f = 0 satisfying (8) for
some polynomial K, because it is invariant under the flow defined by X.

X=y-ag-7x/V12, y=-x, with H=
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Darboux (1878) found for polynomial differential systems a fascinating relationships between the
integrability (a topological phenomena) and the existence of a sufficient number of invariant algebraic
solutions. In particular, he proved that if a polynomial differential system of degree m has at least
m(m+1)/2 invariant algebraic curves, then it has a first integral. Moreover, if the number of invariant
algebraic curves is at least m(m + 1)/2 + 2 then there is a first integral which is a rational function,
see for instance Christopher & Llibre (2000).

To prove Theorem 3 we use the following result. Hayashi (1996) studied the invariant algebraic
curves for the Liénard system

x=y, y=-f(Xy-9(x), (9)

where f and g are polynomials of degree M and N respectively and obtained the following result.

Theorem 7. Under the conditions f(x) # 0, and M + 1 > N the Liénard system (9) has an invariant
algebraic curve if and only if there is an invariant curve y = P(x) satisfying

g(x) = - [f(x) + P'(x)] P(x),
where P(x) or P(x) + [ f(x)dx is a polynomial of degree at most one.

Proof of Theorem 3. Consider system (3) of degree n > 1, with F(x) = Y. ax' and ap # 0.
System (3) is equivalent to system (9) if f(x) = F/(x) and g(x) = x. Therefore by Theorem 7 system
(3) has an invariant algebraic curve if and only if

(i) P(x) = do + d1x, and
gx) =-[f)+P' ()] P(x) & x=~-I[f(x)+di](do+ drx). (10)

Then from last equation we obtain that —-na,dix™ = 0, a contradiction if dy # 0. If d; = 0 then
get —nandox"! = 0, a contradiction dy # 0. If d; = dy = 0 then we obtain a contradiction in
the last equation of (10).

(i) P(x) = dgp + d1x - F(x). Since the degree of F(x) is larger than one, this condition never holds.
Therefore system (3) with n > 1 has no invariant algebraic curves, so systems (3) cannot have
rational first integrals.
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