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ABSTRACT. This study analyzes performance measures in a Call Center with impatient customers, who
may leave the system before being served. The abandonment of the waiting line is a measure of the sub-
jective perception of the quality of the services offered, being one of the main concerns of the managers
of Call Center systems. Based on data extracted from the case study of a Brazilian company, it is shown
that the analytical queuing models M/Gc/1+G and M/G/c+G, with generic distributions to represent service
times and generic distributions (particularly mixed distributions) to represent patience times, can be effec-
tive to evaluate the congestion problem of this Call Center. The sampling performance measures of this case
are compared with the measurements obtained through the M/Gc/1+G and M/G/c+G models, using non-
mixed and mixed distributions based on Exponential, Fatigue Life and Normal distributions to represent
customers’ patience. We are not aware of other studies in the literature in this line of research. The results
indicate that, in general, the use of analytical queuing models with abandonment, exploring more elaborate
distributions to model service times and mixed distributions for patience times, are more accurate in evalu-
ating this Call Center than other queuing models with abandonment, such as the M/M/c+M, M/M/c+G and
M/G/c+M.

Keywords: call center, contact center, impatient customers, queuing models with abandonment, mixed
distributions, case study, congestion analysis.

1 INTRODUCTION

Call Centers (Contact Centers) have been the object of several pieces of research in recent
decades. Through Call Centers, organizations aim to better know their customers and offer what
they need, satisfying their expectations. They have been analyzed, predominantly, from the quan-
titative point of view, using appropriate queuing models to represent them (Mandelbaum and
Zeltyn, 2005). A concern in the modeling of these systems is to incorporate the customers’ im-
patience with the purpose of making these models more adjusted to the reality of the Call Center.
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2 PERFORMANCE ANALYSIS OF A BRAZILIAN CALL CENTER

Call Center users always have a limited amount of time to wait (their patience time) until they
are served. When they are not served during this time, they leave the system, getting no response
to their requests. Such abandonment becomes an important operational performance measure
because users after waiting for service and leaving the system before being served subjectively
declare that it is not worth waiting for the services offered. On the other hand, customers who
do not leave the system only express their perception about the services offered if they are asked
after the end of the service.

Some measures of performance of a Call Center can be evaluated through stochastic models
of queuing theory. In these models, the users are people who call the system to solve a prob-
lem or to obtain information, the servers are the agents of the system that serve the users (or,
still, they are communication equipment) and, finally, the queues are composed by users who
wait to be served. Incorrect sizing of the number of agents can increase the waiting time in the
queues, causing the phenomenon of user abandonment. Therefore, not considering abandonment
produces distortions in the system information that are important for decisions to be taken by
managers, in order to achieve a quality level of service subject to a specified budget. An impor-
tant performance measure in these systems is the probability of the user leaving the system and
this occurs when the user hangs up the telephone (or the computer) before being served by an
agent. Other measures associated to the abandonment process and also considered important are
the waiting time (measured by its average) and the probability of waiting, both related to the time
the user waits to be served (Lima, 2012).

Several queuing models incorporating abandonment have been studied in the literature (Bacelli
and Hebuterne, 1981; Whitt, 1993; Mandelbaum et al., 2001; Brown et al. 2002; Mandelbaum
and Zeltyn, 2005), but these models consider a single-family class of parametric distributions to
model abandonment, the most common being the Exponential distribution, Weibull and Erlang.
However, due to the distinct characteristics of the user population found in the Call Center, gen-
erally composed of a mixture of groups with different characteristics, each one having its own
pattern for the time of patience, it may be interesting to use mixed distributions of probability to
better absorb these population nuances. A mixed distribution (or mixture), according to Forbes
et al. (2011), is understood as a probability distribution that is a combination of two or more
specific probability distributions, such as a Normal distribution and an Exponential distribution.

These mixed models can represent the presence of subpopulations within a general population
(Oliveira, 2009; Mandelbaum and Zeltyn, 2012). Subpopulations can be represented by groups
of customers who have their own pattern for patient time, forming a population with a mixture of
these groups with different characteristics. These considerations justify the concern to consider
the abandonment in the mathematical modeling of the Call Center and to analyze the patterns
of the time of abandonment of the customers and their implication in the performance measures
of the system. Another feature observed in real data extracted from Call Centers is the fact that
service times in general do not fit the Exponential distribution, traditionally used in the analytical
queuing models to represent Call Centers. In this case, analytical models with a generic distri-

Pesquisa Operacional, Vol. 43, 2023: e271290



SIDNEY CARLOS FERRARI and REINALDO MORABITO 3

bution type M/G/c+G to model the service times of their users seem to be more adequate to
represent call centers than M/M/c+M and M/M/c+G models.

Based on these considerations, an interesting research topic to improve the performance of
M/G/c+G queuing models used in Call Center sizing is to investigate and use mixed probability
distributions to model abandon times of users. In model M/G/c+G, M indicates that the arrival
process is Poisson, c is the number of servers, the first G indicates that the duration of each service
has a generic distribution and the last G, that the patience times also have generic distributions.
When using a mixed distribution to represent the patience times in this model, it is assumed that
the population can be heterogeneous, composed by two or more independent subpopulations, but
that it is not possible to distinguish individuals of different types in the population, and the pa-
tience times of all individuals are considered independent and identically distributed (iid) random
variables.

In this article, a research question to be investigated is whether the analytic queuing models
M/G/c+G and M/Gc/1+G (the latter being a single-server system, but with the service rate of the
server increased in c times), with generic distributions to model the service times and incorporat-
ing user abandonment based on generic distributions (particularly mixed) to model the patience
times, are effective to represent the congestion problem in the Call Center of a case study. This
article does not particularly deal with formally developing new mathematical models of conges-
tion, which are already relatively well developed by queuing theory. Our main concern is to study
this subject in depth and to make an empirical complement to this theory, through scientific anal-
ysis based on real data, by a case studied in a Brazilian company’s Call Center (which develops
specialized software for the management of pharmacies and drugstores), in order to compare the
performance of theoretical models M/Gc/1+G and M/G/c+G. In this case study, an experimental
model of discrete simulation, appropriately representing the company’s Call Center system, is
also used to compare and verify the accuracy of the analytical models used in the original and
alternative configurations of the system, considering variations in the number of attendants. The
probabilities of abandonment obtained by the simulation and the analytical queuing models are
compared and the level of service is obtained, with the purpose of evaluating the sensitivity of the
models. The results indicate that these models can be useful for Call Center managers to better
configure their systems and manage their operations, as well as more effectively plan the future.

These studies have been little explored in the literature and it is understood that they can bring
knowledge advances by means of the evaluation and validation of queuing models with abandon-
ment for application in Call Centers, incorporating generic distributions to model service times
and mixed generic distributions to represent the patience of the users. Abandonment in the exist-
ing literature, in general, has been modeled through a single class of probability distribution. It
has been little discussed from the point of view of mixed probability distributions, which may be
more adequate to capture the heterogeneity of each customer’s time of patience.

Our aim in this experimental study is to show that the use of the analytical queuing models
with abandonment, exploring more elaborated distributions to model service times and mixed
distributions for patience times, is effective for the performance evaluation of this Call Center.
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4 PERFORMANCE ANALYSIS OF A BRAZILIAN CALL CENTER

This article is structured as follows. In Section 2, we present a brief review of the literature on the
M/Gc/1+G and M/G/c+G queuing models for Call Centers. In Section 3, we describe the case of
the Call Center of the company, object of study of this work, presenting in detail the system, the
statistical analyzes, the analysis of the processes of user arrival, service and abandonment of the
data collected. In Section 4, we present the analysis of the results obtained and the evaluation of
an alternative scenario. Finally, in Section 5, the conclusions of the study are presented and some
perspectives for future research are discussed.

2 CALL CENTER QUEUING MODELS

Some analytical queuing models are briefly reviewed in this section. Queuing models with aban-
doning users are reviewed, especially those that consider a generic distribution for patience times.
Another aspect to be considered is the fact that the service times of the users in some Call Cen-
ters do not fit perfectly with the Exponential model, leading to the more general system, with
a generic probability distribution also for the service times, which can offer better performance
to approach the reality of Call Centers. Motivated by the real Call Center data of the company
being studied, the queuing models that have service times adjusted by a generic distribution and
the patience times also modeled by a generic distribution, particularly mixed, have shown more
accuracy to represent the Call Center and were explored in this article.

The abandonment process, described through mixed distributions, has been studied in the liter-
ature, proving to be advantageous in relation to those that were not described by mixed distri-
butions. Oliveira (2009) and Mandelbaum and Zeltyn (2012) used several mixed distributions
to model the abandonment process that obtained a better fit for patience time than non-mixed
distributions. However, to the best of our knowledge, there are no experimental studies in liter-
ature that consider mixed distributions into analytical queuing models with abandonment, and
that evaluate the results of these models with the actual data extracted from a Call Center. A
recent related study can be found in Ferrari and Morabito (2020), but considering exponentially
distributed service times (M/M/c+M and M/M/c+G models) rather than generic service time
distributions.

Customers’ patience times are censored data and can be estimated using Survival Analysis (Cox
and Oakes, 1990). In this sense, Palm (1953) estimates the hazard rate of patient customers using
a competitive hazard model. The same author also postulates that the hazard rate of the time
willing to wait is proportional to the customer’s irritation due to waiting. Still in this sense, Aalen
and Gjessing (2001) warns that the hazard rate of the population may not represent that of the
individuals. It examines the validity of a queuing theory rule that relates the average waiting time
in the queue to the probability of abandonment. This “rule” is inferred in Baccelli and Hebuterne
(1981) and Zohar et al. (2002). It applies to models with exponentially distributed patience times.
However, this rule holds for the analyzed data whose patience distribution is non-exponential. A
theoretical explanation of these empirical observations is also sought.
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In the development of this study, we used the M/Gc/1+G and M/G/c+G queuing models of the
literature to represent the case of the company’s Call Center. The choice for these queuing models
is justified by the best adjustment of non-exponential distributions to represent service times and
patience times, obtained through the statistical analysis applied to the real data of the object of
study considered. To make this article more self-contained, the following is a summary of the
important results of these queuing models of the literature, containing a brief presentation of the
characteristics and performance measures that incorporate the patience time in their equations.

2.1 The M/Gc/1+G queuing model

In this queuing system with a single service channel and with the possibility of the customer leav-
ing the queue before being served, it is assumed that the arrivals to the system occur according to
a Poisson process with arrival rate λ and with a FIFO (First In, First Out) attendance discipline.
The random variable B represents the service times with a generic distribution function B(x). In
the same way, the random variable R denotes the times to abandonment (patience), following a
generic distribution R(x). It is considered that both random variables are iid and also that they are
independent of each other and also of the arrival process. The equations of this queuing model,
defined by Iravani and Balcioglu (2008) and used in this work to obtain the results of the system
performance measures, are:

Probability of the system being empty:

P0

{
1+∆

[
f1 (0)+ f1 (MAX∆)

2
+

MAX−1

∑
n=1

f1 (n∆)

]}
= 1 (1)

Probability of abandonment:

PA = 1− 1−P0

ρ
(2)

Waiting probability of the customers served:

P(0 <WS≤x) =
∆P0
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{
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+
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}
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Average waiting time of the customers served:

E
[
W k

S

]
=

∆P0
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{
∆k f1 (∆)R(∆)+(MAX∆)k f1 (MAX∆)R(MAX∆)
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(n∆)k f1 (n∆)R(n∆)

}
(4)

where ρ = λ

µ
(µ is the service rate) and F̄ (t), R̄(t) are the complementary distribution functions

of the virtual waiting time and abandonment, respectively. The remaining notation of Equations
(1)-(4) and further details of the mathematical developments to obtain these equations are pre-
sented in Appendix A (more details can be obtained in Iravani and Balcioglu (2008), Ferrari
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(2016) and the references therein). Please note that when using this single-server model to rep-
resent the system of the company’s case study with c servers, we consider the service rate of the
server increased in c times.

2.2 The M/G/c+G queuing model

This multiple-server system with abandonment, with c identical servers operating in parallel and
independently of each other, receives customers arriving according to a Poisson process with
arrival rate λ and service times distributed according to a generic distribution. At the moment of
the customer arrival, if he/she finds at least one of the servers free, he/she is served immediately;
otherwise, he/she waits in a queue. The service time is described by a random variable B with
generic probability distribution function B(x). While waiting in the queue, the customer can aban-
don the system with a generic probability distribution function R(x). It is assumed that variables B
and R are independent of each other and also of the arrival process. Iravani and Balcioglu (2008)
proposed the following approximations for the performance measures of this system, which are
used in this work:

Intensity of traffic:

ρM/G/c+G = ρM/Gc/1+G =
λ

cµB
(5)

Waiting probability:

PM/G/c+G (WS≤x)∼=
PM/M/c+G (WT = 0)
1−PM/M/c+G (A)

+

[
1−

PM/M/c+G (WT = 0)
1−PM/M/c+G (A)

]
PM/Gc/1+G (0 <WS≤x)

1− P0
1−PA

(6)

Average waiting time:

EM/G/c+G
[
W K

S
]∼=[

1−
PM/M/c+G (WT = 0)
1−PM/M/c+G (A)

]
EM/Gc/1+G

[
W K

S

]
1− P0

1−PA

(7)

Probability of abandonment:

PM/G/c+G (A) = PM/M/c+G (A) (8)

The remaining notation of Equations (5)-(8) and some details of the mathematical developments
to obtain these equations are presented in Appendix B (more details can be obtained in Iravani
and Balcioglu (2008), Ferrari (2016) and the references therein). The justification for using the
M/Gc/1+G and M/G/c+G models to represent the Call Center of the company is motivated by
the best fit of non-exponential distributions to represent the service and patience times, obtained
through the statistical analysis applied to the data of the case study considered.

In this study we analyze two situations not yet explored in the literature: the use of queuing
models with generic distributions for service times, mixed distributions for patience times, and
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validation of these models with analysis based on data extracted from a Call Center. This empir-
ical quantitative approach is justified by the studies and analyzes carried out in the company Call
Center, observing that the patience distributions are generic, with a strong potential for mixed dis-
tribution applications. The obtained parameters and probability distributions were inserted into
the analytical queuing models of the literature, and also in the discrete simulation models con-
sidered in this study. The same performance measures were calculated and compared using these
queuing and simulation models, and these measures were also compared with those extracted
from the sample.

3 THE COMPANY CALL CENTER

The Call Center considered in this article serves a company that develops specialized software
for the management of pharmacies and drugstores, located in the interior of the State of São
Paulo, Brazil. This Call Center offers their customers the following types of services: (i) technical
support for customers to solve problems related to the software; (ii) virtual sale for customers
who wish to buy company products; (iii) customer service with problems in contract; (iv) services
related to monthly payment, bank tickets and other financial services. In this study, only the
technical support service was considered. The other types of services have low flow of calls
and little regularity, being disregarded. The technical support service is divided into telephone
service, when the customer calls the Call Center, and online service, where the customer is served
through the internet, through a chat. The Call Center has 15 service positions, 14 of which are for
technical support, working during business hours from Monday to Saturday. Customers accessing
the company’s Call Center connect to the Voice Response Unit (IVR), providing their data for
identification and choosing one of the service options.

There are an average of 4,832 monthly calls that choose the option of technical support to solve
their problems. These customers join the waiting line to dialogue with the attendants, and an
average of 434 (8.98%) of them leave the system after waiting a positive amount of time in queue.
The remaining 4,398 (91.01%) solve their problems with the attendants and leave the system,
with 0.11% of the customers having their services closed by the attendant, without solving their
problems. Those waiting in queue receive information about their position in the queue and the
estimated amount of time to be served. These messages are repeated every 1 minute, interspersed
with songs and commercials of products sold by the company. Figure 1 summarizes the flows
of calls related to the technical support service, whose values represent the minimum, average
and maximum amounts of monthly calls. In this study, the processes of arrival, abandonment
and service are analyzed from the moment the customer enters the waiting queue, after being
screened in the IVR. Therefore, the arrival, abandonment and service completed in the IVR are
disregarded.
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Figure 1 – Call Center Flow in the company.

3.1 Data description

As data source, the records of each call are considered, containing their identification and the
time instant when occur each point in the call flow. These data were collected and analyzed
during a year to verify typical months, days and times and peak operating. They were extracted
from the Call Center management system that records the details of each call and were organized
into a worksheet, where each line corresponds to the record of a call. A careful analysis was
performed to detect and correct inconsistencies. The intention is to initially reproduce the results
of these data with the analytical queuing models M/G/c+G and M/Gc/1+G, and then also generate
new results and compare them. This data corresponds to all calls answered, referring to the type
of service “Technical support”. The month of April was chosen as a typical operation month
and, in this month, the information was considered in the analyzes on April days that had the
highest number of visits and higher number of abandonments, from 12 noon to 4:00 p.m. This
time interval was chosen because it had a large number of consecutive calls (212 on average),
corresponding to almost half of the calls of the day. A detailed description of such information
can be obtained from Ferrari (2016).

3.2 Arrival process analysis

As the arrival process is random, it is necessary to make an analysis to verify the behavior of the
time distribution between arrivals that occur in the company’s Call Center. This process records
the times when online calls arrive in the waiting line after they have visited the IVR. After leaving
the IVR, customers enter the queue and, if they find an unoccupied attendant, the service starts
immediately. In this case the queue time is zero. If there are no available attendants, the customer
waits a positive amount of time in the queue until starting service, or even leaving the system,
due to impatience.

This process is evaluated by means of descriptive statistical information and also by its stochastic
variability. The time between the consecutive arrivals of the online calls that waited until starting
the service or that left the system was taken to evaluate the process. The statistics of the times
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between the online arrivals of the company’s Call Center during 12-4 pm are summarized in
Table 1. The Kolmogorov-Smirnov adherence test also confirmed the approximation of the time
between the arrival of online calls with the Exponential distribution of probability, with p-value
of 0.43675 (α = 5%), according to results obtained by the EasyFit software, which ordered the
most adherent distributions to the data.

3.3 Service process analysis

The Call Center service process of the company is characterized by the time spent by the at-
tendant to make each of the calls online. This process was investigated quantitatively and the
service times were obtained from the real data. Considering the same time interval analyzed pre-
viously, from 12-4 pm, the mean, median and standard deviation of these service times were then
obtained, reported in Table 2. The service times recorded equal to zero were ignored.

Table 1 – Time between arrivals (min).

Sample data 12-4 pm
Mean 1.3665
Median 1.0000
Standard deviation 1.4584
Coef. of variation 1.0673
Arrival rate (call/min) 0.7318

Table 2 – Service time (min).

Sample data 12-4 pm
Mean 30.9238
Median 12.5167
Standard deviation 31.3813
Coef. of variation 1.0148
Service rate (call/min) 0.0323

The Kolmogorov-Smirnov test applied to these service times rejected the Exponential distribu-
tion (p-value 0.0016). Then, a Weibull distribution was chosen, with 3 parameters and p-value
0.0034, to represent the service times of the company’s Call Center, considering that it was the
first adherent distribution in the list ordered by the EasyFit software (the Exponential distribution
was only the seventh in this list).

4 ABANDONMENT PROCESS ANALYSIS

The abandonment process occurs when customers of the company’s Call Center online calls that
are in the queue wait for a positive amount of time and then leave the system. When abandon-
ment occurs, it is not possible to observe the time required for the user to be served. So, this time
needed to be served and the patience time were based on censored data. None of these measures
was directly observed and therefore must be estimated. For a better understanding, Brown et al.
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10 PERFORMANCE ANALYSIS OF A BRAZILIAN CALL CENTER

(2002) define the virtual waiting time as the amount of time that a customer who has infinite pa-
tience (virtual customer) has to wait until being attended. They also define the time of patience,
or the operational measure of patience (or impatience) of the customer, as the amount of time
that a user is willing to wait before leaving the system. These definitions are considered in the
analyzes of this work. To estimate those times that are censored and therefore not observable as
the customers’ patience time, the Kaplan-Meier estimator was used, a Survival Analysis tech-
nique (Kalbfleisch and Prentice, 1980). The Kaplan-Meier test was applied to the censored data
to infer the average patience time.

In order to analyze the experiences that the customers had in the queue until abandoning the
company’s Call Center system, the patience times of the customers, calculated with the difference
between the values recorded in the variables hour entry and hour end, were considered if the
variable hour start displayed no data record. The hour entry variable assumes the values of the
instant of arrival of the online call in the queue. The values of these differences were used to
calculate the mean, median and standard deviation summarized in Table 3. The Exponential
distribution can be suggested to represent the patience times because it has a median less than
the mean and a coefficient of variation very close to 1 (Table 3). According to the Kolmogorov-
Smirnov test applied to the time of abandonment data, the Exponential distribution, the Fatigue
Life distribution, and the Normal distribution were not rejected at the 5% probability level by the
EasyFit software with p-values 0.8248, 0.5538 and 0.1866, respectively. These three distributions
were adopted to represent the patient online call waiting times of the company’s Call Center.

Table 3 – Patience and time (min).

Statistics 12-4 pm
Mean 55,9089
Median 81.0833
Standard deviation 21.1027
Coef. of Variation 0.3774
Abandonment rate(call/min) 0.0179

As the interest here is to estimate the patience of the company’s Call Center customers, i. e.,
how long the customers are willing to wait before abandoning, then one must consider the time
it takes for a user to reach an agent as a censored observation. In fact, if the customer reaches the
attendant, it is because the time he/she was willing to wait was longer. Considering the online
calls that reached the agent as censored observations, the users’ patience was estimated adopting
the Kaplan-Meier estimator, using SPSS® software. The mean, median, and standard deviation
of the patience time estimates for the company’s Call Center online calls are reported in Table
4, and Figure 2 shows the Kaplan-Meier estimates of the patience time survival function of
company’s Call Center users.

After knowing the descriptive statistics, rates, and probability distributions of the processes of
arrival, service and abandonment of online calls from the company’s Call Center, the following
performance measures were obtained by real data: the average waiting time, the probability of
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waiting, the probability of abandonment and the traffic intensity. These measures were compared
with the results of the same measurements obtained through the analytical queuing models and
experimental simulation models that represent the company’s Call Center in this study.

Figure 2 – Survival curve.

Table 4 – Patience time estimated by Kaplan-Meier.

Sample data 12-4 pm
Mean 18.5038

Median 12.0333
Standard deviation 18.0332
Coef. of variation 0.9999
Abandonment rate(call/min) 0.0540

The average waiting time was obtained by calculating the average of the waiting times in the
queue of online calls that were served by an attendant or left the system. The probability of wait-
ing was calculated with the quotient between the sum of the number of online calls that waited in
the queue and were answered, and the sum of the number of online calls of the system that were
answered or abandoned the system. The probability of abandonment was also obtained through a
quotient between the number of online calls that waited in the queue and abandoned the system,
and the number of online calls that waited in the queue and were answered or abandoned the sys-
tem. The traffic intensity was obtained by dividing the average number of attendants providing
service by the number of service stations. The results of all these measures of performance ob-
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12 PERFORMANCE ANALYSIS OF A BRAZILIAN CALL CENTER

tained through real data are shown in Table 5. These values are quite high, especially the average
waiting time (29.0418 min) and the probability of waiting (0.7973). This fact suggests that the
probability of abandonment is closely related to the waiting time in the queue.

Table 5 – Performance measures – 12-4 pm.

Performance measures Valor
Medium waiting time 29.0418 (min)
Waiting probability 0.6818
Abandonment probability 0.3182
Traffic intensity 0.9333

In order to provide an overview of the probability distributions most closely adhering to the
arrival, service, and abandonment process data of the company’s Call Center (within the analyzed
range from 12-4 pm), a summary of these is shown in Table 6. These distributions were used in
the analyses of this work.

Table 6 – Summary of the probability distributions.

Process Adjusted distribution p-value 12 – 4 pm
Arrival Exponential 0.43675
Service Weibull 0.00340

Exponential 0.00160
Abandonment Exponential 0.82480

Fatigue Life 0.55380
Normal 0.18860

5 RESULTS ANALYSIS

After applying the tests of adherence to the company’s Call Center data at a 5% probability
level (Table 6), it was obtained that the Exponential probability distribution is more adjusted
to represent the process of arrival of this Call Center, with p-value 0,43675. Regarding the ser-
vice process, all distributions analyzed were rejected. However, the Weibull distribution was the
best fit among them to represent this process, with p = 0.00340. Several probability distributions
showed adherence to the Call Center’s patience times, including the Exponential distribution (p =
0.82480), the Fatigue Life distribution (p = 0.55380) and the Normal distribution (p = 0,18860),
as mentioned before. Although the tests of adherence did not reject the Exponential distribution
for the patience times, it is shown later in this section that the use of Fatigue Life and Normal dis-
tributions, as well as mixed distributions based on these distributions, resulted in more accurate
analytical queuing models to represent the company’s Call Center than using the Exponential
distribution. Therefore, model M/G/c+G, with generic distributions for the service process and
abandonment, was considered more appropriate to represent the company’s Call Center rather
than models M/M/c+M, M/M/c+G and M/G/c+M.
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Several possibilities of mixed distributions were also considered in the use of these analytical
models, combining the mixture of two Exponential (Ex+Ex), two Normal (N+N) and two Fa-
tigue Life (FL+FL) components. Mixed distributions can be used in situations where the popula-
tion is suspected to be heterogeneous and composed of different subpopulations. When using a
mixed probability distribution in these models, similarly to when using an exponential or another
probability distribution, we assume that the times to abandonment (patience) of the users are iid
random variables, and also that they are independent of the interarrival times and service times
of the users. While the population of users can be heterogeneous, composed by two or more
independent subpopulations, it is considered in the analysis that it is not possible to distinguish
individuals of different types in the population. The parameters of these mixed distributions, as
well as the weights of each one, were obtained by the maximum likelihood estimation method,
calculated by the Mathematica® software. Arrival, service and abandonment rates, obtained by
the descriptive analysis of the data (Tables 1, 2 and 3), were inserted in these models and the
performance measures were calculated. It should be remembered that the users’ patience are
censored values that were estimated using the Kaplan-Meier estimator, constituting a new aban-
donment rate that was used to recalculate the parameters of the probability distributions involved
in the abandonment process, as already described in section 3.

To obtain the analytical queuing model that adequately represents the company’s Call Center
the Model Accuracy Index (MAI) was calculated. The MAI statistic is the sum of the weighted
squares of the differences between the estimated value (ŷi) and the real value of the data (yi) of
all terms (n) (Equation (9)). The values of the weights (α i) are assigned according to the level of
importance of the performance measure that they represent. In this study, weights were assigned
to 1 (α i = 1) for all deviations obtained, considering that the performance measures have the
same level of importance. The analytical queuing model that has the lowest MAI was considered
the most efficient to represent the Call Center of the company, because the results obtained from
the performance measures of this model have smaller deviations in relation to the same measures
extracted from the real data.

MAI =
∑

n
i=1 αi (yi − ŷi)

2

n
(9)

In the performed analyzes, it was observed that there were analytical queuing models that pro-
duce better results in some performance measures than in others. We used, then, to find the most
appropriate analytical queuing model to represent the company’s Call Center, for each perfor-
mance measure, the “Percentual Difference” (Dif%) metric. This metric is defined by Equation
(10), where V is the value of the performance measure obtained by the analytical queuing model
and R is the value of the real performance measure.

Dif % =
|V −R|

R
(10)

In order to facilitate the understanding of the analyzes, from this section onwards, the queuing
models were represented with a specific notation. We identified the arrival and service process
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distributions and the generic ones in the abandonment process with a numerical index to dis-
tinguish each one from the others. When the distribution is of the mixed type, the letter “m”
was added next to the numerical index to represent it. For example, G1 identifies a single para-
metric distribution (e.g., G1 ∼ LogN(1,2) is a Lognormal distribution with parameters 1 and
2), while G1m represents a mixed distribution (e.g., G1m ∼ 0.5LogN(1,2) + 0,5LogN(3,4) is a
mixed distribution with two components Lognormal and weight p = 0.5). Comparing the per-
formance measures obtained by the analytical queuing models with those extracted from the
actual data, we investigated the existence of a single analytical queuing model suitable to repre-
sent the company’s Call Center, using Equation (9). Figure 3 shows that the model sought is the
M/Gc26/1+G30m, with Weibull distribution for the service times and mixed Normal distribution
for the patience times.

We also sought the analytical queuing model that adequately represents each of the performance
measures considered in this study. The metric used in this analysis is the percentage difference
of Equation (10). Thus, the performance measure probability of abandoning, as shown in Figure
4, is adequately represented by the analytical queuing model M/G24/c+G27, which has Weibull
distribution for the service times and Fatigue Life distribution for the patience times. A model
that was also adequate to estimate the probability of abandoning, because it has a percentage
difference (Dif%) very close to the other model, and has a mixed Fatigue Life distribution for the
patience times, is the M/G24/c+G29m, with Weibull distribution for the service times.

M/Gc26/1 + G30m M/Gc26/1 + G28 M/G24/c + G30m M/G24/c + G28

0,0051
0,0065

0,0095

0,0181

M
A
I

Distributions:
G24 ~ Weibull (0.9276; 26.004; 3.1333) G25 ~ Exponential (55.9089) G26 ~ Weibull (1.3021; 2.3952; 0)
G27 ~ Fatigue Life (0.3726; 52.2792) G28 ~ Normal (30.9598; 445.3239) M4 ~ Exponential (0.0323)
G29m ~ 0.8418×Fatigue Life (0.4055; 43.4875) + 0.1582×Fatigue Life (0.9434; 6.1219)
G30m ~ 0.5221×Normal (29.1926; 232.5241) + 0.4779×Normal (26.7163; 212.7998)
G31m ~ 0.9673×Exponential (54.0799) + 0.0327×Exponential (1.8289)

Best Models - company - 12-4 pm

Figure 3 – Performance of M/Gc/1+G and M/G/c+G models – company.

Considering the traffic intensity performance measure, Figure 5 shows that the models
M/Gc

26/1+G28 and M/G24/c+G28, with Weibull distribution for service times and Normal distri-
bution for the patience times, are the most suitable. The probability of waiting can be adequately
represented by the analytical queuing model M/G24/c+G28, with Weibull distribution for the ser-
vice times and a single Normal distribution for the patience, or also by the model M/G24/c+G30m,
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M/G24/c + G27 M/G24/c + G29m M/Gc26/1 + G27 M/Gc26/1 + G25

20,16%

20,35%
20,41%

20,50%

Best Models - probability of abandonment  
company - 12-4 pm

Di
f %

Distributions:
G24 ~ Weibull (0.9276; 26.004; 3.1333) G25 ~ Exponential (55.9089) G26 ~ Weibull (1.3021; 2.3952; 0)
G27 ~ Fatigue Life (0.3726; 52.2792) G28 ~ Normal (30.9598; 445.3239) M4 ~ Exponential (0.0323)
G29m ~ 0.8418×Fatigue Life (0.4055; 43.4875) + 0.1582×Fatigue Life (0.9434; 6.1219)
G30m ~ 0.5221×Normal (29.1926; 232.5241) + 0.4779×Normal (26.7163; 212.7998)
G31m ~ 0.9673×Exponential (54.0799) + 0.0327×Exponential (1.8289)

Figure 4 – Performance of M/Gc/1+G and M/G/c+G – abandonment probability.

with the same distribution for service times and mixed Normal distribution for patience. These
two models have very close percentage differences, as shown in Figure 6. The analytical queuing
model M/Gc

26/1+G30m, which has a Weibull distribution for the service times and a mixed Nor-
mal distribution for the patience times, is the one that best fits the performance measure average
waiting time, as indicated in Figure 7.

M/G24/c + G29m

6,84% 6,84%

6,86% 6,86%

6,91%

Best Models - traffic intensity
company - 12-4 pm

Di
f %

M/Gc26/1 + G28 M/G24/c + G28 M/Gc26/1 + G30m M/G24/c + G30m 
Distributions:
G24 ~ Weibull (0.9276; 26.004; 3.1333) G25 ~ Exponential (55.9089) G26 ~ Weibull (1.3021; 2.3952; 0)
G27 ~ Fatigue Life (0.3726; 52.2792) G28 ~ Normal (30.9598; 445.3239) M4 ~ Exponential (0.0323)
G29m ~ 0.8418×Fatigue Life (0.4055; 43.4875) + 0.1582×Fatigue Life (0.9434; 6.1219)
G30m ~ 0.5221×Normal (29.1926; 232.5241) + 0.4779×Normal (26.7163; 212.7998)
G31m ~ 0.9673×Exponential (54.0799) + 0.0327×Exponential (1.8289)

Figure 5 – Performance of M/Gc/1+G and M/G/c+G models – traffic intensity.

With the results obtained, it is observed that the analytical queuing models are adequate to repre-
sent the traffic intensity, with percentage differences lower than 7%, and the analytical queuing
models are also adequate to represent the average waiting time, with percentage differences less
than 1%. These models are also adequate to represent the probability of waiting and the proba-
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M/G24/c + G28 M/G24/c + G30m M/Gc26/1 + G28 M/Gc26/1 + G30m M/G24/c + G29m

13,09%

13,29%

13,54%

13,71%

14,10%

Best Models - probability of waiting
company - 12-4 pm

Di
f %

Distribuições:
G24 ~ Weibull (0.9276; 26.004; 3.1333) G25 ~ Exponencial (55.9089) G26 ~ Weibull (1.3021; 2.3952; 0)
G27 ~ Fatigue Life (0.3726; 52.2792) G28 ~ Normal (30.9598; 445.3239) M4 ~ Exponencial (0.0323)
G29m ~ 0.8418×Fatigue Life (0.4055; 43.4875) + 0.1582×Fatigue Life (0.9434; 6.1219)
G30m ~ 0.5221×Normal (29.1926; 232.5241) + 0.4779×Normal (26.7163; 212.7998)
G31m ~ 0.9673×Exponencial (54.0799) + 0.0327×Exponencial (1.8289)

Figure 6 – Performance of M/Gc/1+G and M/G/c+G – probability of waiting.

M/Gc26/1 + G28 M/G24/c + G30m M/G24/c + G28 M/Gc26/1 + G27

0,05% 0,26% 0,44% 0,78%

9,76%

Best Models - average waiting time
company - 12-4 pm

Di
f %

M/Gc26/1 + G30m 

Distribuições:
G24 ~ Weibull (0.9276; 26.004; 3.1333) G25 ~ Exponencial (55.9089) G26 ~ Weibull (1.3021; 2.3952; 0)
G27 ~ Fatigue Life (0.3726; 52.2792) G28 ~ Normal (30.9598; 445.3239) M4 ~ Exponencial (0.0323)
G29m ~ 0.8418×Fatigue Life (0.4055; 43.4875) + 0,1582×Fatigue Life (0.9434; 6.1219)
G30m ~ 0.5221×Normal (29.1926; 232.5241) + 0,4779×Normal (26.7163; 212.7998)
G31m ~ 0.9673×Exponencial (54.0799) + 0.0327×Exponencial (1.8289)

Figure 7 – Performance of M/Gc/1+G and M/G/c+G models – average waiting time.

bility of abandoning, although they present larger percentage differences, 13.09% (Figure 6) and
20.16% (Figure 4), respectively.

We note that the analytical queuing models that have mixed distribution for the patience times
were effective to represent the average waiting time of the company’s Call Center. In other mea-
sures of performance, probability of abandonment and probability of waiting and traffic intensity,
mixed distributions for patience also occur in analytical queuing models, but these models were
not the most adequate to represent them. According to the type of analytical queuing model
adopted to represent the company’s Call Center, regardless of any performance measure, the
models that use mixed distributions for patience in some cases are better than their corresponding
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model with a single parametric distribution class to model the time of patience. Observing Table
7, for the analytical model M/G/c+G, the Normal and Fatigue Life mixed distributions for the
patience times are better than their non-mixed counterparts (lower MAI). For model M/Gc/1+G,
only the patience with mixed Normal distribution is better than its non-mixed correspondent.
Another result obtained is that the Call Center of the company, regardless of any performance
measure, can be represented by an analytical queuing model with a mixed distribution for the
patience times (Figure 3).

Additional analyzes were performed by applying the M/M/c+M and M/M/c+G queuing mod-
els in this company data and calculating the same performance measures and the same MAI
and Dif% indicators. The results obtained with these analytical queuing models were much
worse than those obtained with the M/Gc/1+G and M/G/c+G models. Compared with the an-
alytical model M/Gc

26/1+G30m, which best represents the company’s Call Center, this model
presented an MAI 375 times smaller than the M/M4/c+G27 model and 2895 times smaller than
the M/M4/c+M5. Therefore, the analytical queuing model M/Gc

26/1+G30m is more effective
to represent the company’s Call Center than the analytical queuing models M/M4/c+G27 and
M/M4/c+M5, because the results obtained from its measurements have less deviations from the
same measurements taken from the real data. Further details of such comparisons can be found
in Appendix C. The mathematical formulations used here in the M/M4/c+G27 and M/M4/c+M5

models are the same described in Ferrari (2016).

Table 7 – Comparing mixed and non-mixed patience.

Models Models
M/G/c+G MAI M/Gc/1+G MAI

M/G24/c + G30m 0.0095 M/Gc
26/1 + G30m 0.0051

M/G24/c + G28 0.0181 M/Gc
26/1 + G28 0.0065

M/G24/c + G29m 2.1105 M/Gc
26/1 + G27 2.0161

M/G24/c + G27 2.1153 M/Gc
26/1 + G29m 2.2632

M/G24/c + G25 2.6659 M/Gc
26/1 + G25 2.7903

M/Gc
24/c + G31m 5.2445 M/Gc

26/1 + G31m 5.4244
Arrival process: Service process:
Rate λ = 0.7318; mean E(τ) = 1.3665 Rate µ = 0.0323; mean E(S) = 30.9598; c = 14
Distributions: Distributions:
M ∼ Exponencial(1.3665) G24 ∼ Weibull (0.9276; 26.004; 3.1333)

G26 ∼ Weibull (1.3021; 2.3952; 0)

Abandonment process:
Rate θ = 0.01789; mean E(R) = 55.9089
Distributions:
G25 ∼ Exponencial (55.9089) G27 ∼ Fatigue Life (0.3726; 52.2792)
G28 ∼ Normal (30.9598; 445.3239)
G29m ∼ 0.8418×Fatigue Life (0,4055; 43.4875) + 0.1582×Fatigue Life (0.9434; 6.1219)
G30m ∼ 0.5221×Normal (29.1926; 232.5241) + 0.4779×Normal (26.7163; 212.7998)
G31m ∼ 0.9673×Exponencial (54.0799) + 0.0327×Exponencial (1.8289)
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5.1 Alternative Scenarios

Several scenarios can be elaborated with the analytical queuing models described in this study
and that adequately represent the company’s Call Center. Managers can use their results to make
predictions about the operations of these systems in these alternative scenarios and take decisions.
However, for the analysis of these scenarios, no real data is available from the company’s Call
Center to verify the accuracy obtained. This accuracy was then verified by comparing the results
of the scenarios with the results obtained by discrete simulation models.

In particular, one of the concerns for Call Center administrators is the abandonment of their
customers, which can be quantified by the probability of abandoning. The increase in the value
of this probability suggests to the manager a low level of service offered by the system. When
leaving, customers are indirectly informing managers that it is not worth waiting for the service
offered. Maintaining an adequate level of service implies reducing the probability of abandon-
ment, which depends on the number of attendants in operation. It is common practice in some
Brazilian systems to maintain the probability of abandonment close to 2% (Bouzada, 2009).
Thus, the Call Center manager can size the team by calculating the number of attendants needed
to maintain the desired level of service. This scenario, called Scenario 1, was analyzed with the
analytical queuing model and the results were verified with the corresponding simulation model.

The probability of abandonment is a subjective measure of the service level offered. The service
level can be measured by the percentage of calls served up to an established amount of time
between those waiting in queue until they are served by the operators. Thus, the service level is
the probability of the user waiting in the queue, for a maximum amount of time to be served,
calculated by:

NS = P(W≤x) =
number of calls answered until time x

number of calls answered by the operator
(11)

In Brazilian Call Center operations, a minimum service level of 75% of the calls that are to
be answered within 10 seconds is usually established (BOUZADA, 2009). This scenario, called
Scenario 2, was also analyzed with the analytical queuing model and the results verified with the
corresponding simulation model. The implementation of the simulation model used for compar-
ison in the analysis of these scenarios was performed in the Arena® software (Rockwell, 2014),
using the Arena Contact Center Edition simulation system specially developed for Call Center
managers.

In this study, we considered simulations with 300 replications and each replication with duration
of one day, generating, at the end of all the rounds, an average of 33 thousand calls in the Call
Center of the company. The statistics were collected every 60 minutes and reported in a report
produced by the Arena software. The first 100 rounds of the simulation were considered as the
warm up period, because after that period the system began to operate in statistical equilibrium,
and from then on the statistics were counted. At the end of the replications, the Arena software
generated a report containing various information from each of the rounds, as well as a summary
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report (Siman Summary Report) containing the results of all replications. Among these results
are the performance measures, such as the average waiting time, the probability of abandonment,
the traffic intensity, and the probability of waiting, which is calculated by dividing the number of
customers who were served (excluding those who left) and the number of customers created in
the simulation. In addition to the outcome of these measures, the half-interval of the confidence
interval was also reported. All simulations were performed on an Intel Core™ I7 processor, 2.4
GHz and 8.00 GB RAM, and took an average of only a few minutes to estimate the performance
measures for each queuing problem (Ferrari, 2016).

Before using the simulation model to analyze the scenarios, it was validated by comparing the
values obtained by it, for each of the performance measures, with the corresponding values ex-
tracted from the actual data from the interval of 12 to 4 pm, collected from the company’s Call
Center. The purpose of this validation was to verify if the simulation model actually represented
the reality of the company’s Call Center. In this analysis, we used confidence intervals with γ =
95% probability, calculated for each of the performance measures. All confidence intervals of the
simulation model contained the results of the performance measures obtained by the correspond-
ing value extracted from the sample of the actual data from the 12-4 pm interval (these results
are detailed in Ferrari, 2016). Thus, the simulation model was considered validated and was also
used for the scenario analysis, to obtain results with values that extrapolate the sample data. Each
of these scenarios is discussed in detail in the following.

It was considered the case of the Call Center of the company that can be represented by the mixed
distribution queuing model for the patience, M/Gc

26/1+G30m, as shown in Figure 3. Although a
single server is considered, the service rate of this model is multiplied by a quantity c of servers,
to be next to the multiple-server system M/Gc

26/1+G30m, with the same distribution for the ser-
vice times and patience times as the previous one. Thus, the M/Gc

26/1+G30m analytical queuing
model operates approximately as the M/Gc

26/1+G30m analytical queuing model. Using model
M/Gc

26/1+G30m, with Weibull distribution for the service times and mixed Normal distribution
for the patience times, the number of attendants required for the probability of abandonment of
the Call Center of the company decreased from 31.8% (actual data) to close to 2%. The com-
pany’s Call Center operates normally with a team of 14 attendants. To reduce the probability of
abandonment, the number of attendants was gradually increased, replacing this quantity in the
equations of the analytical model M/Gc

26/1+G30m and also in the simulation model. The results
obtained are shown in Table 8.

First, it is observed that the values of the abandonment probabilities are very close in both ana-
lytical and simulated models, evidencing that the M/Gc

26/1+G30m queuing model is effective to
represent the company’s Call Center and that it can be used to support the design and operations
decisions of this system. For example, if the Call Center manager increases the staff to 24 at-
tendants, the probability of abandonment is expected to be close to 5%, significantly improving
the service level. If it rises to 29 attendants, this probability reduces for about 2%. Under the
conditions of this scenario with 29 attendants and simulating the M/Gc

26/1+G30m queuing model
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Table 8 – Probability of abandonment versus number of attendants.
Call Center company – 12-4 pm.

Queuing model M/Gc
26/1+G30m

Attendants Analytical Simulated
c = 16 31.2% 28.9%
c = 18 22.7% 21.7%
c = 20 14.1% 14.4%
c = 22 5.5% 9.4%
c = 24 5.4% 5.3%
c = 26 2.7% 3.6%
c = 28 2.1% 2.4%
c = 29 2.0% 1.3%

Distributions:
G26 ∼ Weibull (1.3021; 2.3952; 0)
G30m ∼ 0.5221 × Normal (29.1926; 232.5241) + 0.4779 ×
Normal (26.7163; 212.7998)

that represents the company’s Call Center, 32,842 users were served by the operators, 10,555 of
which were answered in up to 10 seconds. Thus, the service level for this scenario is:

NS =
10555
32842

= 0,3214 , or 32,14%

This value for the service level is less than the 75% condition set. Thus, according to this scenario,
the company’s Call Center with a staff of 29 attendants would be sufficient to guarantee the goal
of 2% for the probability of abandonment, but insufficient to reach the service level established
in 75% of the calls answered in up to 10 seconds. Analysis of scenarios of this type are useful
to show the potential of the use of analytical queuing models with abandon in the sizing of the
number of attendants, to adapt the system to the service level desired.

6 CONCLUSIONS

This article analyzed the effectiveness of abandonment queuing models to evaluate performance
measures in a Brazilian Call Center. The study investigated the use of generic distributions of
probabilities that best fit the Call Center customers’ service times, as well as generic (particu-
larly mixed) distributions that best fit their patience times. The major interest was to consider the
mixed distributions in the analytical queuing models of abandonment M/Gc/1+G and M/G/c+G
to be applied in the congestion problems of Call Centers, obtaining performance measures that
best express and represent reality. The abandonment phenomenon has been studied in the liter-
ature through queuing models that consider a single class of parametric distribution to model
customers’ patience, often represented by Exponential, Weibull, and Erlang. However, in Call
Centers, the population of users in general has different characteristics with respect to the time
of patience, being some more patient than others. Thus, it seems more reasonable to consider
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mixed probability distributions to model the time of patience because they are more appropriate
to absorb these characteristics.

The case study conducted in the company showed the effectiveness of these queuing models to
estimate performance measures important for the design, planning and operation of Call Cen-
ter systems. Comparing the obtained measurements with those extracted from the real data, it
was verified that some analytical queuing models considered in this study produced results very
close to those extracted from the actual data, with deviations of less than 1%, thus capturing
well the reality of the company Call Center. However, there are models that produced better re-
sults in some performance measures than in others. In some cases, depending on the measure
of performance considered, the mixed distribution models for patience presented better results
(smaller deviations from actual data) than their counterparts with non-mixed distributions. As for
the approximations available for the analytical queuing models M/Gc/1+G and M/G/c+G, it is
concluded that their values are close to the values observed in practice (obtained by the sample
data) and also to the simulated values and within the confidence intervals (95 %) (obtained by
the discrete simulation model). We are not aware of other experimental studies in the literature
exploring this line of research.

Some limitations of this study occurred in the conception of the mixed probability distributions
to model the abandonment phenomenon in the M/Gc/1+G and M/G/c+G models. To compose
these mixed distributions, for simplicity, only two components of the same parametric family
were used, i.e., mixtures of two Exponential (Ex+Ex), two Normal (N+N) and two Fatigue Life
(FL+FL) components. An interesting topic for future research is to use a more elaborate method
to determine the number of components of these mixed distributions. It is also observed, as a lim-
itation of this study, that some factors that affect customers’ impatience, such as gender, age, type
of service, levels of patience, among others, were not incorporated into the composition of these
mixed probability distributions, which characterize the subpopulations of Call Center users. This
motivates another interesting future research. Further promising research would be to explore the
use of analytical queuing models that involve mixed distributions in the abandonment process in
other Call Center architectures; the use of other methods to estimate the mixed distributions in
the modeling of users’ patience times; the development of optimization procedures based on the
proposed analytical queuing models to support better system configuration decisions.
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APPENDIX A QUEUING MODEL EQUATIONS OF THE M/G/1+G

Let the random variables WS describing the waiting time of the users until they are attended by
an agent, WR the waiting time of the users until leaving the system (time of patience), and WT the
waiting time for all users (those who abandoned and those who were served). Using theorems 4,
5 and 6 of Stanford (1979) and defining the random variable V as the virtual hold time with F(x)
and f (x), i.e., its respective distribution function and density function (assuming that they exist
for x>0), respectively, Iravani and Balcioglu (2008) defined for the G/G/1+G queue:

Probability of the system being empty:

P0 = F (0) (A.1)

Probability of abandonment:

PA = 1− 1−P0

ρ
(A.2)

Distribution function of the waiting time of the customers served:

WS (x) =
∫ x

0

dF (t) R̄dt
1−PA

(A.3)

Probability of the waiting time of the customers served being equal to zero:

P(WS = 0) =
P0

1−PA
(A.4)

Distribution function of the waiting time to abandonment:

WR (x) =
∫ x

0

F̄ (t)R(t)dt
PA

(A.5)

Distribution function of the waiting time of all customers:

WT (x)=(1−PA)WS(x)+PAWR(x) (A.6)

The virtual waiting time density function of the M/G/1+G system was established by Iravani and
Balcioglu (2008) using the level crossing method, originally developed by Brill (1979), Cohen
(1977), Cohen and Rubinovitch (1977) and Brill (2008). This method ensures that, for a certain
level x > 0 and the system being in equilibrium, the rate of passage above the level is equal to
the rate of passage below the level, that is, the downcrossing rate of x is equal to the upcrossing
rate of x. Using this, Iravani and Balcioglu (2008) deduced the integral equation for the virtual
waiting time:

f (x) = λP0B(x)+λ

∫ x

0
B(x− t)R(t) f (t)dt (A.7)
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with normalization equation equal to:

P0 +
∫

∞

0
f (t)dt = 1 (A.8)

Equation (A.7) is an integral second-order Volterra equation, which requires a numerical solution
in the determination of approximate results of these equations. Iravani and Balcioglu (2008) used
the trapeze rule to obtain the approximations for f (x). This successive application of the trapeze
rule (recursion) ends to a MAX value, such that for n≥MAX it is assumed that f (n∆) = 0. Ap-
plying the trapeze rule in (A.8), Iravani and Balcioglu (2008) obtained an equation to determine
the value of the probability of the system being empty:

P0

{
1+∆

[
f1 (0)+ f1 (MAX∆)

2
+

MAX−1

∑
n=1

f1 (n∆)

]}
= 1 (A.9)

The probability of abandonment PA can be calculated using equations (A.2) and (A.9). The dis-
tribution function of the average waiting time of the users that are served can be determined by
employing the trapeze rule in equation (A.3), considering the integer number nX satisfying the
equality nX ∆ = x:

P(0 <Ws≤x) =
∆P0

1−PA

{
f1 (∆)R(∆)+ f1 (nx∆)R(nx∆)

2
+

nx−1

∑
n=2

f1 (n∆)R(n∆)

}
(A.10)

Another performance measure presented in Iravani and Balcioglu (2008) is the k-th moment of
the waiting time of the customers served. Therefore, they first derived equation (A.7) and then
applied the rule of trapeze to obtain:

E
[
W k

S

]
=

∆P0

1−PA

{
∆k f1 (∆)R(∆)+(MAX∆)k f1 (MAX∆)R(MAX∆)

2
+

MAX−1

∑
n=2

(n∆)k f1 (n∆)R(n∆)

}
(A.11)

More details of the mathematical developments to obtain equations (A.1)-(A.11) can be found in
Iravani and Balcioglu (2008), Ferrari (2016) and the references therein.

APPENDIX B QUEUING MODEL EQUATIONS OF THE M/G/C+G

The M/G/c+G model does not allow a treatable analytical solution. So, this study used the same
formulations of Iravani and Balcioglu (2008) by using the M/G/1+G system to obtain approxi-
mations for the M/G/c+G system. Consider the system with a single server with the same Poisson
arrival process and the same distribution of the abandon time as the multiple-server system. Con-
sider also that the same service time distribution of the single-server system is preserved in the
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multiple-server system, but its rate is increased by c times (the number of servers), so it remains
cµB. Denoting the system by M/Gc/1+G, the traffic intensity for both systems is equal to:

ρM/G/c+G = ρM/Gc/1+G =
λ

cµB
(B.1)

Iravani and Balcioglu (2008) argued that the possible parallelism between the analytically treat-
able models M/Mc/1+G and M/M/c+G would be indicative of a possible parallelism between
the queuing models M/Gc/1+G and M/G/c+G. Consequently, we have the equality of the traffic
intensities of the last two systems, as described in equation (B.1). One reason for understanding
this parallelism is that when all servers are busy on both systems, customers waiting in the queue
will be served with the same service rate cµ by leaving the equivalent systems. In this way, con-
sidering that these users wait to be attended or abandon the system, Iravani and Balcioglu (2008)
proposed the following approximation for the probability of waiting:

PM/G/c+G (W > x | W > 0)∼=PM/Gc/1+G (W > x | W > 0) , x > 0 (B.2)

By writing these probabilities separately for customers who are served (before to abandon) and
for all customers, we have:

PM/G/c+G (WS > x | WS > 0)∼=PM/Gc/1+G (WS > x | WS > 0) (B.3)

PM/G/c+G (WT > x | WT > 0)∼=PM/Gc/1+G (WT > x | WT > 0) (B.4)

Using the definition of conditional probability in these equalities, it follows that:

PM/G/c+G (0 <WS≤x)
PM/G/c+G (WS > 0)

∼=
PM/Gc/1+G (0 <WS≤x)

PM/Gc/1+G (WS > 0)
(B.5)

and still:
PM/G/c+G (0 <WT≤x)

PM/G/c+G (WT > 0)
∼=

PM/Gc/1+G (0 <WT≤x)
PM/Gc/1+G (WT > 0)

(B.6)

After some algebraic manipulations, Iravani and Balcioglu (2008) proposed the first approxima-
tion, called primary scaling approximation (PSA), for the M/G/c+G queuing model, presented
by equations (B.7)-(B.10):

PM/G/c+G (WS≤x)∼=
PM/M/c+G (WT = 0)
1−PM/M/c+G (A)

+

[
1−

PM/M/c+G (WT = 0)
1−PM/M/c+G (A)

]
PM/Gc/1+G (0 <WS≤x)

1− P0
1−PA

(B.7)

PM/G/c+G (WT≤x)∼=PM/M/c+G (WT = 0)+
[
1−PM/M/c+G (WT = 0)

] PM/Gc/1+G (0 <WT≤x)

1−P0
(B.8)
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EM/G/c+G
[
W K

S
]∼=[

1−
PM/M/c+G (WT = 0)
1−PM/M/c+G (A)

]
EM/Gc/1+G

[
W K

S

]
1− P0

1−PA

(B.9)

EM/G/c+G
[
W K

T
]∼=[

1−PM/M/c+G (WT = 0)
] EM/Gc/1+G

[
W K

T
]

1−P0
(B.10)

More details of the mathematical developments to obtain equations (B.1)-(B.10) can be obtained
in Iravani and Balcioglu (2008), Ferrari (2016) and the references therein.

APPENDIX C COMPARISON BETWEEN THE ANALYTICAL QUEUING MODELS
M/G/C+G, M/M/C+M AND M/M/C+G

Models MAI

M/Gc
26/1 + G30m 0.0051

M/Gc26/1 + G28 0.0065

M/G24/c + G30m 0.0095

M/G24/c + G28 0.0181

M/M4/c + G27 1.9123

M/Gc
26/1 + G27 2.0161

M/G24/c + G29m 2.1105

M/G24/c + G27 2.1153

M/Gc
26/1 + G29m 2.2632

M/G24/c + G25 2.6659

M/Gc
26/1 + G25 2.7903

M/Gc
24/c + G31m 5.2445

M/Gc
26/1 + G31m 5.4244

M/M4/c+M5 14.7646

M/M4/c + G29m 45.7600

M/M4/c + G25 91.3964

M/M4/c + G31m 101.9488

M/M4/c + G28 137.0806

M/M4/c + G30m 151.9219

Remark: M5 ∼ Exp (55.9089).
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Comparison ratio of the models M/Gc
26/1+G30m and M/M4/c+G27:

R =
MAI deM/M4/c+G27

MAI deM/Gc
26/1+G30m

=
1.9123
0.0051

= 374.96

Remark: the MAI of model M/Gc
26/1+G30m is 375 times less than model M/M4/c+G27.

Comparison ratio of the models M/Gc
26/1 + G30m and M/M4/c+M5:

R =
MAI deM/M4/c+M5

MAI deM/Gc
26/1+G30m

=
14.7646
0.0051

= 2895.02

Remark: the MAI of model M/Gc
26/1+G30m é 2895 times less than model M/M4/c+M5.
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