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ABSTRACT

The objective of this  work was  to evaluate the mathematical modeling of rainfall of duration less than 
one hour using the modified Bartlett-Lewis model with six parameters. The data used were for  the 
period October 1980 to December 2007, from recording rain gauges (pluviographs) at the meteorological 
station of Epagri, Urussanga, south of Santa Catarina (latitude 28.31° S, longitude 48.19 ° W). Based on 
simulations of series with 100 years of data it can be concluded that:  the adjustment of the parameters 
of the modified Bartlett-Lewis model enables the simulation of rain at intervals as small as 5 minutes 
of duration, preserving the statistical properties of precipitation over various intervals of aggregation 
in time. In general there was a tendency toward overestimation of the probability of  dry periods and 
underestimation of the covariance for intervals of 24 hours, especially in summer. The total annual 
rainfall simulated for all time intervals examined remains within the confidence interval of 95%.
Keywords: Rainfall, simulation, hydrology.

RESUMO: MODELAGEM DA PRECIPITAÇÃO DE CURTA DURAÇÃO POR MEIO DO MODELO 
DE PULSOS RETANGULARES DE BARTLETT-LEWIS MODIFICADO
Este trabalho teve como objetivo avaliar a modelagem matemática da precipitação pluviométrica de 
duração inferior a uma hora  por meio do modelo de Bartlett-Lewis modificado com seis parâmetros. Foi 
utilizada a série de dados pluviográficos do período de outubro de 1980 a dezembro de 2007 da estação 
meteorológica da Epagri, Urussanga, Sul de Santa Catarina (latitude 28,31º S, longitude  48,19º W). Com 
base nas simulações de séries com 100 anos de dados pode-se concluir que: o ajuste dos parâmetros do 
modelo de Bartlett-Lewis modificado possibilita a simulação de chuvas com intervalos de duração de 
até 5 minutos preservando as propriedades estatísticas da precipitação em vários níveis de agregação 
temporal. De forma geral observou-se a tendência de superestimativa  da probabilidade dos períodos 
serem secos e subestimativa da covariância para intervalos de 24 horas, principalmente no verão e que 
os totais anuais de chuva simulada para todos os intervalos de duração analisados permanecem dentro 
do intervalo de confiança de 95%. 
Palavras-chave: precipitação, simulação, hidrologia

1. INTRODUCTION

Rainfall is one of the elements of climate that have high 
temporal and spatial variability, and its occurrence in excess 
or deficit usually causes damage to agricultural production as 
well as disruptions for the general population. To determine the 
scale of the engineering projects to be carried out to overcome 
the problems of excess or insufficient rainfall, values of rainfall 

and their associated risk of occurrence, called design values, 
are used. These values are obtained through analysis of long 
series of observed data, and therefore can only be obtained in 
locations with long historical records of precipitation. 

In Brazil obtaining data on daily rainfall is relatively 
easy, but rainfall data of shorter duration are rarely available, 
due to lack of recording equipment, and when they do exist 
they are in relatively short series with many gaps. Oliveira et 
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al. (2008) and Back (2009) reported the difficulty of obtaining 
long series of rainfall data, primarily from rain gauge records. 
Cecilio and Pruski (2003) also emphasize that the methodology 
for determining intensity-duration-frequency relationships for 
rainfall requires extensive work in tabulation, analysis and 
interpretation of a large number of pluviograms. According to 
Genneville and Boock (1983) and Golden Neto et al. (2005), the 
use of reduced time series increases the likelihood of obtaining 
values that ​​are biased toward particular regions.

The use of mathematical modeling for the simulation 
of rain can be a tool for assessing these problems because it 
has the advantage of being able to obtain long series of data 
without gaps, making it possible to simulate the functioning of 
hydrologic systems in different scenarios.  Various widely-used 
models exist for the simulation of daily rainfall; but little work 
has been presented on the testing of models of rainfall of shorter 
duration.  Mello et al. (2009) applied precipitation modeling to 
the estimation of monthly and annual precipitation in the state of 
Minas Gerais. Lima et al. (2005) evaluated the Cligen model in 
the simulation of daily and monthly rainfall in southern Portugal. 
Oliveira et al. (2005), Cecílio and Pruski (2003), Back (2009) 
comment on the use of precipitation series of short duration for 
the determination of intensity-duration-frequency relations, of 
wide application in the planning of hydraulic projects.  The use 
of Markov chains is prominent  in models of daily precipitation 
(Andrade Junior et al. 2001;  Oliveira et al. 2005).  According 
to Damé et al. (2007) an important consideration to be made 
is that the stochastic models with Markovian structure do not 
take into consideration the clustering of rain cells, which is a 
characteristic clearly exhibited by precipitation, as much at a 
spatial as at a temporal level; because of this they are considered 
limited when dealing with the modeling of precipitation 
maxima.  This characteristic of the precipitation process makes 
necessary the extension of the analysis to statistical moments of 
the second order - variance, covariance and the autocorrelation 
coefficient  - as a means of obtaining a closer fit to the physical 
phenomenon involved.

Among the diverse rain simulation models based on the 
theory of point processes are the models with rectangular jumps, 
based on the clustering of rain cells.  According to Rodriguez-
Iturbe (1987) these models represent the rainfall phenomenon 
as a simple series of steps in time.  This characteristic makes 
these models useful tools in the majority of hydrological 
studies, serving to evaluate the production of surface runoff 
and predictions of discharge rates, among other applications.  
The models of point processes for precipitation, such as the 
rectangular pulse model of Nayman-Scott and the rectangular 
pulse models described by Rodriguez-Iturbe  represent a great 
advance in the modeling of precipitation. These models consider 
rain events to be formed from cells, basic units of precipitation, 

whose distribution in time follows a defined stochastic process.  
The models were applied to precipitation data from Denver 
by Rodriguez-Iturbe et al. (1987),  who observed that they are 
capable of preserving the main statistical characteristics of the 
precipitation, including extreme values, in periods of 1 hour 
up to 24 hours, although they were incapable of preserving 
the proportion of dry periods over levels of aggregation above 
1 hour.  Rodriguez-Iturbe  (1988) modified the rectangular 
pulse model of Bartlett-Lewis, allowing the parameter for the 
exponential distribution of the duration of the cell to vary from 
shower to shower according to a gamma distribution.  With this 
modification, the model was also capable of reproducing the 
proportion of dry periods over various intervals of time.  The 
modified model has six parameters and is called the modified 
Bartlett-Lewis model.  Entekhabi et al. (1989) and  Cowpertwait 
et al. (1996), Khaliq and Cunnane (1996) studied different 
forms of adjustment of the parameters for simulation of hourly 
precipitation. Back et al. (1999) applied the rectangular pulse 
model in the generation of rain series in hourly intervals.  
Damé (2006), having rain gauge data from 1982 to 1988 from 
the city of Pelotas in Rio Grande do Sul for his studies on the 
de-aggregation of daily precipitation amounts into estimates of 
curves of intensity-duration-frequency, also utilized the modified 
rectangular pulse rainfall simulation model of Bartlett-Lewis to 
verify by use of this model if the simulated rainfall preserved 
the statistical characteristics of the precipitation process.

The objective of this work is to evaluate the utilization of 
the modified rectangular pulse model of Bartlett-Lewis in series 
of precipitation with duration of less than 1 hour.

2. MATERIAL AND METHODS

In order to perform this study, the data used were from 
pluviograms from EPAGRI (Empresa de Pesquisa Agropecuária 
e  Extensão  Rural de Santa Catarina) (latitude 28.31°S, 
longitude 4.19°W, altitude 48.2 m). The climate of this region, 
according to the climate classification of Koeppen, is of the 
type Cfa (mesothermal humid with hot summers), with total 
annual precipitation varying from 1220 to 1660 mm, with a 
yearly total of between 98 and 150 days with rain.    A series 
of pluviograms was used from the period October 1980 to 
December 2007.  The pluviograph is of the Fuess type, with 
daily intervals.  The pluviograms were digitized by means of 
the GEDAC - Gerenciamento de Dados Contínuos (Generation 
of  Continuous Data), Pedrollo, 1997 - software and after a 
consistency analysis, the data were stored in a data bank.  The 
consistency analysis consisted of comparing the total daily 
values from the pluviograms with the values registered in the 
rain gauge at the same meteorological station.  When rain was 
registered only in the rain gauge, the pluviograph data were 
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always registered as errors in the data.  Along with the digitized 
archives, secondary archives were also generated, with data 
discretized in intervals of 1 h, 30 min, 15 min, 10 min and 5 min.  

 For the simulation of the series of hourly rainfall the 
stochastic model adopted was the modified Bartlett-Lewis 
rectangular pulse model with 6 parameters.  The resolution of 
the hourly data was of the order of 0.1 mm, and whenever the 
precipitation observed during an interval of time was less than 
this, the interval was defined as dry.  To consider the seasonal 
variance of the values of precipitation, the parameters of the 
model are estimated separately for each month.

The procedure adopted for the adjustment of the 
parameters was that described by Entekhabi et al.(1989) and 
by Cowpertwait et al. (1996), which consists of minimizing 
the sum of the squares of the deviations between the values 
observed and the values estimated by the model.  In this scheme 
the residuals are normalized by the respective historical values.  
Thus considering 

fi   fi(l, a, u, k, f, mx) as being a function of the model 
and f as being a sample value taken from a historical series of 
values, and assuming  m functions, the estimate of the parameters 
can be made minimizing the following sum of squares:

in which: fi =analytic function defined by the model;
fo = corresponding value estimated from the observed data;
m = number of functions considered.

In order to minimize the summation of the function (1), 
the “Solver” command of the Excel spreadsheet (Lapponi, 2005) 
was utilized.  This program employs a quasi-Newtonian method 
for the minimization of values.

The functions utilized represented the one-hour mean, 
the variance, the autocorrelation coefficient with lag 1 and the 
proportion of dry periods for the intervals 1, 6, 12 and 24 hours.

The mean of the observed values for each interval of the 
duration was estimated by the function:

where: mk(h) = observed mean for the time interval of h hours 
(mm);
k = index of calendar month (k=1 for January, 2 for February, 
etc...);
       = value of total precipitation  of the j-th interval of the year 
i for month k;
      = total number of time intervals of h hours in month k;
 n = number of years of data.

The variance of the precipitation will be estimated by 
the function:

≡
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in which: g(h) = variance observed over the time interval (mm-2). 
The autocovariance with lag 1 is estimated by the function:

in which: gk(h,1) = autocovariance with lag 1 (mm-2).
The  autocorrelation coefficient with lag 1 is given by 

the relation between  the autocovariance with lag 1 and the 
variance, that is:

in which:  r(h,1) = autocorrelation coefficient with lag 1.
The proportion of dry intervals is estimated as the ratio 

between the number of dry intervals of  h hours and the total 
number of intervals of h hours in month k, that  is:

in which : fd   is the proportion of intervals of h hours duration 
without rain and  nd  is the number of these intervals observed. 

The analytic form of the model of rectangular pulses 
of Bartlett-Lewis, which defines the mean of the precipitation 
values in an interval of h hours is given by:

In which:  :  E(Yh) =mean precipitation in an interval 
of h hours (mm);
l, u, mx, a, f, K are the parameters of the model;

h = interval of time (h).
The variance of the precipitation is defined by the 

following expression:

in which:  Var[Yh] = variance of the values of precipitation in 
the interval of h hours (mm2);
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Figure 1 - Representation of the modified Bartlett-Lewis rectangular pulse model.
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The rainfall for cell X is assumed to be exponentially 
distributed, therefore, E(X2) = 2mx

2

The autocovariance with lag  t  is defined by the 
expression:. 

in which: cov[Yi, Yi+ t]  is the autocovariance with lag  t (mm2).
The probability of a period of length h hours being dry 

is given by:

in which:  Pr = probability of a dry interval of h hours;
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The rain is simulated as the accumulation of associated 
rain cells (Figure 1) of the following form:

1) The times of onset of the rain occur in accord with a 
Poisson process with rate  l h-1 , that is, the times between the 
beginning of consecutive rain events are random independent 
variables and exponentially distributed with parameter 1/l;
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Table 1 - Historical values observed (1), estimated  by the models (2) and obtained by the generated series (3)  of rainfall in intervals of 5 minutes 
for the months of January and July.

1Mean –mean precipitation in 1-hour interval (mm); 

2 Var – variance of  precipitation in thinterval (mm²);

3 PD – probability of the interval being dry;

4Covar – autocovariance with lag 1 (mm²);

5Correl – autocorrelation coefficient with lag 1.

2) Each rain event has a number  h  associated with 
it that specifies the intensity of the rain.  These numbers are 
independent random variables with a gamma distribution of 
mean a/u, and variance a/u2;

3) Each rain consists of one or more cells. The first cell 
starts at the time of origin of rain and subsequent cells have time 
to start the According Poisson process with rate b (b = k h ) h-1, 
after time exponentially distributed with mean 1/3) ϒ  ( 3) ϒ = f h) h no 
further cell begins;

4) Each cell is a rectangular pulse of rain with intensity 
exponentially distributed with mean mx mm h-1, and duration  
exponentially distributed, with mean 1/h h.

5) The total precipitation is given by the sum of all the 
cells and all the rain.

A computer program in Delphi was written to generate a 
series of rain events as well as to calculate the statistics defined 
by Equations 2 to 6.

3. RESULTS AND DISCUSSION 

The performance of the model can be evaluated by 
comparing the moments of the model to the characteristic historic 
values. In Table 1 can be found values of the statistics of the 
precipitation in intervals of 5, 10, 15, 30 min., 1 hour (60 min.), 

1 2 3 1 2 3

5 min. Var
2

0,038 0,037 0,0366 0,005 0,004 0,0037

PD
3

0,946 0,973 0,9762 0,962 0,969 0,9691

Covar
4

0,029 0,031 0,0302 0,004 0,004 0,0035

Correl
5

0,765 0,825 0,8241 0,787 0,937 0,9301

10 min. Var
2

0,135 0,136 0,1337 0,017 0,015 0,0144

PD
3

0,929 0,967 0,9704 0,951 0,965 0,9663

Covar
4

0,087 0,096 0,0938 0,012 0,013 0,0127

Correl
5

0,645 0,703 0,7005 0,717 0,887 0,8797

15 min. Var
2

0,271 0,281 0,2766 0,035 0,032 0,0314

PD
3

0,917 0,96 0,9648 0,944 0,962 0,9638

Covar
4

0,154 0,172 0,1689 0,024 0,027 0,0263

Correl
5

0,568 0,613 0,6093 0,689 0,847 0,8372

30 min. Var
2

0,85 0,908 0,8921 0,12 0,119 0,1155

PD
3

0,892 0,783 0,9482 0,929 0,942 0,9573

Covar
4

0,353 0,404 0,3888 0,076 0,09 0,0862

Correl
5

0,415 0,445 0,4338 0,63 0,76 0,7449

1 h Mean 
1

0,25 0,249 0,2447 0,104 0,105 0,1021

Var
2

2,357 2,625 2,5684 0,39 0,418 0,4037

PD
3

0,857 0,91 0,9178 0,908 0,941 0,9471

Covar
4

0,738 0,778 0,7111 0,242 0,275 0,2583

Correl
5

0,313 0,296 0,2743 0,62 0,658 0,6371

6 h Var
2

26,1 26,493 24,8159 7,111 8,094 7,5957

PD
3

0,696 0,695 0,7134 0,813 0,863 0,8755

Covar
4

4,27 3,505 3,0243 3,655 3,181 2,7939

Correl
5

0,164 0,132 0,123 0,514 0,393 0,3607

12 h Var
2

63,42 59,996 55,5548 21,942 22,55 20,8764

PD
3

0,608 0,546 0,5659 0,76 0,784 0,8011

Covar
4

5,699 7,353 7,0806 7,926 6,822 5,7372

Correl
5

0,09 0,123 0,1265 0,361 0,303 0,2632

24 h Var
2

132,014 134,699 125,2372 58,109 58,743 53,0617

PD
3

0,421 0,356 0,3744 0,661 0,646 0,6707

Covar
4

21,392 14,498 11,5193 11,588 13,305 10,1949

Correl
5

0,162 0,108 0,0921 0,199 0,226 0,18

Intervals Statístic

January July
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Figure 2 -Variance of the precipitation for the observed and simulated series for different intervals of duration for the months of January to December.
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Figure 3 - Probability of the interval being dry (PD) for observed and simulated series for different intervals of duration for the months of January 
to December.
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Figure 4 - Covariance of precipitation of the observed and simulated series for different intervals of duration  for the months of January to December.
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6 hours (360 min.), 12 hours (720 min.), and 24 hours (1440) 
minutes for the observed series(1) and simulated series (3), as 
well as the theoretical values of the model (2) for the months 
of January and July.  It is observed that in a general way the 
modified Bartlett-Lewis model applied for durations of less than 
1 hour simulated the rainfall series, maintaining the values of the 
first and second moments over diverse levels of accumulation.

In Figure 2 are represented the values of variance for the 
precipitation in intervals of 5, 10, 15, 30 min., 1 hour (60 min.), 
6 hours (360 min.), 12 hours (720 min.), and 24 hours (1440) 
minutes of the observed series and a simulated series of 100 
years with intervals of 5 minutes.  In the majority of months 
it can be verified that the values of the simulated series and 
the observed series are very close, principally for the smallest 
intervals of duration.  In the month of February it is observed 
that for durations of 12 and 24 hours the simulated series showed 
less variance than the observed series.

Also, in the months of August and December the variance 
of the rainfall in periods of 24 hours in the simulated series was 
less than in the observed series. It is important to note that the 
observed series has 27 years of observation - since some months 
were excluded in the analysis due to the presence of failures 
in the registers – and the simulated series contains 100 years 
of observation.  This can explain in part the lesser variance in 
the simulated series.

In Figure 3 are shown the values of the probability of the 
interval being dry in .the observed precipitation series, and in a 
series of 100 simulated years with an interval of 5 minutes.  It can 
be seen that in the simulated series, larger values of probability 
of the interval being dry are found.  In the mean these differences 
are less than 5%, although in the months of May and September 
there appeared differences in the probabilities greater than 10% 
for intervals equal to or greater than 6 hours.

In Figure 4 are represented the values of covariance 
in the series of observed precipitation and a series of  100 
simulated years with intervals of 5 minutes.  It can be seen 
that for intervals of duration up to 12 hours  there is similarity 
between the observed and simulated values.  For the series 
aggregated over 24 hours of duration it can be seen that the 
simulated series tend to show smaller values of autocovariance, 
with the largest differences being observed during the months of 
February, March, April and December.  The large discrepancy 
observed during the month of February can be attributed in part 
to the presence of extreme  values in the observed series that 
are reflected in the high values of variance and autocovariance.

In Figure 5 are represented the values of autocorrelation 
of the precipitation in the observed series and a series of 100 
simulated years with interval 5 minutes.  It can be seen that in 
a general manner the values of the simulated series maintain 
the characteristics of the observed series for all of the intervals 

of aggregation.  One observes that the simulated series exhibits 
an inverse relation between the values of autocorrelation and 
duration, and in the observed series it is seen that in the months 
of December to March the values of autocorrelation for the 
24-hour interval are greater than the values for the 12-hour 
interval.  This behavior could be due to the atypical values of 
covariance in the observed series.    

In Figure 6 are found the values of monthly mean 
intensity for the observed and simulated series.  The capacity 
of the model to preserve the first-order moments is evident. 
The differences observed between the monthly means of the 
observed and simulated series were less than 5%, demonstrating 
the adequacy of the model in simulating showers of short 
duration. The seasonal variation of all the statistics of the 
observed and simulated series show the necessity of considering 
the seasonal variation of  the parameters for each month. 

Figures 7 and 8 show the rainfall totals in intervals 
of 1 hour and 5 minutes for the observed series and the 
simulated series of 100 years duration, together with the 
confidence interval of 95%. It can be seen also in the annual 
totals that the model simulates the rainfall, maintaining the 
characteristics of the observed series, with similar form for 
the hourly as well as for the 5-minute intervals.  Among 
the few papers applying the rectangular pulse model for 
durations less than 1 hour, the work of Damé stands out:  Here 
the parameters of the model were adjusted with data from 
Pelotas (Rio Grande do Sul) and the method applied to the 
simulation of a rainfall series  with intervals of 15 minutes.  

Since the fit of the model parameters reflecting  the 
seasonal differences maintains the structural characteristics 
consistent with the occurrence of the principal types of rain, and 
still considering that the simulated series present statistics similar 
to the observed series, it can be concluded that this mathematical 
model of rain is an important tool that can be employed in 
hydrologic studies that require long series of precipitation data 
in intervals of duration of less than 1 day. Taking as a base the 
values of the mean, variance and autocorrelation, it can be said 
that the results obtained agree with the work of Rodriguez-
Iturbe (1997), Verhoest  et al. (1997) who observed that the 
model preserves the first moments. The possibility of using the 
series of data observed over relatively short periods to adjust the 
parameters of the model and subsequently generate long series 
of rainfall data  represents an advance in hydrologic studies.

4. CONCLUSIONS

With the results obtained it can be concluded that:
1) The seasonal variation of the atmospheric processes 

involved in the origin and characteristics of the rain imply a 
seasonal variation in the parameters of the model;
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Figure 5 - Autocorrelation of the precipitation of  the observed and simulated series for different intervals of duration for the months of January 
to December.
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Figure 6 - Mean monthly intensity for the observed and simulated series.

 

Figure 7 - Annual totals of rainfall for the 1-hour series with upper and lower limits for a 95% confidence interval.

 

Figure 8 - Annual totals of rainfall in intervals of 5 minutes with upper and lower limits for a 95% confidence interval.
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2) There was observed a general tendency to overestimate 
the probabilities of periods being dry and to underestimate the 
covariance for intervals of 24 hours, principally in the summer;

3) The annual rainfall totals simulated for all the intervals 
of duration analyzed remained within a confidence interval of 
95%;.

4) The modified Bartlett-Lewis model makes possible 
the simulation of rainfalls with intervals of duration down to 5 
minutes, preserving the statistical properties of the precipitation 
over various levels of temporal aggregation. 
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