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The in
uence of an external constant uniform magnetic �eld on the Casimir energy associated with

a Dirac �eld under antiperiodic boundary condition is computed using Schwinger's method. The

obtained result shows that the magnetic �eld enhances the fermionic Casimir energy, in oposition

to the bosonic Casimir energy which is inhibited by the magnetic �eld.

H. B. G. Casimir showed in 1948 [1] that the pres-
ence of two closely spaced parallel metallic plates with
no charge on them would shift the vacuum energy of
the electromagnetic �eld by an amount E
(a) given by:

E
(a)

`2
= �

�2

720a3
; (1)

where `2 is the area of each plate, a is the separation be-
tween them and the relation a� ` is assumed in order
to implement the condition of small separation. As a
consequence of this shift there is an attractive force on
the plates which was measured by Sparnaay in 1958 [2]
and more recently with high accuracy by Lamoreaux [3]
and by Mohideen and Roy [4, 5]. This shift in energy is
known as the Casimir energy and belongs together with
its consequences and related phenomena to the realm
of the so called Casimir e�ect [6, ?, 8]. Generally, the
Casimir e�ect can be de�ned as the e�ect of non-trivial
space topology on the vacuum 
uctuations of any rel-
ativistic quantum �eld (cf., e.g., [6, 7]). The source of
the non-triviality of the space topology is provided by
several kinds of boundary conditions, background �elds
and constraints. Under this general de�nition the e�ect
discovered by Casimir and given by the energy (1) can
be viewed as a consequence of passing from the triv-
ial topology of lR 3 to the topology of lR 2 � [0; a], due
to the boundary conditions imposed on the electromag-
netic �eld by the metallic plates with separation a. The
fermionic Casimir e�ect is of particular importance due
to the fundamental role played by the electron in QED
and the quarks in QCD. In the case of quarks we have
a boundary condition of con�nement given by nature,
which makes the Casimir energy a natural ingredient in
the hadron structure.

The fermionic Casimir energy was �rst computed by
Johnson [9] in the context of the MIT-bag model [10]
for a massless Dirac quantum �eld con�ned between
parallel planes with separation a. A more realistic de-
scription of quarks and gluons inside a hadron requires
the con�ning boundary conditions to be imposed on a
spherical surface. The Casimir e�ect in spherical ge-
ometry for massive �elds is a much more complicated
problem and has only recently been completely solved
for massive fermionic [11] and scalar [12] �elds. In the
case of con�ning planes the fermionic Casimir energy
E(a) obtained by Johnson [9] is given by:

E(a)

`2
= ��

�2

720a3
; (2)

where � = 7=4. As in the original Casimir e�ect this
energy comes from a shift from the usual space lR 3 to
the space lR 2�[0; a]. If instead of compactifying one
dimension lR into [0; a] we compactify it into a circle
S1 [13, 14] of radius a=2� we obtain for the Casimir
energy associated with the massless Dirac �eld the ex-
pression (2), where now � is equal to 7 � 4 or �8� 4,
according to a choice of twisted or untwisted spin con-
nection, which corresponds to antiperiodic or periodic
boundary conditions with period a, respectively. We
should notice the similarity of those three results, for
the Casimir energy of the Dirac massless �eld under
MIT, periodic and antiperiodic boundary conditions.
They show that all these boundary conditions give rise
to the same dependence on a and di�er only on the mul-
tiplicative numerical factor �. We may take advantage
of this fact by choosing the simplest boundary condi-
tion in a �rst investigation of a Casimir e�ect. In the
case of a fermionic �eld the compacti�cation into [0; a]
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provided by the MIT boundary condition [10] gives rise
to the most complicated calculations, especially in the
massive case [15]. The periodic and antiperiodic con-
ditions are much simpler in the massless and massive
case. Let us also notice that, as shown by Ford [14],
in the case of the Dirac �eld the antiperiodic boundary
condition avoids the causality problems which occurs
for periodic boundary condition.

The results that we shall present here stems from
the idea that vacuum 
uctuations of a charged quantum
�eld are a�ected not only by boundary conditions but
also by external �elds. Therefore, in the case of charged
quantum �elds it is natural and important to ask what
kind of interplay occurs between the Casimir e�ect and
the vacuum polarization e�ects, when boundary condi-
tions and external �eld are both present. This ques-
tion can be examined from two physically very distinct
points of view. From one point of view we ask what is
the in
uence of boundary conditions on the polarization
e�ects of an external �eld and from the other we ask
what is the in
uence of an external �eld on the Casimir
energy of a charged �eld. We should expect on physical
grounds the existence of such in
uences and it is neces-
sary to calculate their features and magnitudes to clar-
ify their role on and to obtain a deeper understanding
of the Casimir and vaccum polarization e�ects. For a
Dirac �eld the �rst point of view is conveniently treated
by calculating an Euler-Heisenberg e�ective Lagrangian
[16] with boundary conditions [17]. We present here the
second point of view, in which we look for the precise
in
uence of an external �eld on the Casimir energy of
a Dirac �eld. The obtained results complement the
ones obtained for the bosonic Casimir e�ect in exter-
nal magnetic �eld [18]. We compute the in
uence of
an external magnetic �eld on the Casimir energy of a
charged Dirac �eld under antiperiodic boundary con-
ditions and �nd that the energy is enhanced by the
magnetic �eld. This result appears in opposition to
the behaviour of a charged scalar �eld under Dirichlet
boundary conditions, which has its Casimir energy in-
hibited by the external magnetic �eld. It is tempting
to advance an explanation of this opposite behavior in
terms of the spinorial character of the �elds. After all
the permanent magnetic dipoles of spin-half quantum
�eld 
uctuations should tend to paramagnetic align-
ment with the applied external �eld while the induced
diamagnetic dipoles of the scalar quantum �eld tend to
antialignment. However, it has been veri�ed [19] that
the magnetic properties of quantum vacuum depend not
only on the spinorial character of the quantum �eld but
also on the kind of boundary conditions to which it is
submitted. Therefore, further investigations are neces-
sary in order to formulate a sound physical explanation
of the character of the change in the Casimir energy
due to applied external magnetic �elds.

We will take as external �eld a constant uniform
magnetic �eld and as boundary condition on the Dirac

�eld the antiperiodicity along the direction of the ex-
ternal magnetic �eld. The choice of a pure magnetic
�eld excludes the possibility of pair creation at any �eld
strength. The simplicity of antiperiodic boundary con-
dition was remarked above and the other choices are
obvious simplifying assumptions. These assumptions
lead us to a convenient formalism to study the physical
in
uence of an external �eld on the Casimir e�ect.

The in
uence of external �eld on vaccum 
uc-
tuations of quantum �elds have been considered by
Ambj�rn and Wolfram [20] and by Elizalde and Romeo
[21] for the case of quantum scalar �eld in (1 + 1)-
dimensional space-time. Ambj�rn and Wolfram have
considered the case of a charged scalar �eld in the pres-
ence of an external electric �eld while Elizalde and
Romeo consider the case of a neutral scalar �eld in
a static external �eld with the aim of addressing the
problem of the gravitational in
uence on the Casimir
e�ect. Let us also note that in the Scharnhorst e�ect
[22] we have the interaction of an electromagnetic exter-
nal �eld with the electromagnetic vacuum 
uctuations
a�ected by boundary conditions. However, in this case
the boundary conditions are imposed on the quantum
electromagnetic �eld and not on the Dirac �eld. The ef-
fect is then a two-loop e�ect, since the coupling between
the external �eld and the quantum electromagnetic vac-
uum �eld requires the intermediation of a fermion loop.
Here the boundary condition is on the Dirac �eld, the
quantum electromagnetic �eld need not to be consid-
ered and the external electromagnetic �eld is not sub-
jected to boundary conditions. In this way the e�ects
that we describe appear at the one loop level, although
higher orders corrections can be obtained with more
loops.

Let us proceed to the calculation of the in
uence of
the external magnetic �eld on the Casimir energy of the
Dirac �eld. We consider a Dirac �eld of mass m and
charge e under antiperiodic boundary condition along
the OZ axis. We implement the condition on planes
perpendicular to OZ and separated by a distance a.
We consider those planes as large squares of side ` and
the limit ` ! 1 can be taken at the end of the cal-
culations. The constant uniform magnetic �eld B is
taken along the OZ axis with positive direction chosen
to make positive the product eB, where B is the com-
ponent of B on the OZ axis. In order to calculate the
Casimir energy of the Dirac �eld in the presence of the
magnetic �eld we use a method proposed by Schwinger
[23] and based on his proper-time representation for the
e�ective action [24]. The method has been applied to
several situations (cf. [18] for further references) and
here also it will lead us quickly to the Casimir energy.
We start with the proper-time representation for the
e�ective action W(1) [24]:

W(1) =
i

2

Z 1

so

ds

s
Tr e�isH ; (3)
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where so is a cuto� in the proper-time s, Tr is the total
trace including summation in coordinates and spinor in-
dices and H is the proper-time Hamiltonian given by:
H = (p� eA)2 � (e=2)���F

�� +m2, where p has com-
ponents p� = �i@�, A is the electromagnetic poten-
tial and F is the electromagnetic �eld, which is being
contracted with the combination of gamma matrices
��� =i[
�; 
� ]=2. The antiperiodic boundary condition
gives for the component of p which is along the OZ
axis the eingenvalues ��n=a (n 2 2lN� 1), where by lN
we denote the set of positive integers. The other two
space components of p are constrained into the Landau
levels generated by the magnetic �eld while the time
component p0 has as eigenvalues any real number !.
Therefore, we obtain for the trace in (3) the expres-
sion:

Tr e�isH = e�ism
2
X
�=�1

2
X

n22lN�1

2 e�is(�n=a)
2

X
n02lN�1

eB`2

2�
e�iseB(2n

0+1��)

Z
dt d!

2�
eis!

2

; (4)

where the �rst sum takes care of the four components
of the Dirac spinor, the second sum is over the eigen-
values obtained from the antiperiodic boundary condi-
tion, the third sum is over the Landau levels with their
degeneracy factor eB`2=2�, and the integral range of
t and ! are the measurement time T and the contin-
uum of real numbers, respectively. Proceeding with
Schwinger's method we use Poisson's summation for-
mula [25] to invert the exponent in the second sum
which appears in (4). We also write the sum over the
Landau levels n0 which appears in (4) in terms of the
Langevin function L(�) = coth � � ��1 and substitute
the trace obtained by these modi�cations into (3) to

obtain:

W(1) = L(1)(B) a`2T � E(a;B)T ; (5)

where L(1)(B) is an expression which does not depend
on a and

E(a;B) = �
a`2

4�2

1X
n=1

(�1)n
Z 1

so

ds

s3

e�ism
2+i(an=2)2=s [1 + iseB L(iseB)] (6)

is the cuto� dependent expression which will give us the
Casimir energy that we are looking for. The quantity
L(1)(B) given in (5) is actually the (unrenormalized)
Euler-Heisenberg Lagrangian [16]. In (5), it represents
a density of energy uniform throughout space that gives
no contribution to the Casimir energy, which by de�-
nition is set to zero at in�nite separation of the plates.
A term proportional to the area `2, which is usual in
vacuum energy calculations, does not appear here, due
to the alternating character of the series in (6). After
the elimination of the cuto� in (6) we continue with
Schwinger's method [23] by using Cauchy theorem in
the complex s plane to make a �=2 clockwise rotation
of the integration path in (6). Let us notice that in (3)
and (6) it is implicit that the integration path is slightly
below the real axis, because s must have a negative
imaginary part in order to render the trace contribu-
tions in (3), (4) and (6) well de�ned. Consequently, the
poles of the Langevin function in (6), which are on the
real axis, are not swept by the �=2 clockwise rotation
of the integration path. We are led by the rotation to
an expression in which the part of the Casimir energy
which exists in the absence of the external magnetic
�eld can be expressed in terms of the modi�ed Bessel
function K2 (formula 3.471,9 in [26]). In this way we
obtain from (6) the expression:

c

E(a;B)

`2
= �

2(am)2

�2a3

1X
n=1

(�1)n�1

n2
K2(amn)

�
eB

4�2a

1X
n=1

(�1)n�1
Z 1

0

d� e�(n=2)
2��(am)2=� L(eBa2=�) ; (7)

d

which gives the exact expression for the Casimir energy
of the Dirac �eld in the presence of the external mag-
netic �eld B. When there is no external magnetic �eld
the Casimir energy is given by the �rst term on the
r.h.s. of equation (7). This term reduces to (2) with

� = 7� 4 in the limit of zero mass, as it should be ex-
pected. The second term on the r.h.s. of equation (7)
measures the in
uence of the external magnetic �eld in
the Casimir energy. The contribution of the magnetic
�eld is governed by a quadrature, which is strictly pos-
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itive, decreases monotonically as n increases and goes
to zero in the limit n ! 1. Consequently, we have
by Leibnitz criterion a convergent alternating series in
(7) and we may conclude that the external magnetic
�eld increases the fermionic Casimir energy. This is the
main result of this work, which elucidates part of the in-
terplay between two of the most fundamental phenom-
ena in relativistic quantum �eld theory, namely: the
Casimir e�ect and the vacuum polarization properties
due to an external �eld. The obtained enhancement of

the fermionic Casimir energy by an external magnetic
�eld may be compared with the opposite behaviour of
the bosonic Casimir energy of an scalar �eld, which is
inhibited by the external magnetic �eld. To see this
we turn from spinorial QED to scalar QED keeping the
same boundary conditions and external �elds that we
have been using. We obtain by calculations similar to
the ones performed in [18] the following bosonic Casimir
energy in the external magnetic �eld:

c

Esc(a;B)

`2
= +

(am)2

�2a3

1X
n=1

(�1)n�1

n2
K2(amn)

+
eB

8�2a

1X
n=1

(�1)n�1
Z 1

0

d� e�(n=2)
2��(am)2=� M(eBa2=�) ; (8)

d

where the function M(�) = cosec(�) � ��1 was intro-
duced in [18] and plays in scalar QED the same role
played by the Langevin function in spinorial QED. The
inhibition of the bosonic Casimir energy by the external
�eld can then be seen in (8) by just noting that M is
strictly negative. Actually, this bosonic Casimir energy
is completely suppressed in the limit B !1.

For strong magnetic �elds regime changes in the
charged vacuum may be easier to occur [27]. In this
case the integral in equation (7) is dominated by the
exponential function, whose maximum is exp(�amn)
and occurs at �= 2am=n. Therefore, we are justi�ed
in substituting the Langevin function by 1� ��1 in the
strong magnetic �eld regime, which in the cases am� 1
and am� 1 is described, respectively, by jBj � j�oj=a

2

and jBj � (j�oj=a
2)(a=�c), where �o is the fundamen-

tal 
ux 1=e and �c is the Compton wavelength 1=m.
In the strong �eld regime also the second term in (7)
can be expressed in terms of a modi�ed Bessel function
(formula 3.471,9 in [26]), and the Casimir energy can
be written as:

E(a;B)

`2
= �

eBm

�2

1X
n=1

(�1)n�1

n
K1(amn) : (9)

By using in this expression the leading term in the
ascending expansion and then in the assymptotic ex-
pansion of the Bessel function (see formulas 8.446 and
8.451,6 in [26]) we obtain the following expressions for
small and large mass limits, respectively:

E(a;B)

`2
= �

eB

12 a
(am� 1)

E(a;B)

`2
= �

(am=2)1=2 eB

�3=2 a
e�2am (am� 1) : (10)

We have obtained in (7) the general expression of the
fermionic Casimir energy under the e�ect of an exter-
nal magnetic �eld. The result shows that the external
�eld increases the Casimir energy and reveals the inter-
play between two fundamental agents which are known
to a�ect the Dirac vacuum 
uctuations, namely: exter-
nal �elds and boundary conditions. We have derived
expressions for the energy in the regime of strong mag-
netic �eld and in this regime we have also obtained the
small and large mass limits. The approach we have
followed here has a natural extension to more compli-
cated gauge groups and consequently may be useful also
in the investigation of the QCD vacuum.
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