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A short summary of the theory of symmetric group and symmetric functions needed to follow the
theory of Schur functions and plethysms is presented. One then defines plethysm, gives its properties
and presents a procedure for its calculation. Finally, some aplications in atomic physics and nuclear

structure are given.

I. Introduction

The plethysm operation was introduced by
Littlewood[14] in 1936 as a third type of Schur
function[5, 6] multiplication and only later on it has
received this name.

Plethysms play a fundamental role in Physics when-
ever one applies group theory and can lead to remark-
able simplification in the theory of complex spectra.

Although plethysms have been extensively studied
by matematicians in the past [12]-[20] and even nowa-
days, surprisingly, with rare exceptions[2, 3, 35, 38] this
powerful technique has been unrecognized by physicists.

The main reason of this work is to present this pow-
erful technique to the theoretical physicists comunity
and show how it can be very useful. Basically its utility
relies in the determination of the branching rules of irre-
ducible representations (irreps) of a continuous group
when considered as irreps of one of its subgroups, a
very common situation when one applies group theory,
in particular in the classification of states of a physical
system of identical particles.

II. Schur Functions and Plethysms

In this section we will initially introduce the basic
notions of the symmetric group S(n) needed to the un-
derstanding of the notation used in the plethysm the-
ory. Later we will define plethysm, expose its proper-
ties, give general results and show how is it possible to

compute plethysms of a given degree exploiting these
general results and properties.

II.1 Basic Notions of Symmetric Group and
Schur Functions

The symmetric group S(n) is the group of permu-
tations of n objects and has n! elements. Each element
is denoted by

p_ < 1 2 3 .. n ) (1)
Pr P2 P3 ... DPn
with the meaning that the element 1 is replaced by p1,
the element 2 by p, and so on, pi,ps,...,pn being a
permutation of 1,2, ..., n.

A permutation that changes m < n object ciclicaly
is called cicle of length m. Permutations with the same
cicle structure belong to the same conjugation class. By
this reason the classes of S(n) are labeled by the cicle
structure of their elements. In this way, a generic class
(p) is written as (p) = (1°1,2f2...) with the meaning
that their elements have p; cicles of length 1, py cicles
of length 2, and so on.

A partition [A] of n is a set of n integers [\] =

[A1, A2, ..., Ay ] satisfying the relations
At 2 A > > Ap,
with
AM+X+ ...+ A, =n. (2)

In general one omits the \; ’s equal to zero and expo-
nents the repeated ones. As an example [31] = [310...0],
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[2213] = [221110...0]. We will denote by Greek letter a
generic partition and by latin letter a particular one.
As example, [n] = [r0...0], [p,q] = [p, ¢,0...0].

To a given partition [\] one associates a Young dia-
gram that consists in a figure with A\; boxes in the first
line, A2 in the second, and so on. Due to this associ-
ation, its is usual to refer to the A;
[A]-

When one fills these diagrams with the numbers
1,2,...,n in such a way that the numbers in the boxes
grow from left to right and from up to down they are
called standard (or regular) Young tableau. When in
the filling process the numbers in the rows only not de-
crease being allowed to repeat but in the columns they
continue to grow, the tableau is called strict-column
tableau.

Given the partition [A] = [A1, Az,..., Ap, 0, ...
defines its conjugate partition by

’s as the rows of

,0] one

A =[P, (p—)re e, 207 ] (3)

The Young diagram of [\] is obtained from the one of
[A] by interchanging rows by columns.

ho = 1;

ZE Q5

h1:a1

hy =
i<j<k
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Given n quantities «q,as,...ay, it is possible to
define three types of symmetric functions built with
them[1]: a,, h, and s,.

The functions a; are those that appear in the ex-
pansion of the polynomial with roots a1, as, ...a, as

n

[[@-a)=> () aa" (4)

i=1
The first three of them are given by
= i ax =) oy > aiejon, (5)
i i<j i<j<k

that is, each a; is the sum of all linearly independent
products of r quantities a without repeated indices.
The functions h, are defined by the expansion

1
H::z,:1(1 — Oéiilf) = Z: hrxra (6)

resulting that each h,. is the sum of all linearly indepen-
dent products of r quantities a allowing for repeatings.
It follows from (4)- (6) that the first h, ’s are

—(],2 Za +Za aj,

i<j

as — 2a1as + ab = Z OézOéJOék“‘Z ala +a? ple +Za3.

i<j

The functions s, are defined as the sums of the r-products of the a’s 1.e.,

Sy = Z(ai)r. (7)

Given a matrix A of dimension n x n one defines its immanant | A|M by the relation

AN = 3P
P

)a1p, Q2ps ---Gnp,, 5 (8)

where yN(P) is the character of the permutation P (with components pi, ps, ..., pn) in the irrep [A] of S(n).
Since in the irrep [1"] the character of a given permutation is its parity, | A|[""] is the determinant of A. Similarly,

|A|("] is its permanent.

The Schur function {A} of degree r = Ay + A2 + A3 + ... + \,, in the quantities ay, ...,

immanants as

ay, is defined in terms of

) = 1z Q

where Z is the matrix
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S1 1 0 0 0
So S1 2 0 0
Zr _ S3 So S1 3 0 8 (10)
Sr—1  Sr—2 s; r-1
S Sr—1 S2 81
For the symmetric and antisymmetric partitions the Schur functions assume very simple expressions, namely,
{r}=h,and {1"} = a, . (11)
As example, we give below the explicit expressions of the Schur functions of degree r=3:
1
{3} = 6(5?+35152+233 Z ala]ak—l-z:aa +a? a;) +Za = hs,
i<j<k 1<j
1
{21} = §(S§ —83) =2 Z oo + Z(aic@ +ajaj) , (12)
i<j<k i<y
1
{13}y = 6(5? — 35182 + 2s3) = Z aojar = ag .

i<j<k

Using the explicit expressions of immanants in the
definition of the Schur function one obtains the relation

Ay = |§E:

which gives the fundamental link between Schur func-
tions and characters of the symmetric group. In the
equation above the sum is over the classes (p) =
(1P1,2¢2 ) and n(p) is the number elements of class
(p)-

Schur functions of degree r' can be “multiplied” by
Schur functions of degree '’ in 3 different ways and
in each of them the “product” is expressed as a linear
combination of Schur functions all of the same degree
,,,,lll.

(P)xPM(p)s?rsb7... (13)

These 3 types of multiplication are:

1) Inner(or direct) product: {A'} x {A\'}
2o a(f AT AT = {ATH{A,

2) Outer product: {N}HX'} =5, a({NHN'} =
{)\Ill}){)\lll}’

3) Plethysm: {A\} @ {\'} =3\, a({A\} @ {\'} =
N,

where af...) is a non-negative integer denoting the
multiplicity of {A"'} in the expansion. For clarity we
attach to it an argument denoting the kind of operation
that produced it.

In the inner product the degrees of the Schur func-
tions involved are all equal, i.e., r'"" = ' = r" = n,
and the expansion coefficients « are the coefficients of
reduction of the Kronecker product of S(n) irreps [\']
and [A"].

In the outer product one has ' = r' + 7" and
the coefficients a are obtained simply by making the
product of a Schur function in variables (x1,x2, ..., Tn)
by another in variables (y1,y2,...,y,~) and expressing
it as a linear combination of Schur functions in vari-
ables (21,22, ..., ) with z; = x; for 1 <4 < n' and
iy = y; for 1 <4 < n''. Littlewood obtained a proce-
dure to find the coefficients of the outer product known
in the literature as “Littlewood’s rules”.

One finds in the literature[1],[3],[37] tables of outer
products for n’'+n' = 1,2, ..., 14. Tradicionally such ta-
bles are organized as the table given below for n' +n' =
5.

{32}

{317}

(271} | {217} | {1’}

{5) | {41}
My |1 |1

{1*}{1}

{311} 1 1 1 {2121}
{223 {1} 1 1 {223 {1}
{3}{2} |1 1 1 {17} {1%}
212} 1 1 1 1 2117}

{1°}{2} 1

{3}{1%}

{1°} [ {21°} | {2°1}

{31}

1
{32} | {413 | {5}

Table I: All outer products that produce Schur functions of degree 5.
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The numbers in the internal part of the table
give the multiplicity of the Schur functions {\"'} that
appear in the decomposition of the outer product
{N}HAN"} and the empty boxes mean zero. The Schur
functions in the upper edge correspond to the products
that appear in the left edge while the ones of the bot-
tom edge correspond to the products that appear in the
right edge.

Plethysms will be considered in the next subsection.

I1.2 Invariant Matrices and Plethysms

Let A = (ai;) be a nonsingular matrix of dimension
n X n representing the linear inversible transformation
A of one point X in a point X' of a n-dimensional vec-
tor space. In terms of coordinates one has

(X '] = A[X] (14)
where [X] = [21,%2,...,2,)0 and [X '] =
[}, 2}, ....,2)]T are column vectors in the coordinates

n+r-1

of X and X’. One can construct ( . ) homoge-

neous products of degree r in the coordinates z; of X:

n
’ rq Z 07 E ri=T.
i=1

AR S A (15)
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Each of those products transforms, under the trans-
formation A, into a linear combination of themselves.
Defining a column vector [X]" whose components are
those products enumerated in an arbitrary way, its
transformed under A can be written as

([X]7) = AM[XT", (16)
what defines a matrix A"l called the r-induced matrix
of the matrix A . The elements of A"l are clearly ho-
mogeneus polynomials of degree 7 in the components of
A.

Making the same operation with a nonsingular n x n
matrix B one obtains Bl"l . If C' = AB, then it can be
proved that

Ol = (AB)["] = Al BIr] (17)
what means that the set of matrices DI"l(4) = ALl
isa( ?-H_l )-dimensional representation of the group

GL(n) of the nonsingular matrices of dimension n X n.
As example, one has for r = 2:

iy = Zaikaﬂxkxl = Z(aika]‘k)xi + Z(aikajl + auajp) T (18)

k.l k k<l

what implies in
Al2l o DU o - i<l
(ij)(kk) = @ik@jk, S 05 Ay gy = @Gik@j + Gk, < ),k <.
For n = 2 and choosing the ordering (22, z122,73) one has

) ai; 2a11a12 al,
AP = gy (a11022 + a12a21) aG12a22 |, n=2 . (19)

a3, 2a21a92 a3,

It should be noticed that the trace of Al ig

tr (AD]) = G%l + G%Q + aij1a990 + aiaa21 = Oé% + Oé% + i = h2 = {2}(0&),

where {2}(a) is the Schur function {2} computed with the eigenvalues of A.

For any other nonsingular 2x2 matrices B, C, D, ... one can construct their second induced matrices B2, 012/, DI .
as the matrices whose components are the same polynomials of degree 2 of A in which now the variables are the
corresponding elements of matrices B, C, D, ... . It is immediate to prove, by hand calculation, that

APIBEI = (4uB)? v A B, 2x2

what agrees with Eq.(17). Let us take now r(< n) copies of the vector X and build the ( il ) determinants

(1 (2

Te,q Teq Tey
wgl) mg) xé”)

deres...cp) = 2 2 2 , 1<e<ex<...<e. <n. (20)
S 27
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If each X () is transformed by the same transformation A, these determinants will transform linearly among

themselves by the relation

[ = AVd] (21)
where [d] is the column vector whose components are the d(.,,...,) enumerated in an arbitrary way. Relation (21)
defines the matrix Al"l, the rth compound matriz of A. Tt follows from this definition that the matrix elements of

A are the minors of degree r of the original matrix A.

If C = AB, then one can also demonstrate that

C"M = (AB)") = A" B, (22)
As example, for r = 2 one has
o ]| Seeesrt? Spaes? |
o xé}) xg) > ae]‘lml(l) > aej'lml@)
a CU(l) a :U(2) a; a;
b ™) B i 18 D3I B ol £
k| QestTy Qs ey | it Gl
Then, for n = 2 one has
A(2) = a11029 — Q120921 = det (A) , N = 2. (23)
For n = 3, with the ordering d;2,d:3,ds3 one has
11422 — 12021  @11423 — A13A21 A11A23 — A13023
A(Q) = 11032 — Q12031 (A11G33 — A13G31 A12G033 — 113032 , n=3 (24)

(21032 — Q22431

If C = AB then, again by hand calculation, one can
prove that

C® = (4AB)® =A@ B®) (25)

The r-induced and r-compound matrices are par-
ticular cases of invariant matrices whose definition are
given in the following.

Let T(A) be a matrix whose elements are polyno-
mials ¢;; having as variables the matrix elements of A.
Let T(B) be a matrix built with the same polynomials
of T(A) now in the matrix elements of B. If

T(A)T(B) = T(AB) (26)

for any nonsingular n xn matrices A, B then the matrix
T(A) is called a invariant matrix of A.

It follows from (26) that, once the set of polynomi-
als t;; is fixed, the set of matrices DT (4) = T(A4) is a
representation of GL(n).

A trivial case is the 1-induced matrix. In this case
one has t;; = a;; and Al = A, As it is known, the
trace of A is the sum of its eigenvalues «;, that is,

tr(4) = Zai = ay(a) = {1}(e) (27)

(21033 — Q230431

(22033 — 230432

where {1}() is the Schur function {1} calculated with
the eigenvalues of A. This will be, by definition, D!,

Since the Kronecker product of two representations
is also a representation and the product of two polyno-
mials is also a polynomial, it follows that the kronecker
product of two invariant matrices is also an invariant
matriz.

Littlewood[1] showed that if the product of two in-
variant matrices is reducible, then it will be totally re-
ducible. This allows us to obtain new irreps by taking
multiple Kronecker products of the irrep DI and re-
ducting them by similarity transformations.

As a sake of example, let us take n = p = 2. In
this case one has A2l and A given by (19) and (23).
Writing A x A in the form

110411  G11Q12 Q12011 Q12012

a11a21 @11@22 a12a21 12022
Ax A=

a21a11 @21Q12 a220a11  A22012

a21a21 @21A22 A22a21 422022

one verifies that
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]
a%l 2&11&12 a%2 0
0
M-YAx AM = 11821 Q11022 + Q12021 G12022
( ) a%l 2&21&22 G%Q 0
0 0 (11022 — (12021
= APl 4 4®
|
with Since the GL(n) irreps do not reduce under the re-
100 0 striction GL(n) — U(n) the same result holds for U(n).
01 0 =1 Let T/ and T'" be two representations of GL(n) by
M= 010 1 invariant matrices. From (26) it follows that
001 O

This shows that, for n = 2, A x Al reduces into
APl 4 A,
n+2-1 n

]_3‘orr:2andanynonehas(2 )+(2):

n?. Since tr(A x A) = (tr(A))? this drives us to suppose
that
Al 5 Al — 421 4 4(2)

for any n, what turns out to be true since the Kro-
necker product of two matrices can be decomposed in
a symmetric and an antisymmetric part relative to the
components of the first and second factor matrices.

An analogous analysis can be done for the r-
Kronecker product M x M x ... x M . Based in this
analysis, Schur[4] demonstrated that “If A is an n x n
matrix, there are as many érreducible invariant matri-
ces of A of degree r as are the partitions of r with no
more than n parts and the trace of them are the Schur
functions of degree r in the eigenvalues of A.”

Those irreducible matrices can then be labeled by
the possible partitions of 7 in no more than n parts. In
this notation one writes A" = All"l, Clearly, for r > n
only the irreps with up to n rows are realizable.

The details of the effective construction of an irre-
ducible invariant matrix corresponding to a given par-
tition can be found in Refs[8], [14].

Using the components of the Schur functions to la-
bel the GL(n) irreps, the above result shows that

“ The GL(n) irreps can be labeled by
[Min, Man, ..., Mpy,] Where the my, satisfy the relations
Min > Miy1n , 1 < ¢ < n and the trace of each element
A of GL(n) is the Schur function {my,, map,...,Mpn}
evaluated with the eigenvalues of A4 .”

[14]
Me(ueir)) =

T "(T "(AB)) = (T "(T " (A)T "(T ' (B)). (28)

Since the product of two polynomials is also a poly-
nomial, it follows that any invariant matrix of an in-
variant matrix is also an invariant matrix of the orig-
inal matrix and therefore can be expressed as a direct
sum of irreducible invariant matrices. This allows us to
write

[AlH]PT = Z Foauw AR (29)
A

Let us denote by 7,7, e r the degrees of [u], [v] and
[A] . Since Al¥l is obtained by the reduction of the r,-
ple Kronecker product of A and, by its turn, [A#]¥] is
obtained reducing the r,-ple Kronecker product of Al¥]
it follows that the irreps that appear in the RHS of (29)
have degree ry = r,r, .

Since the trace of an irreducible invariant matrix is
equal to the Schur function of the correponding par-
tition, Eq.(29) allows us to stablish a correspondence
{1} ® {v} between two Schur functions {A} of degrees
r, and r, with Schur functions {\} of degree r,r, given
by

(e vy =3 muwir}, (30)
A

where the coefficients k,,, are given by (29).

This  correspondence  was  descovered by
Littlewood[14] and later was named plethysm.

The plethysm operation has the properties[3],[2],

({A} @ {u}) ©{r}, (31)
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Meo(u+{v}) = Me{w+{de{, (32)
(A +{uhe{r} = Y alNHN} = rh{A e N} -

AT
({n} @ {{A"}). (33)
P —{h et = > (" afVHN} = hH{Are (X)) -
AT
({n} @ {A"}) (34)
Ao ey = (e {wh(rre{v}) (35)
(Heh @} = Y a(N}x {X} = rh({A e (V) -
AT AT
({ur @ {A"}) (36)
_ {X} ® {u}, for ry even,
(el = { X} ® {n}, forry odd. (87)

The sum in Eq.(33) includes the cases {\'} = {0} =1, {\"} = {v} and {N'} = {v}, {\'} = {0} = 1. Symilarly
in Eqs(34) and (36). Also, r '’ and 7y are the degrees of {A’'} and {A}.

In Eq.(37) we used the notation

T
[Z ai{ ) }]

where a; are numerical factors, {A(;} Schur functions
and {X(i)} their conjugate.
There is also a dimension formula [2],[3],[33]

(rs)!

dpyey = Y a({Ne{u} = {vhd,) = (r!)ss!(d[x])sd[u] ,

v
(39)
where 7 and s are the degrees of [A] and [u] and d|,] is
the dimension of the irrep [o] of S(degree of [0]) .

Up to now we have seen plethysms of Schur func-
tions of GL(n). One can obtain plethysms of contin-
uous subgroups G of GL(n) simply by expressing the
irreducible characters of G in terms of Schur functions
and then computing the plethysm of Schur functions.
If necessary, the result can be re-expressed in terms of
the irreducible characters of G. This will be done when
we will consider the applications.

In the case of G = S(n), a finite subgroup of GL(n)
of great importance in the study of systems of identi-
cal particles, this process involves the concept of inner
plethysm which we shall consider in the following.

As we have seen previously, the inner product
{A} x {u} of two Schur functions of the same degree
r corresponds to the Kronecker product of two irreps

= Z ai{Xi}, (38)

[A] and [p] of S(r). The case {A} x {A} can be anal-
ysed in its symmetric and antisymmetric constituents.
The Kronecker product M x M of a matrix M by itself
decomposes as

M x M = MP 4y, (40)

Taking by M the matrix that represents a given
permutation of S(n) in the irrep [A], correpondently,
the expression {A} x {A} can be analized in two parts,
denoted by {\} ® {2} and {A\} ® {1%2}. The operation
denoted by the symbol ® is called inner plethysm[13]
and will be defined in the following.

Let M; be a matrix of a generic permutation P; of
S(n) and xM(P;) its trace. Then the invariant matrix
of M; associated to the partition [u], that is, Mi[“], also
represents the element P; and its trace is a compound
character, say,

(M) =3 () (41)

One defines {A\} ® {u}, the inner plethysm of par-
titions {A} and {u} of degrees n and m, as a linear
combination of partitions {v} of degree n with coeffi-
cients given by Eq.(41), that is,

Mof{ur=> Guiv} . (42)
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Notice that although the degree of partitions [A] and [v] is n, there is no restriction concerning the degree of
partition [u] .

The inner plethysms have properties analogous to those of plethysms, roughly changing outer products of Schur
functions by inner products, that is,

{(Aro{uho{vt = Modutoiv) .

Mo +{v) = Meofp+{Moi} ,

(P +{uho{v} = Y alfpHo) = {rHUA @ {p}) x {u} o {o})
ModuHr) = {(Aeo{uh) x{Aro{r}) (43)
(D o vy = Y alp} x{o} = {rHA} o {p}) x ({u} @ {o}) .

III. Plethysms Calculation

In [3] one finds the following expression for calculation of plethysm:

’I'I,” " " " " "
Yo = 3 P g sy (s (s, (a4)
(o) '

where
' and " are the {\'} and {\"} degrees, (p") = (1°7,2¢2,...) are the S(") classes and n"'(p") their number of
elements,

S0 = 3 Do 3 L) 001 (45)

ALi (0")

po(p') is the S(ir') class with p} cicles of length 1, p} cicles of length 2, etc.

The Schur functions {A\"'}, having degree r""’ = r' x " | which enter in the plethysm are obtained after reducing
the outer products of Schur functions inside the S}'. For small values of ' it is possible to construct plethysms
tables with the same organization of the tables of outer products. One has, as an example, for "’ = 6 the table
below

(6) [ (51} [ {#2y [ {417} [ {32} [ {321} | {31°} [ {2}
2l0{3} |1 1 1 17} ® {3}
2}®{21} 1 1 1 17} ® {21}
2}{1%} 1 1 17} @ {13}
3Ie{2} |1 1 1?1 ® {12}
3}e{1%} 1 1 13} ® {2}
21}®{2} 1 1 1 1 21}@{1%}

(1) | (2173 [ (221%) [ (31°% | {2°3 | {321} | {41°} | {37}

Table II: All plethysms that produce Schur functions of degree 6 .

In [3] one can find plethysms tables for " up to 10. Ibrahin [15],[16] published tables with 7" = 12,14 and 15.
Notice that such tables exist only for "’ nonprime. Partial tables were published in [2] and [21].

For great values of 7" the use of (44) is unpractical, then the need for alternative formulas. For some particular
cases of {\'} and {\"} there exist explicit (or almost) formulas easy to use. They are the following:

(Me{ly = {11e{A={A} (46)

{Aref{o} = {0}, {0}@{A} =0dpy {0k (47)
[r/2]

{rie{2t =

> {or —2i,2i}, (48)
i=0
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[(r+1)/2]
e = Y f2r-@i-1),@i-1); (49)
i=1
2@ {r} = ) {Aeven (50)
A
{12} ® {T} = Z {)‘}even ; (51)
A
r/2] '
{1I"ye {2} = {171+ {2,177} | reven, (52)
i=1
/2] '
{1 e {1} = {1}+ ) {21} | rodd (53)
i=1
((r+1)/2] '
1o {17y = ) {227,172 U} reven, (54)
i=1
((r+1)/2] '
{1NYe{2} = > {22711 G0y odd, (55)
i=1
|

Eq.(46) follows from plethysms definition while and the next square to a given one is the one below it,
Eq.(47) is set for consistency. In Eq.(50), {A}even if it exists, or the one to its left, otherwise.
means partition of 2r with all lines even. Eqs.(54) and For example, the 3-border strips of [412],[321] and
(55) follow from Eqs.(48) and (49) by conjugation] see [2212] are the squares with the symbol B in the figures
Eq.(37).]. below, respectively:

In [21] there are formulas for the calculation of N BE | BT E ]
plethysms {A\} ® {u} when both Schur functions are ILIL]E | CRI]
symmetric or/and antisymmetric. To explain them we - ’ n ’
need the following definition: a k-border strip of a given L] L]

Young diagram [\] is a sequence of k squares in which
the first of them is the last one of the first line of [)] When {A} and {u} are both symmetric, one has
]
1 m
{n}®{m}=—> {na"({n} @ {m -k}, m>1, (56)
k=1
with
{n}(@*) =" Copu{r}. (57)

In (57) the {v} are all Schur functions of degree nk. The coefficients C,, 1., are obtained from the Young diagram
associated to {v} removing, in sequence, n k-border strips. If in all steps the resulting diagram be regular then

Cnkew = (_)l (58)
with {=(number of lines in the k-border strips) —n. If in any step the resulting diagram be not regular, then
Ch,k,o = 0. As example, from the figures above one has

4—-2 1: 5—2 __ —1:
- ) )

Ca 3,321y = (=) = Co,422123 = 0.

02,37{412} = (_)

The coefficient C 3 1212} is zero because after removing the first 3-border strip the resulting diagram corresponds
to {v'} = {1,0,12%}, being therefore not regular.
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Eq.(56) allows one to relate the plethysm of two symmetric Schur functions with the plethysms of symmetric
Schur functions of smaller degrees. In this way, using {n} ® {1} = {n} as starting point one computes all the
plethysms of type {n} ® {m} .

Using the result

{1} = (=)™ {m} + %(—)’““{k}{l’”*’“}, m > 1 (59)

and Eqs.(32) one obtains -
{n} @ {1"} = (=) " {n} @ {m} + 7:2_:11(—)’““({”} ® {k})({n} @ {1™"}) (60)
{1"ye {1"} = (-)" " {1"} @ {m} + T:Z_;l(—)’““({l"} ® {k})({1"} @ {1™*}) (61)

For {1"} ® {m} one uses 7
0y = { 0 s o o

In this way, using (56) and (60)-(62) one computes plethysms with both Schur functions symmetric and/or
antisymmetric.

The cases in which {A}{u} has a closed and simple expression allow us to compute, using (32) and (35) relations
also closed for the corresponding plethysms. In this way, from

{(pHay =D Ap+a—ii}, p>q (63)
i=0
one obtains {p,q} = {p}{q} — {p+ 1,¢ — 1}. From this equation, using (32), (35) and iterating one obtains
M eipdt= Z(—)i({k} @ {p+ih)({A} @ {q—i}), (64)

what allows us to express a plethysm with a two-row Schur function at right in terms of plethysms with symmetric
Schur functions at right.
In an analogous way, from

{1PH{17} = 2{2"_’} 1Pty p >y, (65)
one obtains
Ao {29,177 = (A e (1PH({A) e {17} - (Ao {17 ) ({ A} @ {1971, (66)

what express a plethysm with a two-column Schur function at right in terms of plethysms with one-column Schur
functions at right.

An analogous procedure is used to compute plethysms with Schur functions at left with mixed symmetry using
(33), (35) and (36). Due to the more complex nature of these equations as compared with that for Schur functions
to the right the calculation is more complicated.

When the degree n of the Schur function at left is a compound integer one can use the tables of plethysms with
final degree n to obtain relations in general simpler than the one here exposed. As example, from {2} ® {1?} = {31}

one obtains
(31} @ {u} = ({2} {1*}) @ {n} = {2} ® ({1} ® {u})
and also {21} ® {u} by conjugation.
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A very common situation which arrises in applica-
tions is when one needs to compute plethysms of a same
Schur function by many (sometimes all) Schur functions
of a given degree to the right.[ This is the case of the
application that we will make in Section 4.] For such
cases we present the following algorithm that allows to
compute, in a build up way, all plethysms {\} ® {u}n
with {A} a fixed Schur function and {u},, all Schur
functions of degree m, once the plethysms {\} ® {m}

Mefn =

{w'}={n}

where the symbol < means preceding, following the or-
dering in item 1).

Since {p1, p2, ..., pit—1 } and {p; } have smaller degree
than {u}, the plethysms {A} ® {u1, po,...,put—1} and
{A}®{u+} have already been computed in the induction
process. On the other hand, the plethysms {A\} ® {u'}

{A - A e {32},
{\re{2h) - {\} o {317},
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and {\} ® {u}m, with m’ < m have already been com-
puted :

1) Find all partitions of m and order them in de-
scending order of their components read from left to
right;

2) For each partition {u} = {p1, po, ..., 4,0, ...,0}
perform the outer product
{11, 2, .., ie—1 }{pt }, order the irreps in the reduction
as in item (1), then use Eqgs.(32) to obtain the equation

(A} @ {2y ooy e (A} @ {pe}) —
Y alfus sz, o Hud = {' DA} © {1}

also have been computed since {u'} precedes {u}.

As an example of the procedure suggested above,
we list below the sequence of equations [obtained from
Table I] that allows us to compute {A} ® {u} for all
Schur functions {u} with degree 5, once {A\} ® {5} and
the plethysms with total degree less than 5r) be known.

Ao 3H({A} @ {2}) - {A} @ {5} — {A} @ {41},
{A} = {A @ {41} - {A} @ {32},

]
{A\}® {5} = Iinput,

{AMe{dy = (Ao {4h{r} —{r}® {5},

{Ape{32} = (
Me{31’} = ((\Ne{31})
Me{2’1} = {(Ae{2’})
M e{21’} = (Ao {1*)K(

MNe{l’y = {(Ae{)

Since {n} ® {5} one obtains from (56), we use it to
obtain all the plethysms {n} ® {u} of degree nm. For
security sake, we recommend to make a dimension test
using (39) for all new plethysm obtained.

IV. Applications

In applications of group theory to problems of nu-
clear and atomic spectroscopy we are frequently led to
consider the decomposition of characters of irreps of a
group that acts over an n-dimensional vector space into

(Ao {17} - {A} e {217} - {A} ® {21},

those of one of its subgroup. The subgroup can also act
over a n-dimensional vector space but in a restricted
way. It can also be the direct product of two groups
that act over ni- and no- dimensional vector subspaces
of the original space. As example, Sp(4¢ + 2) —
SU(2) x R(2¢+ 1),R(2¢ + 1) - R(3),R(6) — R(5)
and GL(2) — R(3) have many applications in the the-
ory of complex spectra [ We will use the notation U for
unitary, O for orthogonal, R = OF = SO for unimodu-
lar orthogonal or rotation, Sp for symplectic and GL for
general linear groups.]. The algebra of plethysms give
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a simple and complete solution to this problem.

This solution is based in the theorem[2]

If under the restriction G — H the character +1+
of group G decomposes as

FlE=€a)+4 8 F+otfuwd  (69)

then the character+A 3} of G decomposes into the char-
acters{p- of H according to the characters contained
in the plethysm

[4ay+48 F+ot4wlofrAl. (70

]
U(n) —  U(n-1):
UMl+2) = SU@R)XOT(20+1):
OT(8¢+4) — SU@2)xSp(4f+2):
Sp(4¢+2) — SU@2)xR(2¢(+1):
0t(2t+1) — 0O%(3):
07 (6) = O™ (5):
GL(2) - 0T(@3):
U(n) = O(n):
Ust(6) - Us(3) @ Ur(3)
U(nm) = Um)xU(m)

J.A. Castilho Alcards et al.

This plethysm can be obtained expressing the char-
acters of G and H in terms of characters of GL(n),
computing the resulting plethysms of GL(n) characters
and re-expressing the result in terms of characters of H
in order to obtain the final result.

Using the association irrep <« character this theo-
rem gives us the coefficients of the reduction of the irrep
+A+ of G in the direct sum of irreps{p- of H.

Let us consider now some illustrative examples of
the appplications of the theorem. To this end we list
below the decomposition of the character +1} of G in
terms of characters[2]{p- of H:

{1}2{1}+{9};

(1}=[41(1);

(=[] <1>;

<1>= [4(1);

(1)=(0);

(1)=(1)+(0); (71
{1}=03);

{(1}=(1);

{1}={1}s {0}r +{0}s {1};
{1y={1}{1}".

By the above theorem and the first line of (71), in order to obtain the U(n — 1) irreps contained in the U(n)

irrep {A} we must evaluate the plethysm

{1 +{0he{r} =

A\

Y alfNHA} = )1} @ (D0} @ {37}

= > alfNHn"} = AHINY (72)

A n!

where use was made of (33),(46) and (47). From Little-
wood’s rules, the Schur functions {\'} that can couple
with some symmetric Schur function {n"} to give {\}
are the ones that satisfy

MM > > X1 2 A > A (73)

Using this result in Eq.(72) one sees that under the
restriction U(n) D U(n — 1) one has the reduction

A=\ (74)
I\
]
({1 e{ar =
AT
Yo alNIx A"} = DY)

N\

in which the {\'} are all the U(n — 1) irreps satisfying
Eq.(73).

These are the well known in-betweeness conditions
introduced by Gelfand[34] in the labeling of basis states
of U(n) irreps.

In the last line of (71) one has the case of a reduction
of an irrep of a unitary group into irreps of its subgroup
which is a direct product of one group acting in a set
of variables by another that acts in the remaining ones.
In this case one has the plethysm

Yo alfN < A = YL @ (VD1 @ {3} =

(75)
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The inner product {\'} x {\"'} in the RHS of (75) re- functions are labeled by the chain of subgroups
quires that the irreps {\'} and {\"} that appear in the
reduction of {A} have both the same degree as the one U4) D U(2)spin X U(2)isospin .
of {\}. This result has an important role in application ) ) ) )
to Nuclear Physics in the treatment of the spin-isopin Using (75) it follows that the reduction of an irrep
part of a system of nucleons. In this case the basis {A} of U(4) into irreps {u}{r} of U(2) x U(2) is given
by
]
@
{A}= Za({ﬂ} x{ v} = {AD{utspind V}isospin - (76)
v

The correspondence with total spin and isospin is given by

1 1
S=g(m—p) T=5m—wm) mtm=nt+w=n . (77)

In the treatment of systems of identical particles, in (75) one uses {A\} = {n} for bosons and {\} = {1"} for
fermions. For these case one has

({1 e{n} = Y AN,
A
e {1 = Y VY,
A
from what follows the reduction
{n} = Y VN, rv=rae=n, (78)
A
1"y = STOFY, v =neo=n, (79)
A

where we have used the notation {A} and {A}" to denote partitions with no more than n’ and n'” rows, respectively.

Consider, as another example, the reduction of the irrep {1} U(4¢+ 2) into irreps of SU(2) x O (2¢+1). Using
(70) and (71) one should first compute the plethysm ([1/2]'(1)) ® {1"}. Using the isomorphism between SU(2) and
GL(2) we take [1/2]' = {1} . Using ( 34),

a({N}x N} = {nd) = 0py vy eI x = (1) =6 5 (80)
and (46 ), it follows that

({1t = S alAY x AY = {1")({1Y @ {\Y) -
AIAII
ey = ey (81)
A

where {\} are partitions of n . Since {A} must be expressed in terms of GL(2) irreps, only the irreps {\} of type

{p, q} with p+ ¢ = n contribute. Such irreps are expressed in terms of SU(2) irreps as [(p — ¢)/2] . One has then,
n ANt 1. q 1p—q

s [plane X [e-o] e (52)

p>q>1; ptg=n

where {17} and {27,177} must be expressed in terms of O (7) irreps. As an example, for n = 3, one has

(1) 5 [g} )+ B]I{zm} _ E} 1] + B} @1+ 1) (83)
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where use is made of (84) [given below] to express the
U(7) irreps in terms of the ones of O (7).

In cases in which +1 + = +41%, due to property
(46), the theorem gives a trivial identity being of no
use. It is what happens, for example, in the reduc-
tion U(n) — O(n). For this case one has the known
result[1, 2, 3]:

“ The character {\} of U(n) decomposes into O(n)
characters (\") by the relation

A= D a3 = pl ) (89

A b\

where the sum is made in the irreps {\'} with even
components. ” For example,

{0} 0); {1}=(1); {2} =(2)+(0);
{311} (311) + (21) + (111).

Using a table of reduction U(n) — O(n) [ One such
a table can be found, for instance, in Ref.[3]. ] one
can obtain the inverse result: to express the characters
of an O(n) irrep (A) in terms of U(n) irreps {v}. A
general procedure to express the characters of O(n) in
terms of those of U(n) is given in Ref.[9]

7i = # i?j_

Vili+1) \ &

1 A
Ta = ﬁ;?j

J.A. Castilho Alcards et al.

The plethysm technique can be applied in the var-
ious versions of the Interacting Boson Model(IBM)
which have a very rich algebraic structure. For exam-
ple, in IBM-4 one needs the branching rule for the re-
duction of irreps {A} of Ust(6) into irreps {1} {v} of the
semi-direct product Ug(t) @ Ur(3) of Ug(t) by Ur(3).
This reduction is obtained using the 9th line of Eq.(71).
Proceeding symilarly to the case U(nm) D U(n)xU(m)
one obtains for this reduction the result

Msr= Y alfuts{vir = {(Nso){utsivir,
{u}s{vir
(85)
{p}s and {v}r being U(3) irreps.

IV.1 Aplication in Nuclear Structure

In the traditional nonrelativistic treatment the nu-
cleus is considered as a system of A fermions, the nu-
cleons, with spin and isospin 1/2 and 3 spatial de-
grees of freedom interacting through one- and two-body
forces. The bound states of such system are described
by totally antisymmetric wave functions since its con-
stituents are fermions.

The introduction of Jacobi vectors

i?i-l—l H 1= 1,2, ,A -1 , (86)

(87)

allows us to remove the center of mass and focus attention only to the relative motion described by the translationally

invariant Jacoby vectors 7y, Py -y B A_1

To describe the bound states of such system we will use as basis the basis functions of irrep [17(4~1] of U (7(A —
1)) DU (3(A—1)) x U (4(A — 1)). The spin-isospin part is described using the chain

U (4(A - 1))
u

U (2) x UM (2)

while the space part is described by

U (3(A-1)

o UBT(4)

> U(3) X

0*(3)

x UG(A-1)
U
OB (A-1) (88)
U
g(s) (A)
UM (A-1)
U
0M(A-1) (89)
U
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It follows then the interest in studying the branch-
ing rules of irreps of chains of kind

UA-1)D0(A-1)DS(A). (90)

This notation is a bit misleading since it may raise
the question:how is it possible that the permutation
group of A objects may be a subgroup of a transfor-
mation group of a smaller number A — 1 of objects?
The answer is that the objects are not the same. In
U(A —1) and O(A — 1) we consider the radial com-
ponents of the A — 1 translationally invariant Jacobi
vectors (86) while in S(")(A) the objects are the radial
components of the position vectors 7;. A permutation
of the position vectors 7; turns out to be a orthogonal

U(3(A—1)) D UM (3)

in which each link U(¥)(3) acts only in the 3 coordinates
of the Jacoby vector ;. In this case the irreps asso-
ciated to those U (3) would be all symmetric [E(]
and their basis functions would be eigenstates of har-
monic oscillators with energy £ = (E(®) +3/2)fiw and
it would result

A—1
E=> EY. (92)
i=1

The number of linearly independent wave functions
of the 3-dimensional harmonic oscillator with energy
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transformation of the translationally invariant Jacobi
vector and therefore one has O (A4 — 1) D S("(A).

Since the basis functions of the irrep {A} of
U (3(A — 1)) are functions only of the coordinates of
the first A —1 Jacobi vectors, {A} has to be symmetric.
We then write {A\} = {E} . Since the wave functions
of the p-dimensional harmonic oscillator carry the irrep
{E} of U(p), it is usual to associate E to the configu-
ration energy of the nuclear states whose space part is
described by wave functions labeled by the chain (89).

This association allows us to stablish a link with
the harmonic oscillator shell model. The basis func-
tions of the irrep {E} could alternatively be labeled by
the chain of subroups

x UP(3) x ... x UAD(3) (91)

& = (E + 3/2)hw is equal to the dimension of the irrep
{E} of U(3) given by

dimggy = %(E F1)(E+2) . (93)

In this way, by Pauli principle, in the E shell one can
put at most 4dimgy = 2(E + 1)(E + 2) nucleons. The
minimal configuration energy is obtained by filling the
shells E = 0(s), E = 1(p), E = 2(s — d), ..., Ep — 1 and
putting the remaining ngy nucleons in the first partially
filled shell Ey. The fillled shells(core) will contain

]
Eo—1 2
ncore(Eo) = Y 2(E+1)(E+2) = 3 Bo(Eo + 1)(Eo +2) (94)
E=0

nucleons. This equation allows one to find, for a given A, the value of Ej as the one for which ncore(Eo) < A <

neore(Eo + 1). Then we will have

Eo—1
. 1
Emin = E 4Edimypy + Eo(A — Acore(Ep)) = EoA — EEO(EO + 1)(Ep + 2)(Ep +3) . (95)
E=0

Our aim is to label the states of a system of A nu-
cleons with minimal configuration energy £ = E;n
with the labels given by the unitary chain (89). This
labelling has been extensively used in our applications

of the Restricted Dynamics Model[39].

The U(3(A — 1)) irreps are labeled by E . For
1< A< 4o0nehas g =0and E =0. For A > 5
we put E = E;, obtained by use of Eqs.(94) and
(95).

The U(3) irreps are labeled by 3 integers
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{E1, Es, E5} that, according to (78) must satisfy

Ei+E,+EB;=E. (96)

Also, for (78), the U(" (A — 1) irreps are the same
of U(3), that is, {F1, Es,E3} . Eq.(84) give us the
O (A — 1) irreps contained in the U (A — 1) ir-
rep {E1, Es, E3}. One of them is by sure (E, E», E3)
and only this corresponds to states of minimal config-
uration energy. This fix us the O (A — 1) irrep as
that of U")(A — 1) . Tt still remains the restriction
OM(A-1)— S"(A).

The U (A —1) irreps {E1, Es, 3} are all the ones
that satisfy (96) . The Pauli principle, however, im-
poses an additional restriction. The treatment of the
spin-isospin part by the Wigner supermultiplet model
implies that the S(®*)(A4) irrep [A] must have at most 4

J.A. Castilho Alcards et al.

lines, that is,

N =M1, 0, A5, 0] (97)

Therefore the S(") (A) irrep [\], being its conjugate,
must have at most 4 columns.

We will see in the following the branching rules in
the chain U(A — 1) D S(A). The reduction of irreps in
the chain O(A —1) D S(A) is obtained by first express-
ing the O(A—1) characters in terms of those of U(A—1)
and , after, making the reduction U(4 — 1) — S(A) of
the resulting U(A — 1) irreps.

The S(A) irreps contained in the reduction of the
U(A —1) irrep {\'} are given by the expansion of the
inner plethysm {A—1,1}®{\'} in terms of S(A) irreps
[Refs.[13, 38]]:

{A -1, 1} © {AI} = Z Varar [A - rlla )‘11,7 /\,217 ey I/IX—l] (98)

A

where 7" =", X is the degree of U(A — 1) irrep {\"}.

To obtain the multiplicity coefficients Vs » that appear in (98) one needs first to define the operators D and D

which act on U(A — 1) irreps

The operator 73({/\}) is defined by its action over an irrep {\'}:

DANINY = a({AHA"} = (NP} (99)

N
As example, D({2}){31} = {2} + {12} .

From the properties of the outer product of Schur functions, it follows that the operators D satisfy the relations:

_DUNHDINY)
DUND +DUN"})

The operator D is defined in term of D by

o0 o0

{NHA"D (100)

D
DN} +{\"}) . (101)

D = IS S N a{d ) (DU2Y @ {A)s,)

to=0 AtZ t3=0 )‘tS

~

J2=0 j3=0

(D({3} ® (Mo })-- (D2} @ {2)(D{3} ® {ja})-. (102)

The {j2},{js}, ... are symmetric Schur functions and the {A}s,, {\}¢,, ... are general Schur functions of degrees

to, b3, ... .

Denoting by r,7’ and r" the degrees of {A},{\'} and {\"} one sees from (99) that the Schur functions {A"}
produced by D({\}) when acting in {\'} have degrees r"" = r' —r . Since " must be nonnegative , this limits the

sums in t9,t3,... when D acts in an irrep {\'} .
By property (101) it follows that

D({k}® {\}y) = D (Z a({k} @ {Ahy, = {X’}){/\”}> =

7

- {NPHDEN})

> a({k}® (M},

A\
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for each plethysm that appears in (102) .
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After, by use of (100), the product of D ’s is converted into a single D

with argument equal to the product of the Schur functions of each factor. Making the outer product of these Schur
functions and using again (101) one can rewrite D in a form linearized in the D ’s and in the Schur functions:

D=3 Cyv x»{NYD({X"})

AN

the C'x/ v being only numerical coefficients.

(103)

In the linearized form of D one can gather the terms whose D s arguments have the same degree, that is,

D=1 (Zo X,{A}i{x'}> DN =D 6 .
=0

i=0 [{A}; \ A

When D acts over {\'} one obtains

b =30 =3 |5

i=0 | {\}:

Using (99), performing the outer products, and col-
lecting similar terms one obtains a linear expression in
the Schur functions

DN} =Y "Vu a{N'}.
I
This final reduction gives us the irreps {\"} and
the numerical coefficients Vs » which appear in (98).
The {\"} ’s give the S(A) irreps [A —r", A, AL, ..., A}]
present in the reduction of U(A — 1) irrep {\'} and the
V ’s are their multiplicities.

(106)

02 ({0} + {1)D({2}) ,

Sc x,miw}> DALV}

(2{0} + 2{1} + {2})D({4}) +

(104)

(105)

From the procedure described above, to obtain the
01 ’s given in (104) the only t; and j in (102) that con-
tribute for d; are the solutions by nonnegative integers
of the equation

> k(s + ji) (107)
k=2

For i = 0 only one solution exists, tx = jr = 0, and
therefore, ; = 0 . For ¢ = 1 there is no solution, then
01 =0 . For i = 2,3 and 4 the following results follow:

= {0y +{1HD ({3})
({1} +{1°H)D({31}) +

+({0} + {1} + {2)D({2*}) -

From the definition of the D
it results that

DN}, = (80 + 61 + . 4+ 6){\ }»

's it follows that 6;{\'} = 0 when the degree of {\'} is less than i and, therefore,

(108)

for a Schur function of degree r. With the § ’s listed above one can compute the reduction U(n — 1) — S(n) for

irreps of degree less or equal to 4:

{0} = [n],
{1} = [r-1,1],
{2} = [n—=2,2]+[n-1,1]+1n],
{1’} = [n-217,
{3 = [n=-3,3+[n—-2,2]+
[

{21} =

n—3,21+n-22]+[n-21+

[n_2712]+2[n_171]+[n]7

[n—1,1],
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'} = [n-3,17, (109)
{4} = 2] +3n—-1,1]14+3n—-2,2]+[n—2,1°] + [n — 3,3]
+[1’L—3,2,1]+ [n_474] )
{31}y = 2n—-1,1]4+2n-2,2]+3[n—2,1%]+[n—3,3] +[n — 3,2,1]
+[n—3,1% +[n—4,3,1],
{22} = [n] + [n_ 1,1]+2[1’L—2,2] + [n_373] + [n_372717]+ [n_4722] )
{212} = [n_2712]+[n_37271]+[n_3713]+[n_472712] )
{1} = [n—4,1.
|
Using a table of reduction U(n) D O(n) [Ref.[3]], with
one can express, by subtractions, the characters of O(n) iy + 3ks + 2y + ky = A . (111)

in terms of those of U(n).

In Refs.[3, 38] there is a table of the reduction
O(n — 1) D S(n) for (N\') of degree no more than 7
and with no more than 3 rows.

The expansion (104) of D in terms of §; allows us
to compute all the S(A) irreps [A\"] contained in the
U(A—1) irrep {\'}. For great values of rys this process
is too much laborious.

In applications in Nuclear Physics one has that the
U(A — 1) irreps of interest are, according to (96), the
ones with no more than 3 rows, that is, those of the
form {\'} = {E\, E»2, E3} . Besides, Pauli principle im-
poses that the only physically acceptable S(A) irreps
are those of the form

[\ = [4%4, 3% 282 10] (110)

]

The k; are interpreted[36] as the number of space
levels occupyed by 1,2, 3, and 4 nucleons, respectively.

From now on we will restrict ourselves to the cases of
interest in Nuclear Physics, that is, the ones in which
the U(A — 1) irreps {\'} are also U(3) irreps satisfy-
ing Eq.(96) and the S(A) irreps [)\] satisfy (110) This
means that {A\'} has at most 3 rows and [A] at most
4 columns. These restrictions, as will be seen below,
simplify enormously the calculations.

Having in mind these restrictions, let us find which
tr’s and ji’s in Eq.(102) may give a contribution. When
applying the linearized form [Eq.(103)] of D to a Schur
function {)\}%A) of U(A — 1) one has, using Eqgs. (99)
and (103),

DN = Y v Yo al Yy = ) ST a( Hr) = (I H{INT)

AN\ v

AIII
(112)

By Eq.(98) the Schur functions {\"’} will give S(A) irreps

[A] = [A = rxm, XY,

IQHP":)‘Z{—I] - (113)

[Here we recall that r, denotes the degree of a general Schur function {u}.]

Since {)\}%A) has at most 3 rows, the outer product {\"}{v} gives a nonzero contribution only when both {\"}

and {v} have at most 3 rows, i.e.

N =LA and {v} = {v1,ve,v3} .

Since {\"'} is a component of the reduction

(114)

({2} @ {Ahe) ({2} @ {72}) ({3} @ {A}e, ) ({3} @ {7s}) .

only contribute the components in {k} ® {A\};, and {k} ® {jr} with no more than 3 rows.
We then introduce the notation {m}®{u} to denote what we call a reduced plethysm:

{m}®{u} = only terms of {m} ® {u} with no more than 3 rows.

(115)
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In our applications to Nuclear Physics the only
plethysms that one needs to compute are the reduced
ones. These have much less components than the com-
plete plethysms, what makes the computer calculations
feasible.

The rules of outer product are such that if one of its
factors has more than p rows, the same occurs with all
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the Schur functions in its reduction. Due to that, all
the plethysms properties here presented, but Eq.(39),
apply to reduced plethysms.

Computer calculations using Eq.(60) show that

{k}®{1™} =0, form > (k+ 1)(k+2)/2. (116)

From this result one proves that

]
{k}®{u} = 0 for Schur functions {u} with more than
m = (k+ 1)(k +2)/2 rows. (117)

In order to produce a physically acceptable contri-
bution, the Schur functions {\'} in Eq.(112) when outer
multiplyed by {v} must give, by Eq.(98) and (110), in
its reduction a Schur function with at most 4 columns.
By the rules of outer product, it follows that both {\'}
and {v} must have this property:

(N} = {N X0, X, o} {9} = {7, 02, 73,7} (118)

Since {\'} is a term of the reduction of { ¢, }{ At }---,
it follows that also the {A};, must have this property.
This implies that among the reduced plethysms
{k}®{\}:, that appear in Eq(102), only those in which
the length of the {A};, ’s rows do not exceed 4 must be
considered.
The analysis of degrees of the Schur functions in
Eq.(112) gives further informations:
a1, = Ey rao 41, =y (119)

From Eq.(113) and (110) one has

A— T S 4. (120)
Combining Eq.(119) and (120) it follows that

i=ry —ry <E—-—A+4+4 (121)
what sets an upper bound in :
iman = E— A+4. (122)
From Eq.(114) and (118) one concludes that
ry <12 . (123)

This result together with the first of Eqs.(119) implies
that
A Z E—-12. (124)

Combining Eq.(102) and (103) one has

Ty o= Ztk; T = Z k(tr + ji) (125)
k=2 k=2

and therefore

i= > [k(te+ i) —te] =t2+ > k(ters + ). (126)
k=2 k=2

From these equations one concludes that

i) (127)
k=2
and
. tQZi; t3:t4:...:0,
= tr = ; ; 128
! Zk {j2:j3::0 ( )

Eq.(127), combined with Eq.(125) and (124) gives
E—-12<ry <2 (129)
from which one concludes that
2i>FE—12. (130)
This gives a lower bound to ¢:

imin = {ﬁ} ~6. (131)
2
Summarizing: given E and A, the t; ’s and ji ’s in
Eq.(102) applied to {/\}%‘) that may give physically ac-
ceptable S(A) irreps are obtained following the 2 steps:
1) take i in the range

[%]—6§i§E—A+4; (132)
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2) for each i in this range, find the nonnegative in-
tegers ji and ty that satisfy

ta + Ek:Z k(tk+1 + ]k) =1,
(133)
dopes Kty + k) =7a0
where ry» must be in the range given by Eq.(129).

These conditions reduces drastically the number of
Jr ’s and jg ’s that may contribute and also their values,
being valid for any value of A and E > E,;;,,.

Once the t; ’s and j ’s that have a chance to
contribute are determined, one computes the reduced
plethysms associated to them and continues the calcu-
lations.

In any physical application one starts by examin-
ing first the case F = E,;,, so it deserves a special
attention.

For p—nuclei (5 < A < 16) one has Ey = 1 and, ac-
cording to Eq.( 95), Fmin = A—4. In this case Eq.(132)
gives only the value 0 for i, and by Eq.(133) one has
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Therefore
faN A o A
DINGY, = (Y, (135)

where here, and in the following, the symbol = means
that one considers in the RHS only those Schur func-
tions that produce physically acceptable S(A) irreps.

Then, by Eq(98), for p-nuclei in ground configura-
tion, one has the U(A — 1) D S(A) reduction

{A}%A_Z = 4,1, 22,23] p—nuclei (136)

with

MAd+d3=A4-4 and N<4 . (137)

In Appendix A one lists the reduction U(A — 1) D
S(A) for p—nuclei in ground configuration. One ob-

to=t3=..=0; jo=j3=..=0 (p—nuclei) . serves that the results present the symmetry under
(134) particle-hole exchange in the open shell:
|
A & A=ncpe+n0—A4; (138)
(p = Ei—Es; q=FE»—E3) & (5,9 = (¢,p). (139)
For this shell these symmetry relations read as
A & A=20-A
N = [4,Ag°>,xg°>,xg°>] S [\ = [4,4 AP 4D g0 (140)

For (s — d)-nuclei (17 < A <40), Ey =2 and Epi, =2A — 20 . Eq.(132) gives again only one solution for 4:

i = tmin = tmax = 4 — 16 .

Since ¢ = imax , by Eq.(128) one has the result

tQZA—].G; t3:t4:...:0;

and therefore

fay A °
DI 50 =
{A}a—16

(s — d)-nuclei (141)

j2 =js =..=0 (s —d) —nuclei (142)

Y A aciD(2}0 M i) I = Y (A acis

{A}a—16

Y a2y a16 = I aracie) DUM aa—16){AY 20, (143)

{A}2(4-10)

for (s — d)—nuclei.

The only reduced plethysms that one needs to compute, for the whole shell, are {2}@{u},, with m = 1,2, ..., 24.
As seen previously,only contribute the Schur functions {A\} 4_16 with no more than (2 + 1)(2 + 2)/2 = 6 rows

and no more than 4 columns.

When acting on {)\};’2)720 , the operator 73({/\}2(,4—16)) gives, by Eqs.(114) ,(123)

DU aa—1e) A 00 = al{Aa(a—16) {47} = (NS 00) (4%} . (144)
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The outer product of {A\}s(4_16) by {4°} gives only one Schur function with 3 rows {4°} + {A}24_16) (with

multiplicity 1), and must be equal to {A}3a—20) - This fixes {A}2a—16) a8 {A}2(a-16) = {)\};’2)720 — {43}.
On the other hand, the outer product {\}4 16{4®} has only one component with up to 4 columns, wviz.

{42, { M a-16}-
Finally, one obtains

D {A}gﬁl)720 = Z a({2}@{A}a 16} = {Abaa-16) =
{A\}a-1s

{)‘}éi)—m - {43}) {437 {A}a—16} (s —d)—nuclei. (145)

The Schur functions {43, {\}_16} will produce, by Eq.(98), S(A) irreps

[A—(4x3+A4-16),4% {A\}a 16] = 4", {\}a 16] - (146)

Eqs.(145),(146) allow us to obtain the reduction U(A — 1) D S(A) for (s — d)—nuclei in ground configuration
directly from the tables of multiplicities of Schur functions {A}>(a_16) in the reduced plethysm {2}@{A}a_16 . The
column associated to a given Schur function {A}s(4_16) corresponds to the U(A — 1) irrep {43} + {A}s(a_16). Its
entries, in each line labelled by {2} ® {A\}a_16 , give the multiplicity of S(A) irrep [4*, {\} 4—16] in the reduction.

As an example, for A = 19, one has Fnyin = 18, imin = imax = 3 and, from the plethysms {2} ® {A}5 given in
table II, one obtains

{10,4%} = [43]; {74} = [4113];
{954} = [4121); {765} = [4121); e
{864} = [413) + [421); {6%} = [413]; (147)

{852} = [4*17].
Making all reductions one observes that the results also present the symmetry under particle-hole exchange in
the open shell [ Eqgs.(138),( 139) ] that for this shell reads as
A — A=16+(40—-A)=56— A, (148)
P‘] = [447/\§0)7/\20)7--'7)‘£}0)] - [/_\] = [4474_/\((30)74_)‘510)7'--74_>‘50)] .
In Appendix B one gives the reduction U(A — 1) D S(A) for the first half of the shell. To obtain the reduction

for the second half one uses again symmetry relations Eqs.(138),(139). The case A = 40 is not covered by the
symmetry . For A =40 only one U(39) irrep has physically acceptable A(40) irreps:

{20%} = [4'°] . (149)
For (p — f)—nuclei (41 < A <80) , Ey = 3 and Epnin = 34 — 60. One easily verifies that for those values of A
and E one solution of Eqs.(132),(133) is
t2:24, t3:A—40; t4:t5:0; j2 :j3::0 (150)
Computer calculations show that indeed this is the only solution. Therefore one has
= A o = . N . A
DIV a0 = D INaaf a0 D2} (A 2) DUBYE (A - 40) { A} X0 (151)
{A}oa

and we need to compute, for the whole shell, only the reduced plethysms {3}&{u},, with m = 1,2,...,40 . As seen
previously, only those reduced plethysms in which {u},, has up to 10 lines and 4 columns contribute.

Since only contribute Schur functions {A}24 with up to 6 lines and 4 columns, one has only one possible value,
{\}a4 = {45} . Using this result and {2}®{45} = {16%} , Eq.(151) becomes

DI 0 S0 4% {10} D16 DB} a—10) AN 60 - (152)
{A}a—a0

Now, linearizing the product of D s and taking into account that only arguments of D with up to 3 rows
contribute, one obtains
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[lo

DI w0 {4 N aao) D a({3}0{A aao = {A}sa-a0) -

{A}a-a0 {A\}3(4—40)

DH{16%} + { M }aa 10) A o0 - (153)

When acting on {/\}éff_)eo , the operator D({16%} + {A}34_40) will produce Schur functions {v} with up to 3
lines and 4 columns of degree 12 what fixes {v} = {4°} and {A}3(4—40) = {A}34-60 — {20°} . Therefore one obtains
the final result

DI w0 = Y ali3}o{A a0 —
{A}a—a0

{A}3(a-10) = {\}3a-60 — {20°}) {4, {A}a_a0} - (154)

The Schur functions {4?, {\}4_40} will produce, by Eq.( 98) S(A) irreps

[A—(4x9+A—40),4" {\} 4 a0] = [4*°, {\} 4 40] . (155)
Analogously to case Eg = 1 and 2, Eqgs.(154),(155) allow us to read the reduction U(A — 1) D S(A) for nuclei
in the ground configuration of this shell directly form the table of multiplicities of Schur functions {A}34_40) in
the reduced plethysms {3}©{A\} 4—40- The column associated to a given Schur function {A}3(a—40) corresponds to
the U(A — 1) irrep {20°} + {A}3(4_40) - Its entries, in each line labelled by {3} ® {A}a—40 give the multiplicity of
S(A) irrep [41°, {A\} 4_40] in the reduction.
The results for the whole shell present the particle-hole exchange symmetry Eqs.(138),(139) that for this shell
reads as

Ao A=120- 4
[/\] = [4107/\?)7/\%0)7 7)‘§(()))] - [5‘] = [41074 - )\5?,4 - /\!(90)7 74 - /\g())] '
(156)

For (s,d,g)—nuclei (81 < A < 140) , Ep = 4 and Epn,in = 44 — 140 . One easily verify that, for given A and
E = Enin , one solution for Eqs.(132),133) is

ty = 24; ts = 40; ty = A- 80, ts =t = ... = 0; (157)
ja=j3=...=0.
Again, computer calculations show that this is the only solution. Therefore one has
=~ A o ~ . = .
DO 1a0 2 Y MDA} 20) Y {Ah0D B} {{A}i0)-
{A}24 {A}a0
> Aacso D4 azso) N o - (158)

{A}a-s0

Using arguments similar to those used in cases Ey = 2,3 and the result {3}©{4'°} = {403} one deduces that

DI e = Y 4 (M asota({4)&{A}as0 = (A aca—so) =
{A}a—s0

(AN 140 — {60°)) (159)

and the Schur functions {41, {\}4_go} will produce S(A) irreps [4%°,{\}4_s0] -

As seen in the previous cases, the reduction U(A — 1) D S(A) can be read from the table of multiplicities os
Schur functions {A}4(4—go) in the reduced plethysm {4}%{A\} 4—s0 - The column of {A}4(a—s0) is associated to the
U(A —1) irrep {60%} + {\}4(a_s0) - Its entries give the multiplicities of [4%°, {A} 4_go] in the reduction.

From the cases studied, one pattern emerges:

1) The ¢ ’s and ji ’s that contribute are
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tr=2k+1)(k+2); k=2,3,..,Ey—1; tg, =ng = A — ncore; (160)
2)The final result is
S (A o _ .
DNEY, = 3 4™ Db Ja({Bo} Ay = {Abmin, =
{Atno
(NG = {(neore — 2Bo(Bo +1))*}) (161)

and the Schur functions {4™eor</4=1 {\}, 1 will produce S(A) ireps

[47em /%, { A g .

V. Final Comments

According to the subgroup chain Eq.(89) we need
to classify the basis states by the chain U (4 — 1) D
O (A —1) > S (A) but up to now we obtained the
reduction by the chain U (4 —1) > S (A).

For configuration energies £ = FE,,;, and E;, + 1,
a given UM (A — 1) irrep {Ey, Es, E3} gives only one
O (A = 1) irrep (w) = (E1, Ey, FE3) . Therefore our
classification of ground state configuration states is
complete.

For configuration energies E > E,,;, + 2 one needs
first to express, the O (A — 1) irrep (w) in terms of
U (A—1) irreps { E'} and then perform the reductions
(E'} > [f).

In application to a definite nucleus with Z protons
and N = A — Z neutrons, the isospin counterpart im-
poses one selection rule

that may forbid some configurations in the reduction.

Appendix A. Classification of the Lowest Energy
States for p-Nuclei

This classification was obtained using Eqs.(136) and
(137). In the third column we have put the SU(3) la-
bels in Elliott notation: p = E; — Es,q = Es — Ej.
Observe that there is a symmetry under the inter-
change of particles and holes in the open p shell, that
is, the labels associated to A are related to those of
A =4+ (16 — A) = 20 — A. For the SU(3) labels
the association is p = ¢,§ = p. For the S(A) la-
bels, writing [A] = [4, Al A(O),Ago)] , the S(A) become

1 272

BEERER = TSR] e W=l
AT (E [0 [ I AT oo [
5 1 {1} | (10) | [41 11| 143] | (13) | [4%3]
6 | {2y | (20) | [42 (421} | (21) | [4221]

() | on | @7 (1) | (02) | [43°0
71 31 [ (30) | [43] 3221 | (10) | [4327]
0 | (11) | [421] 2| {47 [ 04) | [&]
(13} | (00) | [417] (431} | (12) | [4231]
TR RCON Y (122} | (20) | (22
(31} | (21) | 431 (3221 | (01) | 4322
(221 | (02) | [422] 13 | {41} | (03) | [#°1]
212} | (10) | [4217] {432} | (11) | [4232]
510 [ G0 | [P ) | (o) | (137
(32} | (12) | [432] [ (4%2) [ (02) | |52
(312} | (20) | [4312] (4321 | (10) | [4237]
{2211 | (01) | [4221] 15 [ {423} | (01) | [4°3]
10 {42} | 22) | [&°2] 16 | {4°1 | (00) | [47]
@2 | o) | e
@) | (©3) | 37
(321} | (11) | [4321]
) | o0 | (2
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Appendix B. Classification of the Lowest Energy States for (s — d)-Nuclei
s—d(17 < A < 40)

This classification was obtained from the table of plethysms {2}®{)\};,... With i, = A — 16, according to the
text in Section 4. For the second half of the shell we used the particle-hole symmetry for this shell. By it, to a given
A we associate a A = 16+ (40 — A) = 56 — A. Again, for the SU(3) labels this simmetry gives p = ¢ and § = p. To

the S(A) label [A] = [44, A2, A A9 we associate the S(A) label [N = [4 — A, 4 —A® 4 -]

A=17
{6,4%} = [4M1]

A=18

{8,47} = [412]
{7,5,4} = [417]
{6%,4} = [4"2]

A=19
(10,42} = [43]

{9,5,4} = [4%21]
(8,6,4) = [4421] + [413]
{8,5%) = [4*17)

(72,4} = [4*17]

{7,6,5} = [4%21]

{6°} = [4'3]

A= 20

{12,42} = [47]

{11,5,4} = [4*31]

{10,6,4} = [4*22] + [4*31] + [4°]
{10,5%} = [44217]

{9,7,4} = [4*212] 4 [4*31]

{8%,4} = [412°] 4 [4°]

{9,6,5} = [41212] + [4122] + [4131]
{8,7,5} = [411%] + [41217] + [4131]
{8,6%} = [4122] + [431] + [4°]
{72,6} = [4*21?]

A= 21
{13,5,4} = [451]
{12,6,4} = [4432] + [4°1]

{12,5%} = [44312]

{11,7,4) = [4*312] + [4*32] + [4°1]

{11,6,5} = [41221] + [41312] + [4132] + [4°1]

{10,8,4} = [4%221] + [4%32] + [4°1]

{92,4} = [4*317]

{10,7,5} = [44213] + [44221] + 2[4*312] + [4*32] + [4°1]
{10,62} = [44221] + 2[4%32] + [4°1]

{9,8,5} = [41213] + [41221] + [41312] + [4132] + [4°1]
{9,7,6} = [4421%] + [4%221] + 2[44312] + [4432] + [4°1]
{82,6} = [4*15] + [472%1] + [4*32] + [4°1]

{8, 72} = [4*21°%] + [44312]

A= 22
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{14,6,4) = [4°2]
{14,52} = [4512]

{13,7,4} = [4512] + [4432] + [4°2]

{13,6,5} = [41321] + [4512] [452]

{12,8,4} = [44321] + 2[4

{12,7,5} = [4431%] + 2[44321] + 2[4512] + [443%] + [452]
]+

{11,9,4} = [4%321] + [4°12] + [43?]
{12,6%) = [442%] + [41321] 4 [4*3?] + 2[4°2]
{10%,4} = [412%] + [4°2]
{11,8,5} = [4*2212] 4 [4*317]
{11,7,6} = [4*221%] 4 [4*317]
{10,9,5} = [4%2212] + [4*31°]
{10,8,6} = [4*214] + [4*221?]
3[4°2]

{10,772} = [442212] + 2[4*31°%] + [4%321] + 2[4°12] + [413?]

{92,6} = [44221%] + [4*31°%] + [41321] + 2[4°1%] + [413?]

{9,8,7} = [4*21%] + [472217] + [4*31°] + 2[41321] + [451?] + [452]
{83} = [4*1°] + [4*2%] + [452]

[4423] + 2[44321] + 2[4°12] + [413?] + 2[4°2]
3[41321] + 2[4°1%] + [413%] + 2[452]
2[44321] + [4512] 4 [4°2]

[44313] + 2[4423] + 3[44321] + [4°12] + [43%]+

t4

A= 23

{15,7,4} = [ 3]
{15,6,5} = [4°21]
{14,8,4} = [4°21] + [4°3

{14,7,5} = [4°15] + [4%3%1] + 2[4°21] + [4°3]

{14,62} = [4132?] + [4521] + [4°3]

{13,9,4} = [44321] + [4°21] + [4%3]

{12,10,4} = [41322] + [4°21] + [4°3]

{13,8,5} = [4%3212] + [451°%] + [4%32%] + [44321] + 3[4°21] + 2[4°3]

{112,4} = [443%1]

{13,7,6} = [443212] + [451°] + [4%322] + 2[4%3%1] + 3[4521] + 2[4°3]
{12,9,5} = 2[443212] + [4°1%] + [4*322] + 2[4%321] + 3[4°21] + [4°3]
{11,10,5} = [41231] + [413217%] + [451%] + [41322] + [413%1] + 2[4°21] + [4°3]
{12,8,6} = [4*314] + [41231] + 2[413212] + [4°13] + 3[4%322] + 2[413%1]+
5[4°21] + 3[4°3]

{12,727} = 2[4*3217%] + 2[4513] + 2[4*3%1] + 2[4521] + [453]

{11,9,6} = [44221%] 4 [47231] + 3[4%3212] + 2[4°1%] + 2[4*32?] + 3[4*321]+
4[4521] + 2[453]

{102,6} = [44314] + [41231] + [413212] + 2[4%322] + 2[4°21] + [453]

{11,8,7} = [442213] + [4131%] + [4231] + 3[43212] + 2[4°1°] + 2[4*32%]+
2[41321] + 4[4°21] + 2[4°3]

{10,9,7} = [442213] + [431%] + [44231] + 3[4*3212] + 2[4°1%] + [4*322]+
2[44321] + 3[4°21] + [4°3]

{10,8%} = [44215] + [4131%] + [4%231] + [4*3217] + 2[4*322] + 2[4°21] + [4°3]
{92,8} = [44221%] + [413217] + [4°13] + [443%1] + [4°21]

A= 24

{16,8,4} = [4%]

{16,7,5} = [4°31]

{16,6%} = [452?]

{15,9,4} = [4°31]

{15,8,5} = [4°21%] + [4522] + 2[4531] + [49]

{14, 10, 4} = [4°22] + [4°31] + [49]

{15,7,6} = [45212] + [4"3%2] + [4°2?] + 2[4°31] + [4]

{13,11,4} = [49322] + [4°31]

{14,9,5} = [44321%] 4 2[45212] + [4"322] + [4°2?] + 3[4°31] + [49]
{1224} = [452%] + [49]

{14,8,6} = [4°14] + [4%3221] + [413212] + 2[4°212] + [41322] + 4[4°22]+
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4[4531] + 2[4°]

{13,10,5} = [443221] + [443212] + 2[4°212] + [44322] + 2[4°22] + 3[4°31] + [49]
{14,72) = [443212] + 2[45212] + [44322] + 3[4°31]

{12,11,5} = [443221] 4 [4*3%12] 4 [45212] + [44322] + [452%] + 2[4°31]
{13,9,6} = [413213] 4 2[43221] + 2[413212] + 4]45212] + 3[41322] + 3[4522]+
64531] + [4°]

{13,8,7} = [443213] + [451%] + 2[443221] + 2[443212] + 4[4°212] + 2[4*322]+
3[4522] + 5[4531] + 2[4°]

{12,10,6} = [443213] + [451%] + [442%] + 3[443221] + 2[4*3212] + 3[4°212]+
2[44322] + 5[4522] + 4[4°31] + 2[4°]

{112,6} = [442312) + [443221] + [4*3212] 4 2[45212] + 2[44322] + 2[4°31]
{12,0,7} = [412312] + 2[413213] + [451] + 3[443221] + 4[413212] + 6[45212]+
3[44322] + 3[4522] + 6[4°31] + [4°]

{12,82} = [41315] 4 [43213] + [451%] 4 [42] + 2[493221] + [43%12]+
2[45212] + [41322] + 4[4522] + 2[4531] + 2[49]

{11,10,7} = [412312] + 2[473213] + [4514] + [4124] + 3[413221] + 2[4*3212]+
4[45212] + 2[4*3%2] + 3[4°22] + 4[4531] + [49]

{11,9,8} = [442214] + [442312] 4 2[44321°] + [451%] 4 3[443221] + 2[443212]+
4[45212] + 2[44322] + 2[4522] + 4[4°31]

{102,8} = [4*315] 4 [443213] + [451%] + [442] + 2[443221] + [43%12] 4 [4°21%]+
3[4522] + [4531] + [4]

{10,97} = [442312] + [443215] + [443%12] 4 2[45212] + [44322] + [4°31]

A= 25

{17,8,5} = [4°1]

{17,7,6} = [4°32]

{16,10,4} = [451]

{16,9,5} = [4°312] + [4°32] + [451]

{15,11,4} = [4532]

{16,8,6} = [4°221] + [4°312] + 2[4°32] + 2[451]

{14,12,4} = [4532] + [451]

{16,7%} = [45312] + [4%33] + [4°32] + [4%1]

{132 4} = [4*37%]

{15,10,5} = [45221] + 2[4°312] + 2[4°32] + 2[451]

{15,9,6} = [4°21°] + [4*3221] + 2[4°221] + 3[4°312] + [4*3%] + 4[4°32] + 3[4°1]
{14,11,5} = [443221] + [4°221] + 2[4°312] + [413%] + 2[4°32] + 2[451]

{15,8,7} = [4°21%] 4 [4*3221] + 2[4°2%1] + 3[4°31%] + 4[4532] + 3[451]

{13,12,5} = [443%21] 4 [4°221] + [45312] + 2[4 2] + [4°1]

{14,10,6} = [413%13] + [4°213] + [4*32%] + 2[4

6[4°32] + 4[4°1]

{14,9,7} = [4432212] + [443213] + 2[4°21°] + 3[4%3221] + 4[4°221] + 7[4°312]+
2[4%33] + 6[4°32] + 4[4°1]

{13,11,6} = [4132212] + [45213] + [41323] + 3[413%21] + 3[4°221] + 4[4°312]+
2[4433] + 5[4°32] + 2[4°1]

{14,8%} = [451°] + [443213] + [4°213] + [41323] + [413221] + 3[4°221]+
2[4°31%] + 3[4°32] + 3[451]

{122,6} = [413%1°] + [4%323] + [413221] + 2[45221] + [4°312] + 2[4°32] + 2[4%1]
{13,10,7} = 2[413221%] + 2[413%13] + 3[4521%] + 2[41323] + 4[413%21]+
6[4°221] + 7[4°312] + 2[4*3%] + 7[4°32] + 5[451]

{13,9,8} = [4*321%] + 2[4132212] + [413213] + 3[4°213] + [41323] + 4[4*3221]+
5[49221] + 6[4°312] + [43%] + 6[4732] + 3[461]

{12,11, 7} = [41241] + 2[4132212] + [413213] + 2[4°213] + [41323] + 4[4*3221]+
4[45221] + 5[4°312] + [4*3%] + 5[4°32] + 2[4°1]

{12,10,8} = [41321%] + [4°15] + [4%241] + 2[4*32%12] + 3[413213] + 3[4°21%]+
3[41323] + 4[4*3221] + 7[45221] + 5[4°31%] + 6[4°32] + 4[4°1]

{12,92} = [442313] 4 2[4%32212] + [413213] + 2[4°21%] + 2[4*3%21] + 2[4°221]+
4[45312] + 2[4*3%] + 2[4°32] + [451]

43221] 4 4[45221] + 4[4°312]+
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{1128} = [4*231%] 4 2[4432212] 4 2[4%21°] + [4432%] + 2[4*3221] + 2[4°221]+
3[45312] + 2[4*3%] + 2[4°32] + [451]

{11,10,9} = [41321%] + [41241] + 2[4%32212%] + [4%3213] + 2[4521°] + [4*323]+
2[443221] + 3[4°221] + 3[4°312] + 3[4°32] + [451]

{103} = [4515] + [413213] + [41323] + [47221] + [4°1]

A= 26

{18,8,6} = [4°2]

{18, 72} = [4532]

{16,12,4} = [452]

{17,10,5} = [4512] + [492]

{15,13,4} = [4532]

{17,9,6} = [45321] + [4°12] + [453%] + [492]

{1424} = [452]

{16,11,5} = [45321] + [461?] + [4°3?] + [452]

{17,8,7} = [4321] + [4512] + [4732] + 2[452]

{15,12,5} = 2[4°321] + [4517] + [453%] 4 2[452]

{16,10,6} = [45313] + [4°23] + 3[45321] + 2[4517] + [4°3?] + 4[452]
{14,13,5} = [4%3%1] + [4°321] + [4512] + [4°32] 4 [4%2]

{16,9,7} = [4°2212] + [4°31°] + [44331] + 4[4°321] + 3[4%12] + 3[4°3%] + 3[4%2]
{15,11,6} = [452212] + [4°313] + [413222] + [4°23] + [413%1] + 5[4°321]+
3[451%] + 3[453?] + 3[4°2]

{16,8%} = [4°313] + [4523] + 2[45321] + [4512] + 3[452]

{14,12,6} = [4132212] + [4°31°] + [4%3222] + 2[452%] + [493%1] + 5[4°321]+
2[4912] + 2[4°3?] + 5[492]

{15,10,7} = [4132212] + 2[452212] + 3[4°31°] + [4%322%] + 2[4°2%] + [4*3%1]+
8[4°321] + 5[41%] + 4[4°3?] + 6[4°2]

{132,6} = [452212] + [443222] + [443°1] + 2[4°321] + [4°12] + 2[4°3?]
{15,9,8} = [4°214] + [413%212] + 2[452212] + 2[4531°] + [4%3222] + [4523]+
[443%1] + 7[4°321] + 4[4512] + 3[4532] + 4[452]

{14,11,7} = [493231] + 2[413%217] + 3[45221%] 4 3[4°313] + 2[413%22]+
2[452%] + 3[413%1] + 10[4°321] + 5[4%1?] + 5[4°3%] + 5[452]

{13,12,7} = [413231] + 2[4137217] + 2[45221%] 4 2[4°31°] + 2[413%22]+
2[4523] + 2[4%3%1] + 7[4°321] + 3[4%12] + 3[453%] + 4[452]

{14,10,8} = [4*321%] + [4°217] + [473231] + 3[4*3%217] + 3[452%12] + 5[4°31%]+
2[443222] + 5[4°23] + 2[4*3%1] + 11[4°321] 4 5[4512] + 3[4°32] + 8[4%2]
{14,9%) = [4%3221%] 4 [4732212] + 3[4°2212] + 2[4°31%] + [4*322%] 4 2[4*3%1]+
5(4°321] + 3[451%] + 3[4°32] + [492]

{13,11,8} = [443221°] + [4°21*] + 2[443231] + 3[443%212] + 5[4°2212]+
4[4531%] + 4[4*3222] + 3[4°2%] + 3[4*3%1] + 11[4°321] + 5[4°1%] + 5[4°3%]+
4[452]

{122 8} = [4%321%] + [442%] + [4932%1] + 2[443%212] + [4°2212] + 2[4°313]+
[41322%] + 3[452%] + [413%1] + 5[4°321] + [451?%] + 4[492]

{13,10,9} = [4132213] + [4%3214] + [4°21%] + 2[413231] + 3[413%21%]+
4[452212]) 4 4[4°31°] + 2[413%22] + 3[4°23] + 2[443°1] + 9[4°321] + 4[4°1%]+
3[4532] + 4[452]

{12,11,9} = [412412] + [432215] + [4521*] + 2[4*3231] + 3[4*3221%]+
4[452212] + 3[4°31°%] + 2[443222] + 2[4°2%] + 2[4*3%1] + 7[4°321] + 3[451%]+
3[493%] + 2[4%2]

{12,10%} = [4%3214] + [45214] + [4%25] + [4*3231] + 2[4132212] + [4°2212]+
2[4°31°%] + [4%3222] + 3[452%] + 3[4°321] + [4%12] + 3[452]

{11210} = [4%32213] + [493231] + 2[452212] + [4°31%] 4 [4*322%] 4 [4*331]+
2[45321] + [4512] + [453?]

A= 27
{19,8,7} = [4°3]
{16,14,4} = [463]
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{18,10,6} = [4521] + [453]
{17,12,5} = [4521] + [453]
{18,9,7} = [4°321] + [4921] + [453]

{16,13,5} = [4°321] + [4521] + [493]

{18, 8%} = [4521] 4 [4%3]

{17,11,6} = [4513] + [4°322] + [4°321] + 2[4621] + [4°3]

{15,14,5} = [45321] + [4521] + [493]

{17,10,7} = [453212] + [4%1%] + [45322] + 2[4°321] + 4[4%21] + 3[453]
{16,12,6} = [453212] + 2[45322] + 2[4°321] + 4[4621] + 3[453]

{17,9,8} = [4°3212] + [451°] + [4°32%] + 2[4°3%1] + 3[4521] + 2[4%3]

{15,13,6} = [453212] + [4°13] + [413%2] + 2[4°32%] + 3[4°3%1] + 3[4521] + 2[4%3]
{16,11,7} = [45231] + 3[4°3212] + 2[4%1%] + [4*3%2] + 3[4°32%] + 5[4°3%1]+
6[4521] + 4[4°3]

{142,6} = [413317] + [4532?] + [4°371] + 2[4521] + 2[4°3]

{16,10,8} = [4531%] + [452%1] + [4*3%12] + 4[453212] + 2[4513] + 4[45322]+
4[45321] + 8[4%21] + 5[493]

{15,12,7} = [4432221] + [47231] + [4*3%12] + 4[453212] + 2[41°%] + [44332]+
5[4°32%] + 6[4°3%1] + 8[4521] + 5[4°3]

{16,92} = [452213] 4 2[4°3212] + [461%] + [443%2] + [45322] + 3[4°321]+

3[4521] + [493)

{14,13,7} = [4432221] + [4°231] + [4*3%12] + 3[4°3212] + [4513] + 2[44332]+
3[45322] + 5[4°321] + 5[421] + 3[453]

{15,11,8} = [45221%] + [4531%] + 2[4%32221] + 2[4°231] + [4*3%1%] + 7[4°321%]+
4[4513] + 2[4*3%2] + 7[4°327%] + 8[453%1] + 10[4621] + 5[453]

{15,10,9} = [4432217] + [4°221°] + [4%31%] + [4%32221] + 2[4°231] + [443%1%]+
6[453212] + 3[4513] + [4%332] + 5[4°322] + 6[4°321] + 8[4621] + 4[453]
{14,12,8} = [4932213] + [4°314] + [4%32%] + 2[4%3%221] + 3[4°2%1] + 3[443%1%]+
7[4°3212] + 2[4%13] + 2[44332] + 8[4°322] + 7[4°3%1] + 10[4921] + 6[453]

{1328} = [45221%] 4 2[4%32221] + [4°2%1] + 3[4°3212] + 2[451°] + 2[4*3%2]+
3[4°322] + 4[4°3%1] + 3[4521] + [493]

{14,11,9} = [4132317] + [4%3221%] 4 2[4°221°] + [4°31%] + 3[413%221]+
4[452°1] 4 2[4*3%12] + 9[4°3212] + 4[451°] + 3[413%2] 4 7[4°32%] + 9[4°3%1]+
9[4521] + 4[4°3]

{14,102} = [4132213] + 2[4°314] + [41324] + [413%221] + 2[4°2%1] + 2[413312]+
4[453217] + [4°13] + 4[4°32%] + 2[4°3%1] + 5[4521] + 3[4°3]

{13,12,9} = [4132312] + [413221°%] + [4°2213] + [4°31%] + [4%32%] + 3[4%3%221]+
3[452%1] + 2[4%3%12] + 7[4°3212] + 2[451°] + 2[4*3%2] + 6[4°32%] + 6[4°3%1]+
7[4521] + 3[453)

{13,11,10} = [43231%] + [413%213] + 2[4°2213] + [4°314] + [41324] + 3[413%221]+
3[452%1] + [413%12] 4 6[4°321%] + 3[4%1%] + 2[43°2] + 5[4°32?] + 5[4°3%1]+
5[4521] 4 2[4%3]

{122,10} = [4%251] + [4%3%2213] + [4°31%] + [4%32%] + [41322%1] + 2[4°231]+
2[41331%] + 3[4°3212] + 3[4°322] + [4°321] + 3[4521] + 2[483]

{12,112} = [4432%12] 4 [452213] 4 [4132221] + [4°2°1] + 2[4°321%] + [451°%]+
[41332] + [4°32%] 4 2[4°321] + [4%21]

A= 28

{20,8%} = [47]

{167, 4} = [47]

{19,10,7} = [4931] + [47]

{17,14,5} = [4931] + [47]

{18,12,6} = [4522] + [4531] + [47]

{19,9,8} = [431]

{16,15,5} = [4931]

{18,11,7} = [45212] + [47322] + [4522] + 2[4631]
{17,13,6} = [45212] + [47322] 4 [4522] 4 2[4631]
{18,10,8} = [453212] + [45212] + 2[4522] + 3[4531] + 2[47]
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{16,14,6} = [453212] 4 [45322] + 2[4522] 4 3[4931] + 2[47]

{18,9%} = [4521?] + [4°322] + [4°31]
{15%,6} = [4521?] + [4°322] + [4°31]
{17,12,7} = [453221] + [4°3212] + 2[45212] + 2[4°3%2] + 3[4°22] + 5[4931] + 2[47]
{17,11,8} = [4514] + 2[4°3221] + 2[4°321%] + 4[4521?] + 3[4°322] + 3[4%22]+

6[4931] + 2[47]
{16,13,7} = 2[4°32%1] + 2[4°3212] + 3[45212] + [4*3%] + 4[4°3%2] + 3[4522]+
6[4931] + 2[47]
{17,10,9} = [45321%] + [4°3221] + 2[4°3%12] + 3[4°212] + 2[4°322] + 3[4922]+
5[4531] + [47]
{15,14,7} = [413%21] + [4°3221] + 2[4°3%12] + 2[4%212] + 3[4°322] + 3[4922])+
5[4531] + [47]
{16,12,8} = [45321°%] + [472%] + [4*3321] + 4[4°3221] + 5[4°3212] + 5[4%212)+
5[4°322] + 8[4922] + 9[4°31] + 4[47]
{16,11,9} = [45231%] 4 2[4°321°%] + [4°14] + [4%3°21] + 5[4°32%1] + 4[4°3%1%]+

7[45212] + [4434] + 6[47322] + 5[4622] + 9[4°31] + [47]
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{15,13,8} = [45321%] + [4617] + [443228] + 2[4*3321] + 5[4°3221] + 4[453212]+

649212] + [413%] + 7[45322] + 5[4622] + 9[4631] +

[47]

{16,10%} = [443%13] + [4°3213] + [461%] + [4°2%] + 2[4°3221] + 3[4°321%]+
2[4521%] + [4°322] + 4]492%] + 4[4°31] + 3[47]
{1428} = [443%13] + [4°24] + [443%21] + 2[4°3221] + 3[4°3%12] + [4%21%]+
[4434] + 2[4532] + 4[4522] + 4[4531] + 3[47]
{15,12,9} = [49322212] + [472°12] + [4%331°] + 2[4°321°%] + [451%] + [4*3223]+
[4524] 4 2[413%21] + 8[4°3221] + 7[4°3212%] + 8[45212] + [4%3%] + 8[4°322]+
8[4922] + 11[4°31] + 3[47]
{15,11,10} = [41322212] + [452312] + 3[4°3213] + [4511] + [413%23] + [4°24]+
2[443%21] + 6[4°3221] + 5[4°3212] 4 7[45212] + 6[4°322] + 5[4522]+ 7[4%31] + [47]
{14,13,9} = [41322212] 4 [452312] 4 2[45321°] + [413223] + [452%] 4 3[4*3%21]+
6[453221] + 5[453212] + 6[4%212] + [4*3%] + 7[4°322] + 5[4°22] + 7[4%31]+

[47)

{14,12,10} = [4*32%1] +

41329212] 4 [452312] 4 2[413%1°] + 3[4°321%]+

[
[451%] + [4%3%2%] + 3[452%] + 3[4%3%21] + 8[4°3221] + 7[4°3%1%] + 5[45212]+
[4434] + 5[45322] + 8[4%22] + 8[4%31] + 3[47]
{14,112} = [44322212] 4 2[4°2°12] + [4°321%] + [401%] + [44322%] + [4*3%21]+
4[453221] + 2[453%12] + 4[4°21%] + [413%] + 4[453%2] + [4522] + 3[4531]
{132,10} = [4%322212] + [452312] + [4°321°%] + [451%] + 2[413223] + [413%21]+
4[453221] + 2[453%12] + 4[4°21%] + [4131] + 4[453%2] + [4522] + 3[4631]
{13,12,11} = [443241] + [44322212] + [4°2312] + 2[4°321°%] + [44322%] + [4524]+
2[443%21] + 4[4°3221] + 3[4°3212] + 3[49212] + 3[4°322] + 3[4522] + 3[4631]
{123} = [4726] + [413%13] + [452%] 4 [453221] + [4°3212] + [4522] + 2[47]
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