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Noncommutative Field Theory
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Noncommutative �eld theories present many surprising properties. As a consequence of the non-
commutativity, high momentum modes do not decouple from the physics at large distances leading
to the appearance of infrared singularities even in theories without massless particles. Being non-
integrable, these infrared singularities destroy the usual perturbative expansions. We discuss talk
alternative procedures to, we examine control this situation. In the low momentum regime of the
Wess-Zumino model the e�ect of the underlying nonlocality on the nonrelativistic potential will be
examined and some physical implications.

It is a relatively old question if there exists or not a
minimum length beyond which no strict localization is
possible. In the case of a positive answer, interactions
would have to be smeared over the minimum length,
possibly eliminating the ultraviolet divergences of the
perturbative series. Such an idea was put forward in
the forties of the last century [1] but never achieved
popularity, mainly because of the success of the renor-
malization program for QED. More recently, it has been
argued that for very small distances, distances of the or-
der of the Planck's length (10�33cm), the measurement
of coordinates is meaningless due to the appearance of
strong gravitational �elds which will prevent everything
to transmit information [2]. According to the Heisen-
berg uncertainty relations, a precise measurement of a
coordinate leads to a very high indeterminacy in the
momentum. In this process, therefore, a great amount
of energy is transmitted to the observed system and
the corresponding energy-momentum tensor generates
a strong gravitational �eld, as predicted by the Ein-
stein's equation. The more precise the measurement of
the coordinates the bigger will be the gravitational com-
ing from the referred measurement. Whenever this �eld
is so strong as to prevent light or other signs to come
out from the region under observation no operational
meaning can be given to the idea of strict localization.

From a quantum mechanical point of view, the
above analysis suggest the validity of the following po-
sition uncertainty relations

�q��q� � j��� j (1)

where ��� is an antisymmetric matrix whose elements
are of the order of the square of the minimum length. In
fact, by postulating (1) it follows that, if one coordinate
is precisely measured, there are high indeterminacies in

the remaining ones.
The possibility unveiled by (1) is a direct conse-

quence of

[q�; q� ] = i��� ; (2)

so that classical �elds become noncommutative opera-
tors after the quantization prescribed in (2).

Noncommutative quantum �eld theories have also
arised in the context of string theory as it has been
shown that the dynamics of a D-brane in the presence
of an antisymmetric �eld can be described, in certain
limits, in terms of a gauge theory deformed by a Moyal
product [3]; this product is a characteristic of the non-
commutativity. In this meeting, the strings aspects of
noncommutative space have been discussed in the Prof.
Matsuo talk. Here, I only would like to remark that the
discovery of noncommutative �eld theory as a certain
limit of string theory raised the hopes that this limit
should lead to a consistent theory (see [4, 5] for recent
reviews). I will discuss this aspect and will stress that
this is I highly nontrivial point.

Leaving aside questions posed by the loss of Lorentz
invariance, a �rst observation is that a violation of
causality and unitarity occurs when the noncommuta-
tivity involves the time coordinate [6, 7].

The next observation concerns the entanglement of
scales: small distances in one direction imply large dis-
tances in the other, as follows from (1). Usually, the
ultraviolet behavior of a �eld theory is unrelated to the
infrared one. Thus, in massive �4 there are quadratic
and logarithmic ultraviolet divergences coexisting with
infrared �niteness. In the noncommutative case mat-
ters are more subtle. The simplest example where the
the so called IR/UV (infrared/ultraviolet) mixing oc-
curs is provided by the one-loop seagull graph whose
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noncommutative amplitude is given by

Z
d4k

cos(k��
��p�)

k2 �m2
: (3)

The appearance of trigonometric factors is a hall-
mark of the noncommutative situation. It provides an
oscillating factor which e�ectively damps the ultravio-
let behavior. The integral turns out to be �nite but, in
a way di�erent from the usual situation, it depends on
the external momentum. If this momentum were zero
(or if � were zero) the integral would be quadratically
divergent. We are thus led to the conclusion that for
small p the integral should behave as

�
1

p2�2
: (4)

When multiple insertions of this graph are made into
a large diagram they generate non integrable infrared
singularities. This feature produces the breakdown of
the perturbative scheme in many of the renormalizable
theories. We shall return to this point later on.

We now proceed to describe some of the steps to
be followed to build some simple �eld theories in non-
commutative space. First of all, �eld operators may
be constructed via the so called Weyl-Moyal correspon-
dence. To this end we introduce the operator

T (k) = eik�q
�

; (5)

which obeys the rules [8]:

1. T y(k) = T (�k) if q�
y

= q�.

2. T (k)T (k0) = T (k + k0)e�
i
2
k�k

0
��

��

which fol-
lows immediately after the application of the Baker{
Hausdorf formula

eA eB = eA+Be
1

2
[A;B]; (6)

for [A; B] = c number.
3. TrT (k) = (2�)n

Q
� Æ(k�)

The operators T (k) will be assumed to form a ba-
sis in the space of the �eld operators in analogous way
as eikx form a basis for squared integrable functions
on the ordinary space. More precisely, to every suÆ-
cient smooth classical function �(x) we associate the
�eld operator (for notational simplicity dx � dnx and
dk � dnk)

� =
1

(2�)n

Z
dxdk T (k)eik�x

�

�(x); (7)

or

� =

Z
dk

(2�)n
T (k)~�(k); (8)

in terms of the Fourier transform ~�(k) of �(x),

~�(k) =

Z
dx eikx�(x): (9)

We may verify that

�(x) =

Z
dk

(2�)n
e�ikxTr[�T y(k)]: (10)

This formula relates in a de�nite way a classical func-
tion �(x) to a given operator �(q). It can be used to
construct the so called Moyal product of the classical
functions �1 and �2, corresponding to the product of
the operators �1 and �2 which are associated to them:

�1(x) � �2(x) =

Z
dk

(2�)n
e�ikxTr[�1�2T

y(k)]: (11)

The Moyal product is a highly nonlocal function involv-
ing an arbitrary number of derivatives. In fact, from the
de�nition (11) it is possible to show that

c

�1(x) � �2(x) = lim
y!x

e
i
2
��� @

@y�
@
@x� �1(y)�2(x) = �1(x)�2(x) +

i

2
���(@��1(x))(@��2(x)) + : : : ; (12)

which, due to the antisymmetry of ��� , di�ers from the ordinary pointwise product just by a total derivative.
The same does not happen for the Moyal product of three or more �elds. Employing the simpli�ed notation
ki ^ kj �

1
2k

�
i k

�
j��� , one �ndsZ

dx�1(x) � �2(x) � �3(x) =

Z
dk1

(2�)n
dk2

(2�)n
dk3

(2�)n
(2�)nÆ(k1 + k2 + k3)e

�ik1^k2 ~�1(k1)~�2(k2)~�3(k3) (13)

and, more generally, [8]

Z
dx�1(x) ? �2(x) ? ::: ? �N (x) =

Z Y dki

(2�)n
(2�)nÆ(k1+ k2+ : : :+ kN )~�1(k1)~�2(k2) : : : ~�N (kN ) exp(�i

X
i<j

ki ^ kj);

(14)



840 Brazilian Journal of Physics, vol. 32, no. 4, December, 2002

As seen from the above expressions, the Feynman
rules for a noncommutative �eld theory are similar to
the ones in the commutative case, unless by oscillating
trigonometric factors at the vertices. Actually, a special
consideration is needed in the case of gauge symmetry:
due to the noncommutativity, even in the U(1) case one
should start with a nonabelian expression for the �eld
strength and then replace the ordinary product by the
Moyal one[9, 10, 11].

The presence of the oscillating factors at the ver-
tices regularize some of the ultraviolet divergences but
produce infrared divergences. In such situation, we
may envisage two procedures to go ahead: resumma-
tion and extension of the model. In the �rst approach
the free propagator is modi�ed by incorporating some
part of the interaction to ameliorate the infrared be-
havior [12, 13]. This modi�cation leads to dispersion
relations di�erent from the usual ones and has some
interesting physical implications in gauge theories [14].
However, there is a troublesome aspect of this method,
namely, the absence of a clearly identi�able perturba-
tive parameter. A second possibility which does not
have this drawback consists in the addition of new in-
teractions in such way improve the ultraviolet/infrared
behavior of the amplitudes. In this respect supersym-
metric theories appear as natural candidates. Actu-

ally, it has been proved that the noncommutative Wess-
Zumino model and the 2+1 dimensional nonlinear non-
commutative sigma model are free from the dangerous
IR/UV mixing [15, 16].

Besides the renormalization problems commented
before one is naturally also interested in uncovering
the physical content of a given noncommutative �eld
theory. Here, one �nds unusual and perhaps sur-
prising aspects. For example, contrarily to its com-
mutative counterpart, noncommutative QED exhibits
asymptotic freedom. Also, the realization of sponta-
neous symmetry breakdown a necessary ingredient of a
noncommutative \standard" model seems to depend on
the nature of the underlying interaction. For the linear
sigma model, it has been demonstrated that, at least
up to one loop, spontaneous breakdown may occur for
the U(N) but not for the O(N) symmetry if N > 2
[17].

Following the thread delineated above, I would like
to present some recent results on the low energy limit of
the noncommutative Wess-Zumino model [18]. Start-
ing from fermion-fermion and boson-boson scattering
amplitudes, one may determine the equivalent poten-
tials which �xes the non-relativistic dynamics. They
are nonlocal potential with peculiar properties.

The Lagrangian describing the model is [19]

c

L =
1

2
A(�@2)A+

1

2
B(�@2)B +

1

2
 (i 6@ �m) +

1

2
F 2 +

1

2
G2 +mFA+mGB

+g(F ? A ? A� F ? B ? B +G ? A ? B +G ? B ? A�  ?  ? A�  ? i
5 ? B): (15)

d

where A is a scalar �eld, B is a pseudo scalar �eld,  
is a Majorana spinor �eld and F and G are, respec-
tively, scalar and pseudoscalar auxiliary �elds. Notice
that composites bilinear in the basic �elds are de�ned
using ordinary, i. e., not Moyal ordered products.

Consider the scattering of two Majorana fermions.
Let us designate by p1; p2 (p01; p

0
2) and by �1; �2 (�01; �

0
2)

the four momenta and z-spin components of the incom-
ing (outgoing) particles, respectively. We work in cen-
ter of mass frame where the kinematics becomes simpler

and one has that p1 = (!; ~p), p2 = (!;�~p), p01 = (!; ~p 0),

p02 = (!;�~p 0), j~p 0j = j~p j, and ! = !(~p) =
p
~p 2 +m2.

In the lowest order of perturbation there are three
contributing amplitudes associated to the direct, ex-
change and \annihilation" channels (because we are us-
ing Majorana �elds). The total amplitude is

R == (2�)4Æ(4)(p01 + p02 � p1 � p2) (Ta + Tb+ Tc) (16)

where in the nonrelativistic limit one �nds

c

TL
a = �

1

(2�)4

� g

�m

�2
Æ�0

1
�1 Æ�02�2

�
1

2
cos

�
m�0jk

j
�
+

1

2
cos

�
pi�ijk

j
��

; (17)

TL
b =

1

(2�)4

� g

� m

�2
Æ�0

1
�2 Æ�02�1

�
1

2
cos

�
m�0jk

0 j
�
+

1

2
cos

�
pi�ijk

0 j
��

; (18)
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TL
c =

1

3(2�)4

� g

�m

�2 �
Æ�0

1
�1 Æ�02�2 cos

�
m�0jp

j
�
cos

�
m�0j

�
pj � kj

��

� Æ�0
1
�2 Æ�02�1 cos

�
m�0jp

j
�
cos

�
m�0j

�
pj � k0 j

��	
; (19)

where kj � pj � p0 j (k0 j � pj + p0 j) denotes the momentum transferred in the direct (exchange) scattering while
the superscript L signalizes that the above expressions only hold true for the low energy regime.

Concerning the boson-boson scattering, a straightforward calculation shows that the amplitudes corresponding
to the direct and exchange processes become negligible in the low energy regime, the total amplitude being just

TL = �TL
c =

1

6(2�)4

� g

�m

�2
cos

�
m�0jp

j
�

�
cos

�
m�0j

�
pj � kj

��
+ cos

�
m�0j

�
pj � k0 j

��	
: (20)

d

Notice that the magnetic part of the noncommuta-
tivity parameter (�ij) does not contribute in the non-
relativistic limit.

From the above expressions, equivalent nonrelativis-
tic potentials may be determined as follows. Usually
these potentials are de�ned as the Fourier transform
(FT) with respect to the transferred momentum (~k) of
the scattering amplitudes. If the amplitudes depend
only on ~k the corresponding (FT) will be local depend-
ing only on the relative coordinate ~r. In our case the
amplitudes depend not only on ~k but also on the ini-
tial momentum ~p of the scattered particle. Because of
the noncommutativity of momentum and position op-
erators, the construction of the potentials from these
FT may be a�icted by ordering ambiguities. We solve
these ambiguities by requiring hermiticity of the result-
ing expression. After that we check that the result is
an e�ective potential in the sense that its momentum
space matrix elements correctly reproduces the ampli-
tudes that we had ab initio. Proceeding in this way, we
are led to introduce

Æ�0
1
�1 Æ�02�2 M

F (~k; ~p) � TL
a (
~k; ~p) + TL

c;dir(
~k; ~p) (21)

and

MB(~k; ~p) � �TL
c;dir(

~k; ~p) ; (22)

for the fermionic and bosonic scattering amplitudes.
The FT transform of the amplitudes are then given by

V F;B(~r; ~p) = (2�)3
Z
d3kMF;B(~k; ~p) ei

~k�~r: (23)

where the subscript dir is used to indicate that only
the direct part of the amplitudes enter in the cal-
culation. The corresponding quantum operators are
obtained through the replacements ~r ! ~R; ~p ! ~P ,
where ~R and ~P are the Cartesian position and momen-
tum operators obeying, by assumption, the canonical
commutation relations

�
Rj ; Rl

�
=
�
P j ; P l

�
= 0 and�

Rj ; P l
�
= i Æjl. We have [18]

c

V̂ F (~R; ~P ) = �
� g
m

�2 Z d3k

(2�)3

�
eik

lRl

eik
l�ljP

j

+ eik
lRl

e�ik
l�ljP

j
�

�
2

3

� g
m

�2 h
Æ(3)

�
~R+m~�

�
+ Æ(3)

�
~R�m~�

�i

+
1

3

� g
m

�2 h
Æ(3)

�
~R�m~�

�
e�2im~��~P + e2im

~��~P Æ(3)
�
~R�m~�

�i
; (24)

and

V̂ B(~R; ~P ) =
1

6

� g
m

�2 h
Æ(3)

�
~R+m~�

�
+ Æ(3)

�
~R�m~�

�i

+
1

6

� g
m

�2 h
Æ(3)

�
~R�m~�

�
e�2im~��~P + e2im

~��~P Æ(3)
�
~R�m~�

�i
; (25)
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where ~� � f�0j ; j = 1; 2; 3g. Notice that the magnetic
components �ij only contribute to the �rst line of (24).
This contribution is free from ordering ambiguities be-
cause of

�
klRl ; km�mjP

j
�
= i kl km�mj Æ

lj = 0: (26)

As claimed before, it has been checked that (24) and
(25) correctly reproduces the scattering amplitudes we
had before. From those forms of the potentials we can
draw the following conclusions:

1. In the case of space/space noncommutativity
fermions may be pictured as rods oriented perpendic-
ular to the direction of the incoming momentum. By
contrast, in this case, the bosonic particles are not af-
fected by the noncommutativity.

2. In the case of time/space noncommutativity both
fermions and bosons are a�ected. The nonlocality man-
ifest through the fact that the scattering occurs only
when the particles are at a distance of the order of
mj�j.

No vestige of breaking of unitarity was found in spite
of the presence of scattered advanced waves. However,
this picture will most certainly break down when loop
contributions are taken into consideration.
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