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We apply the Nyquist method to analyze the stability of small amplitude electrostaties inquantum plasmas
described by the Wigner-Poisson system. The technique is presented in detail to assess the stability of a three-
stream equilibrium distribution function. The topology of the Nyquist diagrams is substantially changed with
increasing quantum diffraction effects.

| Introduction tra details appearing in the quantum context can be traced
back to the subtle nature of quantum wave-particle interac-

The topic of quantum plasmas has received considerabletons ?n a plasma. In [12], the quantum plas_ma instability
attention in the recent literature [1]-[8]. The main reason duestion is addressed by means of the Nyquist method. Let
for this is the increasing importance of quantum effects D(wzk) = D,.(w,k) + iD;(w, k) = 0 be the dispersion

in the manufacturing process and performance of today’s "¢lation for the quantum plasma, wherendk are the fre-
micro-electronic devices. For instance, no classical trans-duéncy and wave-number of linear waves, and where the
port model can adequately incorporate quantum effects suchdisPersion function is decomposed into its real and imagi-
as resonant tunnelling, which is the basis for the operation a1y Parts. In the Nyquist method, the stability of a mode
of devices like the resonant tunnelling diode. Accordingly, ©f fixed wave-numbek is checked by varying (taken as
there has been much work dedicated to the development of® €@l variable) from minus to plus infinity. Drawing the
quantum transport models. One of such models is providedc0'responding curve in the . x D; plane, we obtain the so-
by the Wigner-Poisson system [9, 10], which is the main called Nyquist dlagrams_. The number _of unstable modes is
concern of the present paper. We address the question of th&dual to the number of times the Nyquist diagram encircles

stability of small amplitude electrostatic waves described by te 0rigin. For Vlasov-Poisson plasmas, the Nyquist method
the Wigner-Poisson system. In the formal classical limit, the SNOWs that monotonically decreasing equilibrium functions

Wigner-Poisson system goes into the Viasov-Poisson sys-Of the energy are stable against small amplitude perturba-
tem, with linear stability properties much better understood tons. Also, in this classical case the sign of the associated
than those of the corresponding quantum model. One naty-Penrose .functh_na! [13, 14] determines thg linear stat_)lllty of
ral question in this regard is: how do quantum effects mod- SYmmetric equilibria with at most two maxima. For Wigner-
ify the linear stability properties of typical classical plasma F0iSSon plasmas, however, there is no quantum analogue o

equilibria? Here we address this question in detail for the the Penrose functional [12]. A case by case analysis must be
case of a three-stream plasma equilibrium. performed, as shown in [12] for two-stream and bump-in-tail

equilibria. It is the purpose of this paper to pursue in the ap-
plication of the Nyquist method for simple quantum plasma
homogeneous equilibrium. Here we consider a three-stream
plasma and study the changes in the topology of the Nyquist
diagrams as quantum effects are increased. This particu-
lar equilibrium, besides being an interesting configuration

The subject of quantum plasma stability is a subtle one.
In [11] it was shown that two counter-streaming beams gen-
erate a linearly unstable mode that is not present in the
corresponding classical situation. In the opposite direc-
tion, for large wave-numbers quantum effects are respon-
sible for the suppression of all unstable modes. The ex-
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to test the practical applicability of the technique to systems whereK (v' — v, z, t) is a functional of the scalar potential,
of increased complexity, provides additional insight on how
guantum effects evolve in more intricate systems. , em [ d\ im(v' — v)A

The paper is organized as follows. In Section Il we K(v' —v,z,t) = — [ o— exp (T) x
present the basic equations occurring in the Nyquist method
for Wigner-Poisson homogeneous equilibria. These basic
equations, derived in a recently published work [12], are in-
cluded here in order to make the work self contained. In Sec-

tion I1l we apply the Nyquist method to a three-stream equi- This Wigner-Poisson system describes a cloud of mobile
librium distribution function. Dimensional analysis helps to electrons immersed in a fixed ionic background_ Herg,
identify two essential parameters describing such classes ofs the background ionic density,e andm are the electron
equilibria. Also, we identify a parameter associated with the charge and mass,is the Planck constant ang is the vac-
strength of quantum effects. For this category of plasma yum dielectric constant. Periodic boundary conditions in
equilibria, the real and imaginary parts of the linear dis- space are assumed. Alspand all its velocity derivatives
persion relation can be exactly calculated. This helps to are assumed to go to zero for sufficiently latge Finally,
quickly draw the corresponding Nyquist diagrams. Holding the initial Wigner function is considered to be everywhere
all other parameters fixed and changing quantum effects, wepositive. Nevertheless, the time evolution determined by
observe significant changes in the topology of the Nyquist Eq. (1) does not preserve the positiveness of the Wigner
diagrams. In particular, for sufficiently large quantum ef- fynction, which may assume negative values. Hencefgrth,
fects we always observe the suppression of the linear insta-cannot be interpreted as a strict probability distribution func-
bility. Section IV is dedicated to additional comments and tjon, despite its usefulness as mathematical tool to compute

X

(=30 -0t +3.0) - @

conclusions. macroscopic quantities such as electric charge and current
densities.
Il Nyquist Method and Quantum i 26 oo i aquitorom. This ntl veloe prob.
Dispersion Relations lem can be handled by Fourier transforming in space and
P

Laplace transforming in time. This procedure yields, for
For f(z,v,t) the Wigner quasi-distribution antlthe scalar  the frequencw and wave numbek, the following quantum

potential, the Wigner-Poisson system [9, 10] reads dispersion relation [15],
D(k,w) = Dp(k,w) +iD;(k,w) =0, 4)
g—{ + U% = / dv'K(W' —v,z,t)f(v',2,t), (1)
8% o where the real and imaginary parts of the dispersion function
37 = 5(/ dv f —ng), 2 D(k,w) are given by
|
w? dv F(v)
D, = 1--—2L
(k) nok? /P (v — w/k)? — h2k2/4m?’ ®)
we? w hk w hk
D;(k, = ——— |F(=+—)—-F(=-——) ) . 6
(k) heok? ( (G +aom) ~ TG 2m)> ©
|
In Eq. (5),P stands for the principal value symbdl(v) de- For the three-stream plasmas treated here, such exact solu-

notes the (spatially homogeneous) equilibrium Wigner func- tions are not easily available and direct use of (5-6) is a more
tion, and,w, = (noe*/meo)'/? is the usual plasma fre- convenient approach.

quency. Notice that, no matter what the valuédfv| — oo

impliesD,. — 1 andD; — 0, as in the corresponding clas-

sical case. Equations (5) and (6) are the basic equations for
Some extra analytical conclusions may occasionally be Nyquist's method for one-dimensional quantum plasmas, in
obtained. In particular, the topology of the Nyquist diagram which only electrostatic fields are considered. In the follow-

is determined by the sign dP,. at the points at whiclD; ing we will be interested in a three-stream plasma and use
is zero. According to (6), these points, denotedvly are (5-6) to draw the Nyquist diagrams for different values of
the roots forF'(vy + hk/2m) = F(vy — hk/2m). To pro- the characteristic parameters of the equilibrium configura-

ceed with this strategy we must solve this equation exactly. tion and the electrostatic wave.
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[11 Three-Stream Equilibrium v; is a measure of the temperature of the central beam and
vy @ measure of the absolute velocity of the lateral beams.
The equilibrium we shall study is specified by The casesr = 0 or @ = 1, corresponding respectively to
/31 5 two-stream and one-stream plasmas, have been treated else
F(v) = —21o% (1—a)ngv2v . where [12] and will not be considered here.
m(v? +v}) m(v! +v3)

The conditionF'(vo + h k/2m) = F(vg — hk/2m), de-
where0 < a < 1, ng is the background ion density and termining the zeroes of the imaginary part of the dispersion
v1, v, are positive constants. This distribution function de- function, yields a quartic equation fog, and is hardly of
scribes a central beam plus two lateral, symmetric beams. Inany interest. A more efficient approach is a direct use of
this contexty is the fraction of particles in the central beam, (5-6), after inserting the equilibrium (7). The result is

a(l—0Q%>+ H?)
D, = 1
TR (- i) ®

(1—a) (H2 = B2 —02) (B* — 44202 + Q' + HY — 202 H?)

i K2 ((H - )"+ 5% ((H + Q) + 57 ’
20 «
Di = @ omrnmsesi’ ©
y V2O-a)p(@-mp-p
(H—0)*+4*) ((H+0)* + %)
In equations (8-9), we use the scaled variables
Wp wp 2muy U1

A close examination of (8-9), shows that, as long as we aretral beam plus two lateral warm, but less intense beams as

concerned with the stability analysia, and 5 are the es-  shown in Fig. 3. For this case the Nyquist diagrams are pre-

sential parameters characterizing the equilibrium distribu- sented in Fig 4. foiX = 0.1 andH changing fromH = 0

tion function. to H = 15.0. For this initial configuration the quantum sta-
For fixed values of the scaled wave-numbgéy scaled bilization is attained arounf = 1.59. From this point on

Planck’s constanf{ and parameters: and /3, the equa- stability is maintained and only minor topological variations

tions (8-9) are the parametric equations for the correspond-0n the diagrams are observed.

ing Nyquist diagram. This curve is obtained by varying

2 € (—00,00). In the following two representative choices

of a, # and K are made and the corresponding Nyquist di-

agrams ploted. We var¥{ in order to see the influence of f

quantum diffraction effects in the Nyquist diagrams. 0.25
First consider the case = 0.2, [ = 3. This cor-

responds to three streams of approximately the same in-

tensity as shown in Fig. 1. Nyquist diagrams are plotted

in Fig. 2 for K = 0.2 and H varying fromH = 0 to

H = 5. This shows that stabilization due to quantum effects

is reached aroundf = 0.54. From this point on no quali-

tative changes are observed except for topological modifica-

tions in the Nyquist diagram. This, however, does not affect o 75 5 o u

the overall stability features. Figure 1. Three-stream equilibrium of Eq. (7) far = 0.2,
Next consider the case = 0.25, 8 = 3v/2. In this =30, uw=v/viandf = F(u)/(nov1).

second case we choose a configuration composed of a cen-
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Figure 2. Nyquist diagrams for the three-stream equilibrium of Eq. (7) with 0.2, 3 = 3, K = 0.2 and H as shown in the plots. The
diagrams indicate that quantum effects suppress the instabili#if for0.54.
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Figure 3. Three-stream equilibrium of Eq. (7) for= 0.25, (8 =3v2, u=wv/vi andf = F(u)/(nov1).

D

@ 5
H-1.59 e r@
2 4 2

16

N
Qj)

o
mécjm |

o

-2, 1
18 | ho.0 . 2
1020 4
D D D]
2.2 2.2 0.8
0 Dr 0 Dr 0 D
o101 -1.1 Cg—j -0.4 &3
-2.2 |3 "2.2 |hs.0 0.8 | {15,
i5 3 1.3 2.6 1

Figure 4. Nyquist diagrams for the three-stream equilibrium of Eq. (7) with 0.25, 3 = 3v/2, K = 0.1 andH as shown in the plots.
The diagrams clearly indicate that quantum effects suppress the instabilf# fod .59.
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