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A kinetic approach to the problem of wave propagation in dusty plasmas, which takes into account the varia-
tion of the charge of the dust particles due to inelastic collisions with electrons and ions, is utilized as a starting
point for the development of a new formulation, which writes the components of the dielectric tensor in terms
of a finite and an infinite series, containing all effects of harmonics and Larmor radius. The formulation is
quite general and valid for the whole range of frequencies above the plasma frequency of the dust particles,
which were assumed motionless. The formulation is employed to the study of electrostatic waves propagating
along the direction of the ambient magnetic field, in the case for which ions and electrons are described by
Maxwellian distributions. The results obtained in a numerical analysis corroborate previous analysis, about the
important role played by the inelastic collisions between electrons and ions and the dust particles, particularly
on the imaginary part of the dispersion relation. The numerical analysis also show that additional terms in the
components of the dielectric tensor, which are entirely due these inelastic collisions, play a very minor role in
the case of electrostatic waves, under the conditions considered in the present analysis.
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1. INTRODUCTION

The theoretical analysis of waves and instabilities in dusty
plasmas have may be traced back to the pioneer work by
Bliokh and Yarashenko [1] about waves in Saturn’s rings.
Most of the published works utilized fluid theory to describe
the dusty plasmas, and only a few of them take into account
the collisional charging of the dust particles [2, 3], although
the importance of this effect to the propagation and damping
of the waves is already well known [4, 5].

Although very important studies have been conducted us-
ing an hydrodynamical approach, it must be recognized that
the fluid formulation has an important limitation: it can not
describe purely kinetic effects such as the Landau damping.
This consideration, per se, offers motivation for kinetic stud-
ies on dusty plasmas. Moreover, it has been shown that the
dust charging process must be included in a kinetic approach,
for proper derivation of the wave damping [6]. The reason is
basically that the charging process is one of the most conspic-
uous and important dissipative processes to occur in a dusty
plasma. As argued in Ref. [7], it is not possible to separate the
conventional Landau damping and the damping due to the in-
teraction of ions and electrons with the dust particles, at least
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for ion-acoustic waves.

The kinetic approach has been used in some investigations,
as in the study of instabilities of ion-acoustic waves produced
by current in a collisionless dusty plasma, completely ionized,
appearing in the paper by Rosenberg [8]. This work has estab-
lished a critical drift velocity of electrons, relative to the ions,
for the occurrence of the instability. However, effects of the
variation of the electric charge of the dust particles have not
been taken into account. More recently, an approach based on
moments of the kinetic equation was utilized for investigation
of the effect of dust charge variation on high-frequency elec-
trostatic plasma waves [9], leading to the conclusion that the
grain charging contribute to damping of the Langmuir waves.

A kinetic description has been adopted by ourselves in re-
cent publications which analize low-frequency electromag-
netic waves in dusty plasmas, taking into account the variation
of the dust charges due to inelastic collisions with electrons
and ions [10-13]. The same basic kinetic formulation has also
been used to the study of electrostatic waves in dusty plasmas
[14]. In this kinetic formulation, the components of the di-
electric tensor depend on the frequency of inelastic collisions
of plasma electrons and ions with the dust particles. They can
be connected to other formulations well known and used in
the literature. Particularly, as shown in an appendix appearing
at the end of Ref. [14], the general expressions for the di-
electric tensor appearing in the kinetic formulation which we
have been using can be cast in the form which appears in a
series of papers of Tsytovich et al. [6, 15, 16], if restrictive
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assumptions are made.

In the present paper, we resume the use of the same basic
kinetic approach, and introduce modifications in the mathe-
matical formulation. We obtain expressions for the compo-
nents of the dielectric tensor which are written in terms of an
infinite and a finite summation, formally incorporating effects
of all harmonics and all orders of Larmor radius, keeping ef-
fects due to the charging of the dust particles due to inelastic
collisions with electrons and ions. The formulation is quite
general in terms of frequency range and direction of propaga-
tion, and should be very useful for application to the study of
wave propagation in dusty plasmas. A preliminary approach
to this formulation appeared in the Appendix of Ref. [22],
without any details of derivation.

The structure of the paper is the following. In Section 2 we
briefly outline the model used to describe the dusty plasma. In
Section 3 we present essential features of the kinetic formula-
tion which leads to the dielectric tensor for dusty plasmas, and
present the new formulation which leads to components of the
dielectric tensor expressed in terms of double summations and
a small number of basic integrals. In section 4 we discuss the
particular case of electrostatic waves propagating along the
direction of the ambient magnetic field, and show the deriva-
tion of a dispersion relation assuming Maxwellian distribu-
tions for the electrons and ions in the equilibrium. In Sections
5 some numerical results obtained from the dispersion relation
are presented and discussed. The conclusions are presented in
Section 6. Appendixes A and B are included, providing addi-
tional details of the derivation of some expressions appearing
in the formulation utilized in the present paper. Appendix C
shows details of the evaluation of the basic integrals appearing
in these expressions, for the case of Maxwellian distributions.
Appendix D presents some useful series of Bessel functions,
utilized in the derivation of many expressions in the present
formulation.

2. THE DUSTY PLASMA MODEL

In our general kinetic formulation we consider a plasma in a
homogeneous external magnetic field By = By e;. In this mag-
netized plasma we take into account the presence of spher-
ical dust grains with constant radius a and variable charge
q4; this charge originates from inelastic collisions between the
dust particles and particles of species B (electrons and ions),
with charge gg and mass mg. lons are considered as simply
charged, for simplicity.

We consider that the dust grain charging process occurs by
the capture of plasma electrons and ions during inelastic col-
lisions between these particles and the dust particles. Since
the electron thermal speed is much larger than the ion thermal
speed, the dust charge becomes preferentially negative. As a
cross-section for the charging process of the dust particles, we
use expressions derived from the OML theory (orbital motion
limited theory) [17, 18].

Another limiting condition is that we focus our attention on
weakly coupled dusty magneto-plasmas, in which the electro-
static energy of the dust particles is much smaller than their
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kinetic energy. This condition is not very restrictive, since a
large variety of natural and laboratory dusty plasmas can be
classified as weakly coupled [19].

Dust particles are assumed to be immobile, and conse-
quently the validity of the proposed model will be restricted to
waves with frequency much higher than the characteristic dust
frequencies. In particular we consider the regime in which
Q4| € ®pq < 0, Where ®,4 and Q, are the plasma frequency
and the cyclotron frequency of the dust particles, respectively.
This condition therefore excludes the analysis of the modes
which can arise from the dust dynamics, as the so-called dust-
acoustic wave.

3. THE COMPONENTS OF THE DIELECTRIC TENSOR
FOR A HOMOGENEOUS MAGNETIZED DUSTY PLASMA

We assume that the distribution function of particles of
species B, in a dusty plasma, satisfies Vlasov’s equation ap-
pended with a term describing binary inelastic collisions with
dust particles,

9fp p

- —/ng{;(fdfﬁ — faofpo)dq, 1

where f40 and fgo represent respectively the equilibrium dis-
tribution functions of dust particles and of particles of species
B, with the subscript B = e,i identifying electrons and ions,
respectively. The distribution function for the dust particles,
fu, satisfies the following equation,
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is the current of electrons and ions which charge the dust par-
ticles [6]. The presence of the collisional term in these equa-
tions assures the possibility of variation of the electric charge
of the dust particles, due to the inelastic collisions with parti-
cles of species .

Upon linearization, the perturbed distribution function sat-
isfies the following equation,
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1 0
Vﬁd(r,p,t)=[ Sp(p.q). - fd1( q,1)dq,

and o is the charging cross-section, given by [20]
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After use of Fourier-Laplace transform in the system of
equations describing the dusty plasmas, the perturbed distri-
bution function can be written as [21]:

=f5+ 5 5)
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One notices that fBC has the same formal structure as the per-
turbed distribution obtained in the evaluation of the dielectric
tensor of a conventional homogeneous magnetized plasma,
with 0+ ivg ,(p) instead of ® in the argument of the exponen-
tial function. This part of the perturbed distribution therefore
gives rise to a contribution to the components of the dielectric
tensor that corresponds to the usual form of the components
obtained for dustless magnetized homogeneous plasma, ex-
cept for the modifications due to the presence of the inelastic
collision frequency vg J (p), which is related to the equilibrium
distribution function of dust particles, as shown by Eq. (3).

On the other hand, fBN features an integrand which is pro-
portional to Oﬁd, and which vanishes in the case of dustless
plasma. The Vg, quantity is the Fourier-Laplace transform of
the Vé 4 collision frequency, which is related to inelastic colli-
sions with the fluctuating distribution of dust particles.

Using these two contributions to the perturbed distribution
function, the dielectric tensor for a magnetized dusty plasma,
homogeneous, fully ionized, with identical immobile dust par-
ticles and charge variable in time, could be written in the fol-
lowing way [21, 22]

gj =€ +E . (6)

One notices that the separation in the two terms appearing in
Eq. (6) should not be considered arbitrary, since it is moti-
vated by the different nature of the two contributions to the
perturbed distribution function depicted by Eq. (5).

The term SC is formally identical, except for the iz compo-
nents, to the dlelectrlc tensor of a magnetized homogeneous
conventional plasma of electrons and ions, with the resonant
denominator modified by the addition of a purely imaginary
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term which contains the inelastic collision frequency of dust
particles with electrons and ions. For the iz components of
the dielectric tensor, in addition to the term obtained with the
prescription above, there is a term which is proportional to
this inelastic collision frequency. Explicit expressions for the
components 8 can be found in Refs. [21, 22].

The term efv is entirely new and arises only due to the pro-
cess of fluctuation of the charge of the dust particles. Its form
is strongly dependent on the model used to describe the charg-
ing process of the dust particles. The expression for this term
can be found in Refs. [21, 22].

As already mentioned, we assume a homogeneous dusty
plasma immersed in a homogeneous magnetic field along z
direction, By = Bpe,. Let us also assume waves propagat-
ing in an arbitrary direction relative to the ambient magnetic
field, with wave vector k = k| e; +k||ez. For the derivation
of explicit expressions for the components of the dielectric
tensor, we start with the “conventional” part, which in a non-
relativistic approximation can be written as follows [21, 22].
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where the subscript B = e,i identifies electrons and ions re-
spectively, gq0 = €4 eZ; is the equilibrium charge of the dust
particle (positive, €; = +1, or negative, ¢, = —1) and H de-
notes the Heaviside function.

In the evaluation of the components SC we need combina-

tions of Bessel functions, as in JZ, J/2, and JuJ, which can be
given by Egs. (D1) of Appendlx D. It must be noticed that
these quantities, given by Eqs. (D1), depend on |n| and not
on n. However, n appears in other places, as in the resonant
denominator. We can write n = s|n|, with s = £1, and there-
fore the components of the ‘conventional’ part of the dielectric

tensor may be written as follows,
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where we have introduced the definition of the XS and in-
troduced N, as the perpendicular component of N = ck/w.
Correspondingly, N is the parallel component of N. We have
since n > 1. It is
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not necessary to write the
the sign s appears explicitly.

Let us define the normalized momentum, u = p/(mqvs),
where v, is a characteristic velocity, such that [d3p f(p) =
[duf(u). For instance, v, may be the light speed c, or the
Alfvén speed vy4, or the ion sound speed c,. Therefore,
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where we have introduced N* = (v,./¢)N, Yo = |Qql|/®, 5o, =
sign(Qq), and also the operator L. Eq. (8) can be rewritten in
terms of the normalized momentum,
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For the evaluation of the ‘new’ contribution, we start from the expression for the sx in Refs. [21, 22], where it is seen that the
“new” contribution contains the product of two terms, which in a non-relativistic approximation can be written as follows,
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Moreover, Gé( ) = (068/994)|q,=—27,¢» and O is the charging cross-section, given by (4).
Effects of charge variation of dust particles occurs in the terms with Vga (P d( )/ o and effects of presence of dust particles,

introduced via quasi-neutrality relation (njy # n.0), occurs in terms with Xg = pl3 /.

Changing variables as in Eq. (8), Egs. (11), (12), (13), and (14) become
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Alternatively, this expression can be written in terms of the inelastic collision frequency,
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5)
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Equations (9) and (17)-(20) are quite general. However, they can be rewritten in a different form, which is possibly more
useful for the evaluation of the dispersion relation. This new formulation shows explicitly the contribution of harmonics and
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Larmor radius terms, leading to general expression which depend on a small number of integrals, which have to be evaluated
depending on the equilibrium distribution function. The procedure is as follows. The Bessel functions which appear in the R;;,
both in the ‘conventional’ and in the ‘new’ contributions, can be expanded using the expressions which appear in Appendix D,
and therefore it is possible to write the components of the dielectric tensor in terms of double series which contains some general

integrals. For the ‘conventional’ components,
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with the dimensionless variables

ng(u)

1= — v L= =g Y=g

. N~ q

The quantities Q. and v, are some characteristic frequency and velocity, respectively. Details on these calculations can be
found in Appendix A.
Further development can be made in the particular case of Maxwellian distributions for ions and electrons,
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any isotropic distribution, it is immediate to show that L(fgo) = 0, with the consequent vanishing of the integral Jy (1n,m, h; fgo).
Therefore
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Similar development can be made for the ‘new’ contribution, with details in Appendix B. For general distributions,
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with V| = Vl/.Q* and V., = VL-h/.Q* .

For the case of a Maxwellian distribution, the integrals which depend on L(f) will vanish, and we obtain
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with V., and V; given by Eqgs. (48) and (49), respectively.

4. DISPERSION RELATION FOR THE CASE OF
ELECTROSTATIC WAVES AND PARALLEL
PROPAGATION

In the case of electrostatic waves (ES waves) and parallel
propagation, the dispersion relation is simply given by €., =0,
which can be written as follows,

eC+el =1+e,+US =0.

From Eq. (41),

_ L
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2m—1
( ) ma(|nf,m— n]) o (n,m,0,05 f) (56)

2m
( ) a(|n|,m—|n|)Jy (n,m,1,0; fgo) , (57)

o 2m—1

Y Z < ) na(|n),m— |n|)Jyr (n,m, 0 fao) . (58)
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2m
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where, from Eq. (48),

1
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and from Eq. (49),
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From Eq. (60), for g, =0,
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After multiplication by z> and use of the previous expres-
sions, the dispersion relation can be written as follows,
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In the case of Maxwellian distributions for ions and electrons, and using as an approximation the average value of the collision
frequency instead of the actual momentum-dependent value, the J integrals can be evaluated. From Eqs. (C3) and (C6) we obtain

v\
Ju(n,m, b1 fa) =~ ”13( ) J(n,m

JVL(nvmv hszO) =

From Eq. (C2),

]
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From Eq. (C5),
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J(0,~1/2,1: fgo) = VEngo (ug) > €} [1 +§BZ@%)] :

Using these results, and using also Eq. (C7), the dispersion relation becomes

AC+AY =

where

A€ =

Z CO [1+c0

2

22y i 14 Pz
B *

0, (62)

] 3

Yo % Bc° [1+83 z<ég>ﬂ

2 -1
1 . 2 (P V22 . -
X lZ o0 ZB: g;g ; <—lZ\/;€ Cin )/ B)—l-\/;VBCgZ(Cg))] :

5. NUMERICAL ANALYSIS

We consider the following parameters, which are in the
range of parameters of interest for stellar winds: ion temper-
ature 7; = 1.0 x 10* K, ion density 70 = 1.0 x 10° cm ™3, ion
charge number Z; = 1.0, and ion mass m; = m,, the proton
mass. For the radius of the dust particles, we assume a = 1.0 x
10~* cm. For the classical distance of minimum approach,
measured in cm, we use the value A = 1.44 x 10~ /Ti(eV),
where T;(eV) means the ion temperature expressed in units of
eV.

Initially, we estimate the magnitude of the contribution of

the ‘new’ terms to the dispersion relation of ES waves, and
compare it with the ‘conventional’ contribution. In order to
do that we assume the occurrence of weakly damped high-
frequency oscillations with ® ~ ®p.. As it is known, waves
in this range of frequency are known as Langmuir waves. For
normalization purposes, we use vy = ¢; and Q. = ®peo|n 10=0>
where ®p,¢0|n,,—0 is the equilibrium electron plasma frequency
in the absence of dust. For the numerical estimate, we assume
that typical Langmuir waves are such that the normalized fre-
quency is z = (1.1,—1 x 1073). For this value of z, and for
the parameters considered in the previous paragraph, we plot
in Fig. 1 the quantities A€ and A", namely the ‘conventional’
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and the ‘new’ contributions to the ES dispersion relation, as
defined in Eq. (62), versus normalized wavenumber g and
normalized dust density €. The upper panels of Fig. 1 show
respectively, from left to right, the real and the imaginary parts
of A€, while the bottom panels show from left to right the real
and the imaginary parts of A", It is seen that for most of the
interval of ¢ and € depicted in the figure the real and imagi-
nary contributions of AV are about eight orders of magnitude
smaller than the corresponding contributions of AC.

In Fig. 2 we show the quantities A€ and AV vs. ¢ and
g, for z = (1 x 1072,—2 x 107*). This value of frequency
well below electron plasma frequency was chosen in order to
represent ion-sound waves. For this value of z, and for the
parameters considered in the previous paragraph, the upper
panels of Fig. 2 show respectively, from left to right, the real
and the imaginary parts of A€, while the bottom panels show
from left to right the real and the imaginary parts of AY. As
in the case of the higher frequency Langmuir waves, it is seen
that for the interval of ¢ and € where the values of A¢ and AN
are finite the real and imaginary contributions of A" are much
smaller than the corresponding contributions of A€.

We also investigate the relative contributions of the ‘con-
ventional’ and ‘new’ terms of the dispersion relation in the
frequency range of ion-sound waves for electron temperature
higher than ion temperature, case in which ion-sound waves
are expected to be much more significant than in the case of
equal electron and ion temperatures. Figure 3 is obtained for
T,/T; = 20, and the other parameters and conditions as in Fig.
2. It shows in the upper panels, from left to right, the real and
the imaginary parts of A€, while the bottom panels show from
left to right the real and the imaginary parts of AV. As in the
case of Fig. 2, for the interval of ¢ and € where the values of
A€ and AV are finite the real and imaginary contributions of
AZ are much smaller than the corresponding contributions of
A"

We further explore the role of the dusty plasma and of the
‘new’ contribution for the dispersion relation of ES waves, by
considering 7, = T; and numerically solving Eq. (62) for the
frequency range of Langmuir waves. The upper left panel of
Fig. 4 shows the value of z, as a function of g and &, consider-
ing € changing from 0.0 up to 1.0 x 10~%. The quantity z, ap-
pears to be quite insensitive to the presence of the dust. In the
upper right panel of Fig. 4 we see the corresponding imagi-
nary part. In the scale of the figure, the quantity z; also appears
to be insensitive to the presence of the dust. However, an am-
plified view of the large wavelength region (small g), where
Landau damping is negligible, appears in the bottom panel of
Fig. 4 and shows the occurrence of damping due to the pres-
ence of the dust particles. The bottom panel of Fig. 4 shows
the absolute value of z; for values of g between 1.0 x 1073
and 4.2 x 1073, It is seen that for € = 0.0 values of |z;| due
to Landau damping of order 10~ starts to appear only above
q =~ 0.004. In the region of smaller g (larger wavelengths), the
damping rate is zero for € = 0.0, but it is seen to increase with
the increase of the dust density, along the € axis. The panel
shows that the damping due to the dust particles in the large
wavelength region (small values of g) increases linearly with
the dust density, reaching the maximum of |z;| ~ 6.0 x 107°

L. F. Ziebell et al.

for the maximum value of € considered in the calculation.

We point out that in Fig. 4 we have plotted the results ob-
tained with the dispersion relation given by Eq. (62) using
red color. We have also plotted in the same figure, using blue
color, the results obtained from a dispersion relation given by
A€ = 0, obtained by neglecting the ‘new’ contribution to the
dielectric tensor. The results hardly can be distinguished in
the scale of the figure, reflecting the fact that for the range
of frequency and for the parameters utilized the effect of the
‘new’ contribution is negligible in the dispersion relation of
ES waves. In a monochromatic version of Fig. 4 the two dif-
ferent results can hardly be distinguished. In a color version
of Fig. 4, the two different results appear so close that the
curves feature a light purple color, result of the superposition
of the results featured with red color and the results featured
with blue color.

6. CONCLUSIONS

In the present paper we have addressed the problem of wave
propagation in dusty plasmas, starting from a kinetic formu-
lation which takes into account the incorporation of electrons
and ions to the dust particles due to inelastic collisions, and
used this formulation in order to develop general expressions
for the components of the dielectric tensor for magnetized
dusty plasmas, valid for general direction of propagation. The
dielectric tensor can be divided into two parts, one which is
denominated ‘conventional’ and which is formally similar to
the dielectric tensor of dustless plasmas, and another which
appears due to occurrence of the inelastic collisions between
electrons and ions and the dust particles, and which is denom-
inated as the ‘new’ contribution. In the formulation developed
here, both the ‘conventional’ and the ‘new’ contribution were
written in terms of double series, formally containing all har-
monic and Larmor radius contributions. These general expres-
sions depend on a small number of integrals which depend on
the distribution function. We believe that this formulation can
be useful for the study of wave propagation in dusty plasmas
under a large variety of conditions and parameters.

As further development, we have considered the case of
Maxwellian distributions for ions and electrons, and intro-
duced an approximation which uses the average value of the
inelastic collision frequencies of electrons and ions with the
dust particles, instead of the actual momentum dependent ex-
pressions. This approximation was adopted in order to arrive
at a relatively simple estimate of the effect of the charging
of dust particles due to collisions with electrons and ions, ef-
fect which is frequently neglected in analysis of the disper-
sion relation for waves in dusty plasmas. After the choice of
Maxwellian distributions, and after the approximation replac-
ing a fixed average value instead of the momentum dependent
collision frequencies, the integrals which appear in the com-
ponents of the dielectric tensor can be written in terms of the
very familiar Z function, whose analytic properties are well
known. The formulation therefore becomes specially suitable
for numerical analysis.

As an application of the formulation, we have considered



Bra zilian Journal of Physics, vol. 38, no. 3A, September, 2008 309

08

06

04 =

02 P
[

==

Im AN

31312

= =

6e-09 e SN W\ 2e-09
46-09 e X \\\\ N P ==

$ e Sy e et
2009 = .;:.""&"3:.:3&:&‘\\‘\\\ N N 2000 =\

0 e -4e-09 TS

-2e-09 e e 2 LRI R 66-09
-46-09 2227 BRI “oe
R aNSSsSS e
-8e-09 - -le-

-1.2e-08
-1.4e-08

-le-08
-1.2e-08

FIG. 1: (upper left) Real part of the “conventional” contribution to the dispersion relation, vs. g and € = ny/n;jo; (upper right) imaginary part
of the “conventional” contribution; (bottom left) Real part of the “new” contribution; (bottom right) imaginary part of the “new” contribution;
z=1(1.1,—0.001), in the range of L waves.

\ \\\\\\\\\‘ g:gig
SR> 0.01

S

\\\\\\\}\\\\\\\\‘\\\&‘::2333%:"2‘;:::35{%‘:{{:0

0.06
0.05
0.04
0.03
0.02
0.01

N s et

SRz etz =

S
==

0.006

= =
0.004 = o reneazot s
N e
0.002 =

S
= en
==

S e
T et T
S
R
e rer e
S
PR TR TR
e

==

1le-06
0

e
g

1e-05 \\\\ A 7e-06
9¢-06 O 6e-06
[ R
66-06 \\\‘\\\\ S 4e-06
50-06 \ \\&&3&2&:2%}2{«:&‘:{:&%‘:{% 3e-06 \ = =
5e00 \ S - s ea:
de-06 = 2006 \\&&%ﬁ%@%@%&o
3000 = Ws=—mmeooo—
16-06 NS
=
=

FIG. 2: Components of the dispersion relation for the range of S waves, for z = (1.0 x 1072, -2.0 x 10_4), using the same conventions and
parameters as those used in the previous figure.



310 L. F. Ziebell et al.

0.06 0.014
0.05 WSS 0.012 >
N S

= =
003 = 0.008 S

g 0.006 et s st

y e
0.02 SR snessserseasaaseas ey
0.004 -
001 0.002 ===
e
0 0 — ——
S renre o
001 — -0.002 e
= P
B 170001 e 170001
8€-05
[ [

3.5e-06
3e-06

2.5e-06

2606 \\\\‘ ——
2.5-06 IR
se08 15005 N

ST
1.5e-06 SN = :,’.,:..’..,.. =
1e-06

5e-07

1e-06
5e-07

=
LRt

A A 2T 2222
LR e e s
s
SRRt soa

R S e

-5e-07 -5e-07

FIG. 3: Components of the dispersion relation for the range of § waves, for z = (1.0 x 1072, 2.0 x 10™#), using the same conventions as
those used in the previous figure, and the same parameters, except 7, /T; = 20.

e
ey
rerar s rnrox

FIG. 4: (left) Real part of the normalized frequency (z,); (right) imaginary part of the normalized frequency (z;); (bottom) absolute value of z;,
amplified view.



Bra zilian Journal of Physics, vol. 38, no. 3A, September, 2008

the case of electrostatic waves propagating in the direction
of the external magnetic field, in a plasma with Maxwellian
distributions for electrons and ions. The dispersion relation
which has been obtained contains the effects of the charge im-
balance due to the capture of charged plasma particles by the
dust particles, and also the effect of the inelastic collisions
with the dust particles, appearing both in the ‘conventional’
and in the ‘new’ contribution to the dielectric tensor. We have
made a numerical investigation comparing the magnitudes of
the ‘conventional’ and of the ‘new’ contributions to the dis-
persion relation, for frequencies in the range of the Langmuir
waves and for frequencies in the range of the ion-sound waves.
To our knowledge, it is the first instance of numerical analy-
sis of the effect of the ‘new’ contribution, which has hitherto
only appeared in formal analysis of wave propagation in dusty
plasmas [7, 10, 14, 21-23]. For this investigation we have
considered parameters which are in the range of parameters

J

311

typical of stellar winds, and the results obtained have shown
that the contribution of the ‘new’ components is very small
compared to the ‘conventional‘ contribution.

We have also numerically solved the dispersion for the case
of Langmuir waves, with ® >~ ®,.. As in previous analysis,
the results obtained have shown the appearance of a small
damping effect for large wavelength Langmuir waves, where
conventional Landau damping is negligible. This damping ef-
fect at large wavelengths occurs due to the collisional charging
of the dust particles, which contribute to wave absorption be-
cause suffer inelastic collisions from ions and electrons, in the
dissipative process of dust charging. This damping effect van-
ishes if the collisional absorption of charged plasma particles
by dust particles is neglected.

We conclude with the hope that the formulation developed
in the present paper will be useful for further studies on the
problem of wave propagation in dusty plasmas.

APPENDIX A: DETAILS OF THE EVALUATION OF y,

Here we present some details of the evaluation of the “conventional” part of the zz component of the dielectric tensor, which
is necessary for the dispersion relation for electrostatic waves propagating parallel to the ambient magnetic field. From Eq. (9),
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We now modify the limits of the summations, and use again the notation m instead of »?/, for simplicity. We also incorporate
again the sign s in the summation index n, such that sn — n, with n assuming positive, negative, and null, values. Moreover, we

arrange the expressions in different form, separating the contributions of 7, and e,
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where Q. and v, are some characteristic frequency and velocity, respectively.
For instance, for the study of low-frequency electromagnetic waves we can use:
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where vy4 is the Alfvén velocity. For the study of electrostatic waves, we can use:
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where c; is the ion-sound velocity and ®,e0|n,,—0 is the equilibrium electron plasma frequency in the absence of dust.
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The Maxwellian distributions for ions and electrons are given by
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where Pp = A /mBT , we have defined ug = pg /Ps = Vg /vi, With Vg = 4 /TB /mﬁ. For such distributions, and indeed for any
isotropic distribution,
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Therefore, we obtain the zz components of the ‘conventional’ contribution to the dielectric tensor, Egs. (39) and (41).

APPENDIX B: DETAILS OF THE EVALUATION OF U, AND ,

Here we present some details of the evaluation of the “new” part of the zz component of the dielectric tensor, which is
necessary for the dispersion relation for electrostatic waves propagating parallel to the ambient magnetic field. From Eqs. (17)

and (18),
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We can modify the limits of the summations, and use again the notation m instead of m’, for simplicity,

1 pB v "
o _
= T Z Z Y ( ) a(|n|,m—|n|)
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(,02

Vi = 'zV*Z ENp) ( )2"1 (fal,m ]

B0 =0 n=—m
VO (u 1 um 27Z4e
q
< < ) oy (s )
Dy BV

We can write these expressions in terms of the dimensionless variables defined given by Eq. (A7),

1 1 pﬁ 1 o 2m
— 1,0; B
= 22+i(Ven+¥1) ”BOmZOan< ) allnlym = lnf)y(r,m,1,0: o) (B
aQ. 1 B 1 I 2m
— * p . , ]
SZ - _2V* E B nBO ,,;On_z_'m< ) a(|n|7m_‘n|) |:JVL(n’ma19fBO)+lJVV<n7m9fBO)
aQ 1 p|3 1
. B
o 2 Z Hvo(fpo) - (B6)
- aQ > m

where the integrals Jy, Jyz, Jyv, Jvo, and Jg;, are those defined by Egs. (50)-(54), and where we have also introduced

Vi ~ Ve
=—, and V= —.
Q,’ Q,

<t

Let us assume Maxwellian distributions for ions and electrons, as in Eq. (33). As we have seen, for a Maxwellian distribution,

and indeed for any isotropic distribution, £( fﬁo) = 0. Therefore, we obtain the zz components of the ‘new’ contribution, as in
Egs. (57), (60), and also obtain Eq. (49).

APPENDIX C: DETAILS OF THE EVALUATION OF INTEGRALS APPEARING IN THE EXPRESSIONS FOR THE
COMPONENTS OF THE DIELECTRIC TENSOR

As we have seen, the ‘conventional’ contributions to the components of the dielectric tensor depend on integrals denoted as
J and Jy, defined by Egs. (31) and (32). The ‘new’ contribution depends on integrals Jy7, Jyr, Jyy, Jvo and J.;, defined by Egs.
(50), (51), (52), (53), and (54). In the case of isotropic distributions, we have seen that the integrals which depend of the operator
L(fpo) will vanish. It that case, it is only necessary to evaluate integrals J, Jy, Jyr. and Ji, in order to obtain all contributions to
the dielectric tensor.

In what follows, we consider the case of Maxwellian distributions for ions and electrons. Moreover, as an approximation we
assume that the momentum-dependent collision frequency is replaced by the average value. This approximation is adopted in
order to arrive at a relatively simple estimate of the effect of the charging of dust particles due to collisions with electrons and
ions, effect which is frequently neglected in analysis of the dispersion relation for waves in dusty plasmas.

1. Evaluation of the integrals J(n,m, h; fﬁo) for the case of Maxwellian distribution, using an average collision frequency

From Eq. (AS),

uﬁ”i(mil)”J_L(fBO)

]_nsBYB HM||+Z Bd( )/0))

J(n,m, h; fgo) = /.d3u

w B o u!'L(fo)
:co(z")/o duy " 1)M/ e —” k Vg (1)
. p— vikyu + Vg, (1)
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Let us assume, for simplicity, that the collision frequency is replaced by the average value,

1
V= a d3ude( u) fpo(u)

' u{L(fpo)
J(namah7fﬁ0) 275 / du; uJ_ / du u ®— n'Q'B _ V*kHM” + lVB ’

For a Maxwellian distribution,

L(fpo) = —%fsm
B

and therefore

J(n,m,h; fo) ! (2m) / du, u,u? / d HfBO
; = -0 u u .
B Bo u% R I o — nQB — V*kHuH +1V5

_ 1 go 2m+1 ,—u? [ (2u)
= 03%7(2703/%3 (2n)/ duy ui" e B

h eiuﬂ /(214 )

d
/ “ w— I’l.Q.B—V*kHu” —‘rZVB

_ _® ™o 2" (m! ( )3 2’"/ o et uhe uf/ (2u)
vik (2m)1/2 T
where
- ©—nQp+ivg
[|,res = T
Now, let
’_MIB\L;T — uy =V 2upt
3-2m . b ot
J(n,m, h; fpo) = %]‘H (2’:3?/2 2" (m!) (141[3) (\[2145)’1 /ﬂodt tt—eth
where
- <;12> 1/2u|| o ®—nQp+ivg _ z—nrg+ivg _ z—nrg+ivg :&g
' V2upviky V2ughyv. /Q. V2q)up
Therefore,
S o) = ) (VD [
)11, 1, a B f t—Cﬁ J
which easily leads to
thet’
J(n,m, h; fpo) = (mg)(\/i)zmwznﬁo (up) 2(m—1) +h§ \[ dtiégv D

where Cg =z/ (\/EqH ug). We note that the integral over | was made assuming that m is integer.
Let us consider the integral appearing at the end of Eq. (C1).
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For h =0,
o ]
Forh=1,
1 a =G+lpe™ 1 [ o e e
\/ﬁ/wdtth" \F/ fcﬁ \/ﬁ[/mdte +Cﬁ/wd[t§g1
=1+ G2(5).
Forh=2,
1= et —G+Gpe » -
x/ﬁ/—oodttz—g" [/ tﬁ—gg [/ dite +C/ dtt—C”‘|
=& 1+ &z

The result is (for integer m),
J(n,m, 0 fo) = (m1)(V2)*" gy (up)*" " (3 Z(E3)
Jmm, 1 fg) = (m))(V2)*™ gy (ug) " " cg[1+z;ﬁz(cﬁ)} (C2)
Tn,m,2: fpo) = (m) (V2P g (ug)* " 208 1482 )] -

2. Evaluation of the integrals Jy (n,m,h,[; fﬁo) and Jyz(n,m,h; fﬁo) for the case Maxwellian distribution, using an average collision
frequency

From Eq. (50),

! h,2m
Tyt fao) _Z/d3 Bd fpo ””LH<uz+ZZd€qB)_
P Z—nrg —q|u| + ide u avaE

Let us assume, for simplicity, that the collision frequency is replaced by the average value, V. Let us also neglect the effect of
the Heaviside function in the numerator of the integrand. This approximation can be seen from another point of view as follows:
The collision frequency (for electrons) already contains a step function, which therefore don’t need to be written explicitly in
the integrand. Afterwards, we replace the collision frequency by the average value, and obtain

i wjud”
J(nmhlfBO)Z< >/d3 RO Bl
Z—nrg—qu| +lVB u

Let us further approximate,

ux~u, ,

Jpo _
h I ~ d3 h 2m—1
Jun,m, b1 fo) =2 ( ) / z—nrg—qu| +ivg L

) VB fBO
JU(namahal’fBO) = (Z) 27E / dulML ML / dMHI/t”Z an q”““ +ZVB
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On the other hand, from a few steps before Eq. (C1) we find, for a Maxwellian distribution,

h
1 oo oo u”fBO
J(n,m,h; =—0—27n / d 2’"/ d -
(n,m, 1 fio) ”[23 (2m) 0 A ® —nQp — vikju +ivg
N ( h f 1 27‘C / d / d uﬁfﬁo
n,m, uuu’ u — .
o Z“é e g — g+

Therefore, we obtain

5\
. VB > 2m-1/2) [ Jpo
JU<n,m,h,z,fBo>~(Z) (=) [l [l S

In other words, the approximated result for the case of a Maxwellian distribution can be written as follows,

o\
S i) = i (2 ) =1 /2.0 ). 3

From Section 1, we have seen that the J(n,m, h; fp) function can be written in terms of the Z function. Particularly, for integer
value of m, we have obtained Eq. (C2).

Let us now investigate the case of a half-integer in place of m, namely m — 1/2, required by Eq. (C3). From results appearing
before Eq. (C2), we obtain, for a Maxwellian distribution,

h
1 1/2/ ) fpo
J(n,m—1/2,h; = —0—5@2n) [ d d
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- T2 3/232“/0%” e
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Now, using the same variable ¢ defined in Section (1),

2—m 2
® nBO m—1/2 1 1 e’
J(n.m = 1/2,h: fo) = - G n)mz /r(m+2) <u§> ( 2u5 / dz
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where 1 o, = CE )

Therefore,
J( 1/2 h f ) < 2]1’11/21-*( + 1> (\/E)h*l 2m+h74 1 ~ ttheitz
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As already seen in Section 1, the integral appearing at the end of Eq. (C4) can be written in terms of the Z function. The result
is

J(n,m—1/2,0;fg0) = T (m+ ;) (\@)mel o (uﬁ)zm% CEZ(@E) ,
J(n,m—1/2,1;fgo) = T (m + ;) (V2)2" ngo () ™" 253 [ 1+ 8 Z(Ep)] (C5)
Snam=1/22fp) = T (m 3 ) (V2 Vg i) 35 1+ 2(8p)]

We also have to evaluate Jy;. From Eq. (51),

”H”M 1L(f[30)
Z z—nrg— qHuH—‘erBd7

JvL(I’l m, h; fﬁo _Z/d3

using the average value of the collision frequency,

uHu2m IL(fBO)
Z—nrg —qyuy +ivg

v
JVL(nvmvh;fBO) :Z7B/d3u

m—l)
Vg / us L(fgo)

J h;
vL(nm fBO Z an q||u||+lVB

From Eq. (31),

2(m—1
"V u L fyo)

Z—nrg—q|u +iVB'

J(n,m, h; fpo) =~ z/d3u

Therefore, for any distribution function, when the collision frequency is approximated by the average value,

Vv
Jur(nm b f) = ?BJ(n,m,h; f30) (C6)

Equations (C6) and (C3), together with Egs. (C5), show that in the case of a Maxwellian distribution, when the dispersion
relation is approximated by the average value, the Ji; and Jy, integrals can be written as proportional to the J integral, which can
be written in terms of the Z function, according to Egs. (C2) and (C5).

3. Evaluation of the integrals J;,(f3) for the case of Maxwellian distribution

From Eq. (54),

1 274eq
Jen(fpo) = /d3”f|30;H <u2+amﬁvzﬁ>

> 1 2Zgeqp ngo * —12/(2)
= (4 2o —H w4+ 22 — 4 — P2 B
( ﬂ:)/o duu fBOu (u + amg? (4m) (275)3/2”% Mﬁmduue )
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1
= —udu,
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n[;() °° -
. o o / dre™’
1(fpo) 2m) g J—b 22 e

B0 () (21)

ch(f ):27 )
7B (27’5)1/2143

(C7)

where

. (zzd<e2/a>)‘/27 o

.= Uy, =
lim mevz lim

APPENDIX D: USEFUL EXPANSIONS

Useful series expansions for Bessel functions (see Ref. [24])

Jip) =Y aln,m)p* "+,

m=0

L(p)p) =Y. a(n,m)(|n| +m)p*itrm=1, (D1)

m=0

where

A hymR(n] +m)]!
am=(3)

2 |n] +m) )2 (2|n| + m)!m!

paran=20
|n|+m—1
|n]-+m

a(l,m-2),
b(n,m) == { : [a(n_17m)+a(n+l,m—2)—2

a(n,m— l)} ,paran >0
1

(=m)!

The third equation in Eqs. (D1) is demonstrated as follows,

19 - )
o)=Y aln,m)(|n] +m)pXIm =1,

m=0

=0, form>1.

Jn(P)n(p) = 29p
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