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Abstract - The study of the natural convection flow and heat transfer from hot surfaces in a porous medium
has been of considerable interest in energy-related engineering problems. This paper is concerned with the
free convection heat transfer over an arbitrary hot surface in a porous medium. It is assumed that the fluid and
solid phases are not in local thermal equilibrium and therefore a two-temperature model of heat transfer is
applied. The coupled momentum and energy equations are used and transformed into ODE’s. The similar
equations obtained are solved numerically and the local heat flux is shown for three types of axisymmetric
shapes, i.e., a vertical plate, horizontal cylinder and sphere. The results have also been validated with the
available results in the literature; which show that our assumptions and numerical method are accurate.
Mathematical derivation of a similarity solution for an arbitrary geometry in the heat transfer analysis is the

main novelty of the present study.
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INTRODUCTION

The study of the natural convection flow and
heat transfer from hot surfaces in a porous medium
has been of considerable interest in energy-related
engineering problems for many decades. A pioneer-
ing study by Cheng and Minkowycz (1977) investi-
gated convection induced by a hot vertical surface.
The great majority of papers which have studied
such problems usually have adopted a single field
equation for the temperature field of the porous me-
dium. But a very recent work has been concerned
with relaxing the assumption that the local tempera-
tures of the solid and fluid phases are equal. A sim-
ple example where this situation might arise is when
a hot fluid is suddenly injected into a cold porous

*To whom correspondence should be addressed

medium, and it takes time for the mean temperatures
of the phases at any chosen point to tend towards the
same value; see for example Rees et al. (2008) and
Rees and Bassom (2010). Furthermore, such a lack
of local thermal equilibrium is not confined to un-
steady configurations. Steady state examples include
cavity convection studied by Baytas and Pop (2002)
and Mohamad (2000), Darcy-Bénard convection by
Combarnous and Bories (1974) and Banu and Rees
(2002) and the local thermal non-equilibrium ana-
logue of the vertical boundary layer of Cheng and
Minkowycz (1977) by Rees and Pop (2000) and
Rees (2003). In all of these cited papers, local ther-
mal non-equilibrium is modeled by two separate
equations of heat transport, one for the fluid phase
and one for the solid phase. The interstitial transfer
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of heat between the phases is modeled macroscopi-
cally by a simple source/sink term which is propor-
tional to the local temperature difference between the
phases. Reviews of these matters may be found in
Kuznetsov (1998) and Rees and Pop (2005). Free
convection heat transfer over a vertical cylinder with
variable surface temperature distributions in a porous
medium was also analyzed by Shakeri et al. (2012).
The authors assumed that the fluid and solid phases
are not in local thermal equilibrium.

In the present paper we consider the combined
effects of local thermal non-equilibrium (LTNE),
and buoyancy due to the presence of variations of the
temperature on buoyancy-induced flow from an ar-
bitrary shape surface. The similarity solutions have
to be solved numerically, and this forms the focus of
the present paper. Our work extends the previous
papers by Cheng and Minkowycz (1977) and Bagai
(2003). The important novelty of this study is the
similarity solution in the case of the Thermal Non-
Equilibrium assumption in the porous medium,
which has not been considered completely in the
literature.

ANALYSIS

Consider the boundary layer flow due to free con-
vection from an arbitrary surface embedded in a
porous medium (see Figure 1). Let x,y be the Carte-

sian coordinates along and normal to the surface,
respectively, and u,v the corresponding velocity com-
ponents. Under the above assumption, the continuity
equation is as follows (Bagai (2003), Nakayama and
Koyama (1987)):

o(r'u) N o(r'v) _0 (1)
Ox Oy

It is assumed that the x-component of velocity,
i.e. u, is the dominant component; then by using the
Boussinesq approximation and the assumptions of
boundary layer, one can rewrite the equations for
free convection in curvilinear system as follows
(Bagai (2003), Nakayama and Koyama (1987)),

u=(Kp/v)g (T, ~T,) @

or, oT, o’T,
(pc3), (a—Ej" 5 Hh(0-T) ®

2

(l—g)ksﬂ+h(Tf—TS)+(1—g)q'”=0 4)

oy’

where ¢ is the porosity, K is the permeability of the
porous media, &y and k, are thermal conductivity of
fluid and solid phases, ¢" is the internal heat genera-
tion in the solid phase, B is the coefficient of thermal
expansion and / is the interstitial heat transfer coef-
ficient between the solid and fluid phases. In Eq. (1),
the parameter 7 can be defined as,

. |1 : Plane Flow
- r(x): Axisymmetric Flow

Figure 1: Shape of the surface embedded in a porous
medium.

The gravity in this geometry can be defined as:

Ly (arY P
gx—g{l [dx” ®)

where g is total gravity and g_ is the local gravity in

the boundary layer. The physical boundary condi-
tions are also given by:

At y=0 :
v=0,T=T/(x), T,(x,0)=T,(x), T,(x,0)=T,(x)
(6)
As y—oo:
u(x,00)=0, T (x,0)=T,, T (x,0) =T,

The following expressions (i.e., stream function
and non-dimensional temperature) are defined to
transform the governing equations:

v =ar' (Ra1)” f(x,m) (7)

=T, =AT,0(x,m) ®)
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where T is applicable for both fluid/solid phases.
AT, and 7 can be expressed as:

AT, =T,(x)-T €

©

v
(2)

The new parameters are defined as:

[ AT g, rdx

I(x)= 11
(x) AT g r’x (1
Ra, = KP&ATX (12)
ov
k.
a:i (13)
(pcp)f

The physical velocities can be related to the
stream function as follows:

R . 4 (14)
r oy r ox

The velocity components as well as temperature
derivations can be obtained as follows:

_a/'Ra,
X

(J_)f—

i
6x

(15)

( fj Raxl j
ox

O(AT,
aT ( )0 AT (17)
o _ar, 0' Ra, (18)
ay I
0T _AL Ra, (19)
oy x 1

By using the above mentioned equations, the
transformed governing equations are (see Appendix
A for the detailed derivations):

f(/ / (20)
9”+(l—nljf9' —nlf'0 +x—21h(9 -6,)
2 ! il k,Ra, s~ Yr
(21)
= Ix(f'%—ﬁ'gj
Oox Oox
2
9;(4_ 1 )C] h(Q/.—QY)
' (1-¢)k, AT ,Ra, *'
(22)
1 X ”
+———4q" =
k. AT, Ra,
where n is defined as:
n(x) _ X O(AT,) _ d [InAT,] 23)

AT, ox d [Inx]

To obtain the similarity solution, the convective
heat transfer coefficient (%) and heat source in the

solid phase (¢") are now defined as:
gkf Ra e[\/lfﬁj (24)
(1 +34) x°
1
m_ kvAZv &e[ m] (25)
(1+34) x’I

The transformed boundary conditions are:

At n=0: f(O):O f’(O):O, 26)
As n—>oo: f'(0)=0, f"(0)=0, /"(0)=0.
When the values of aiand 1are small, the
ox ox

right hand side of equation (21) may be neglected
and the governing equations can be obtained as:

/1=, 27

" 1 ’ ’
0; +(E_n1jf9f —nlf'0,
(28)

+(1+13ﬂ) (1173 ](9 9) 0
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v,k -
bt (1 +§l) e[mj (6,-9.)

29

O S <
(1+32)

Equation (27) is obtained by integration of equa-
tion (20) under the boundary conditions specified by
Eq. (26).k,; is also the fluid-to-solid conductivity

ratio as:
&k,

_ s
ko = (1—&)k. (30)

Now, we can define the new parameter & as:

£=| g, (1)

By considering Equations (11), (23) and (31), and
assuming AT, oc £&*, one would have (see Appendix
B for the detailed derivations):

5
AT d
n[zdln(ATW)x‘..0 - é:: 4 . (32)
din(x) = AT¢  (1+32)

In the above equation, d&=g r’dx. In other

words, to have a similarity solution, the temperature
changes around the surface should be defined as an
expansion function:

AT, oc & (33)

The coupled equations can be solved numerically.
Thus, the transformed governing equations and the
associated boundary conditions are solved by means
of the 4™ order Runge-Kutta method along with the
Shooting Method technique (see: Burden and Faires
(2010), Chapter 11). 100 Uniform grid-points are
used in the 77 direction. The iteration process contin-

ues until the convergence criterion for all the vari-
ables, 107, is achieved. The correct selection of MNimax
is important to ensure that: i) the boundary layer
remains within the computational domain; ii) the
selection of the distance from the surface for apply-
ing the infinity boundary does not affect the calcu-
lated results such as wall shear stress and the Nusselt
number. Thus, the solution (such as the boundary

layer) should asymptotically tend to zero at large
values of ).

GEOMETRICAL STATEMENT: SPECIAL
CASES

Various surface geometries with different thermal
boundary conditions are considered as follows, con-
sidering Eq. (31):

& =gx, Vertical Plate (34)

&=gr(1-cos®), Horizontal Cylinder (35)
3 1 3 2

E=gr (gcos ® —cosd +§j, Sphere (36)

where @ =sin™' (fj, r is the radius of the cylinder
r

or sphere, and x is the distance from the stagnation
point. The local surface heat flux is calculated as:

. T,
qw f ay

oT.
~(1-e)k, 2 (7
y=0 ay y=0

and the dimensionless local heat flux is defined as:

1

. L \(KPAT, gL \2

g = % ( PAT,g j 38)
AT 5kf av

wr

where T is the wall ambient temperature difference

at the trailing edge or the rear stagnation point and
L, is the reference length. Equation (38) for the

aforementioned geometries, described by Egqs. (34)-
(36), can be written as follows:

34-1

s A 1 2
q :{_ef _k_x}(1+3/1)2 (%j ’ (39)

eff r
Vertical Plate

3

. .0 T1—cos® )2

= -0, ———|(l+cos®)2| —— | ,
q{’k}( T w

e

Horizontal Cylinder
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1
q — —Hf,— HS (;\JZ
ket, 2+cosd

" 41
3h — 2
(1+ cos(D)(COS ® icosd) hl Zj , Sphere
VALIDATION

When £, is infinite, it means that the porous me-

dium is in the equilibrium condition. In this condi-
tion, the value of &k, >>(1—¢)k, and therefore the

fluid and solid phases are in the thermal equilibrium
condition. A validation study was done by compar-
ing the numerical results with those presented by
Cheng and Minkowycz (1977). In this reference, the
authors investigated a vertical plate in a porous me-
dium in the case of the thermal equilibrium condi-
tion. By choosing a large value for &, the thermal

equilibrium condition is clearly satisfied. The related
calculations are presented in Table 1. According to
the results, which are shown in the table; our solution
methods as well as the numerical assumptions are
accurate.

Table 1: Comparing the values of ¢ in a vertical
plate for k,, =1000 with the numerical results of
Cheng and Minkowycz (1977).

A Cheng and Minkowycz (1977) | Present Results
0 0.4440 0.44397
% 0.5943 0.59429
A 0.6303 0.62687
% 0.6788 0.67799
JA 0.7615 0.77075
Y4 0.8926 0.892795
1 1.001 1.00051

The results were also checked with those pre-
sented by Bagai (2003), who considered a porous
medium in the thermal equilibrium condition in-
cluding heat generation in both the fluid/solid
phases. In addition, the author presented the values
of heat flux when there was no heat generation inside
the phases. In order to have thermal equilibrium, we
omitted the heat generation in the solid phase and
assumed that &, had a large value. Then, the results

obtained can be compared with Bagai (2003) for two

different geometries, namely the ‘’horizontal cylin-
der’’ and “’sphere’’ shapes. The results are shown in
Figure (2). According to the results, our method as
well as the numerical assumptions are accurate.

000 Bagai >A=0
aA1=025
vA=033
oAd=0.5
o A=0.75
1

—— Present Model

q
0.3
0.2
0.1
o
o
(a)
0.9 000 Bagai
08 ~ —— Present Model
o7k
06 :
* 05 ]
q

(b)

Figure 2: Comparison with Bagai (2003) in the case
of the thermal equilibrium condition, for k.;=1000,
without internal heat generation for (a) cylinder, (b)
sphere.

RESULTS AND DISCUSSION

The present model can be employed for various
values of 1 for a vertical heated plate in a porous
medium. As presented in Table 2, different values of
ko are considered and the related heat flux, i.e., q*, is
reported. The results obtained showed that, upon
increasing the fluid-to-solid conductivity ratio, i.e.,
ke, the surface heat flux is decreased.

As presented in the similarity equations, the value
of 1=0 is related to a constant temperature of the
surface. As the value of 4 increases, the heat transfer
rate, denominated by ¢, is also increased. This is
obviously related to the definition of the temperature
difference, AT, present in Eq. (33). As indicated in
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this equation, increasing the value of 1 leads to an
increase in the value of the surface temperature and
therefore clearly affected the heat transfer to the
working fluid.

Table 2: ¢ for Vertical Plate for different values
of 4 and (a) k,, =0.1 (b) k, =1 (c) k,=10.

B B B

A q A q % q
0 | 14718 0 | 06232 0 | 04652
| | |
Vo | 19339 Vo | os2m Vo | 06224
| 1 |
Vi | 2.0303 Vi | 08709 Vi | 0.6565
1 | 1
Yol 2119 Yo | 09391 Yo | 07099
| 1 |
Y, | 24404 Y, | 10616 Y, | 0.8067
3 3 3
L | 27686 4| 12204 4| 0934
1| 3.0442 1| 13586 1| 1.0462
(a) (b) ©

The definition of k.; in the governing equations
clearly reflects the effects of the two phase approach
in our simulation, which was not introduced in the
work of Cheng and Minkowycz (1977).

08

0E

04

02

02

04

08

08
1]

The values of heat flux, g*, as a function of k.
are shown in Figure (3) for different values of 1. The
results are related to three geometries, i.e., vertical
plate, horizontal cylinder and sphere.

According to the results obtained, it is found that,
in all geometries, the dimensionless local heat flux
increases with k,, for various values of . As shown

in Figure (3), the value of ® =sin'(x/r)=7/2,
which is related to a fixed point on the body. The
values of the dimensionless local heat flux for a
horizontal cylinder are also shown in Figure 4. The
figures are presented for three different values of
ky=0.1, 1 and 10. The value of 1=0 is related to a
constant temperature of the cylinder surface. The

horizontal axis is selected as ¢=sin"'(x /), where

r is the radius of the cylinder, and x is distance from
the stagnation point. As shown in this figure, there is
a maximum (or minimum) value for the surface heat
flux (¢*) when the temperature of the body is not
constant (4 # 0.). This extremum location is strongly
related to the values of the fluid-to-solid conductivity
ratio. Similarly, the results obtained for a hot sphere
in a porous medium are shown in Figure (5).

Figure 3: Local heat flux for different values of 1. (a) Vertical Plate, (b) Horizontal Cylinder with internal heat
generation and ¢ =7 /2, (c) Sphere with internal heat generation and ¢=7/2.
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Figure 4: Local heat flux for a horizontal cylinder with internal heat generation in the solid phase (a)
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Figure 5: Local heat flux for a sphere with internal heat generation in the solid phase (a)k,, = 0.1, (b)
ky=1,(c) k, =10.
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CONCLUSION AND HIGHLIGHTS

The study of the natural convection flow and heat
transfer from hot surfaces in a porous medium has
been of considerable interest in energy-related engi-
neering problems. This paper is concerned with the
free convection heat transfer over an arbitrary hot
surface in a porous medium. Mathematical deriva-
tion of a similarity solution for an arbitrary geome-
try in the heat transfer analysis is the main novelty of
the present study. The equations obtained are solved
and the local heat flux is presented for three types of
shapes, i.e., vertical plate, horizontal cylinder and
sphere. The present model can be employed for
analysis of heat transfer induced by arbitrary-shape
surfaces.

NOMENCLATURE
List of Symbols
c, specific heat at constant pressure of the
fluid
f dimensionless stream function
g acceleration due to gravity
k thermal conductivity
K permeability
h coefficient of convection heat transfer
" internal heat generation per unit volume
q, local surface heat flux
q local heat flux
r function representing wall geometry
Ra, local Rayleigh number
T temperature
u,v velocity components in the x and y
directions
XY boundary layer coordinates
Greek Symbols
a thermal diffusivity
B coefficient of thermal expansion
n similarity variable
0 dimensionless temperature
A exponent associated with the wall

temperature increase
porosity

density of fluid phase
kinematic viscosity
stream function

<cC v o

Subscripts

eff Effective

f fluid

K solid

w wall condition

00 ambient condition

Superscript

denotes derivative with respect to 7
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APPENDIX A

Governing equations:

o(r'u) .\ a(r'v) 0
ox Oy

M{%ﬁj (T, -T,)

or,  oTy o°T,
(pcp), u——+v——=eK,—-+nI; -1,
I ox oy oy '
2

(1-¢)K, 0 Zf +h(Tf —TS)+(1—e)qm =0

The following equations are defined:
x ]
Y = (Raxl)é f(x,n)

=T, =AT,0(x,n)

5
7 x\ 1
_ ek,

(pcp)f
and;

boundary-layer flow in a porous medium using a
thermal nonequilibrium model. Journal of Porous
Media, 3, 31 (2000).

Rees, D. A. S., Pop, 1., Local Thermal Nonequilibrium
in Porous Medium Convection. In: Transport
Phenomena in Porous Media I11, (D. B. Ingham and
L. Pop, Eds.), Pergamon, Oxford, UK, 147 (2005).

Shakeri, E., Nazari, M., Kayhani, M. H., Free con-
vection heat transfer over a vertical cylinder in a
saturated porous medium using a local thermal
non-equilibrium model. Transport in Porous Me-
dia, 93, 453 (2012).

1 o¥
U=——
r oy
1 o¥
y=——
r Ox

Therefore, the following equations are derived
based on the definition of £, 0 and Ra,:

u:OCfRaX
X

o« o .0 of
y= —7{, [Ra 1 fotr (5(. [Ra1) f+(aj. /Raxl}

o _AAL) 5,y 20
Ox Ox Ox
a_T:ATWQ'l Ra,

oy x\ 1

o’T AT, Ra, ,.
5= 0

oy x 1

The energy equation for the fluid phase is as
follows:

(pc,) o )k, 2L +h(T,~T,)
c U——+v—=-|=¢eK, —= -
Pl " ox oy 7 oy Y

Brazilian Journal of Chemical Engineering Vol. 32, No. 01, pp. 225 - 235, January - March, 2015



234 M. M. Shahmardan, M. Nazari and A. A. Samani

By substituting the required parameters (such as u, v and gradients of 7) into the energy equation, one would
have:

1
¢K Ra,6(AT) .. ¢K,Ra, _ .00, ¢K,Ra, _ 10r . gK.AT(Ra )% o(Ra1)”
f X w f X f f X / w X X
T e A G Pl e Y (et Il i 3y A St b e B G S
X Ox s X ot Ox X Yy fof X I Ox 2
gKfRaV af eK Ra AT,
—L AT 6O —9 "y AT (0, -0 )

X v ox x*1

x’1 K, Ra, 5(AT,) 7o+ x’1 K,Ra AT, / a0,
K,AT,Ra )\ x  ox "\ K,AT,Ra, x ox
©1\(KRaAT, o) 21\ K,AT, (Ra.Y? 0(Ra.1)" .
K ,AT,Ra, xr' o )7 \KATRa )| x 1 ox !

2 K Ra AT, " 2
N kit 9,.1:9/. N [ATwhj(ey—ef)
K, AT, Ra, X Tox K, AT, Ra, € o

and, after some mathematical manipulation:

(a(ATw)J p
- ]
" X1 \(h AT, : xI or  xI 6(Ral)” : 00, . of
0, + 0.-0 = 0+ ——+——2|fB, =1 g L
4 (K Ra J( j( ) (@Cj ey T [r 0x Ra, Ox P =m\ f a1 oax
X
_ , , . 3(Ra1)”
Also, on the right hand side of the above equation, we can derive ———— as follows:
X

6(Rax1) :K_ﬂ ATW3gr*2 (ATwzr*z)—(ATwzr*z)r IATW3gr*2d KﬂAT g KB I( T? 2) g

ox a9 (AT )2 a$  af (ATW %)
a(AT ) *2 * af" 2
2AT, +2r —AT, *
_ Ra, —Ral Ox * Ox _ Ra, —Ral 2 0(AT,) N 2* or
X (ATw2r 2) b AT, oOx r ox

o(Rad)? 1 {Rax R 1[ 2 a4y 2 a/‘ﬂ

Ox _2(Rax1)% X AT, oOx roox

Therefore, after some manipulations, one would have:

9/_,,{ I J(hj(g ~0,)-nif', +x18r +l_x_za(AT)_x_lar)ﬁf_ (f,@_ afJ

KRa ox 2 AT ox Oox " ox

" x’I \(h : 1 , a0, 9
0, -{K o J( )(9 -0,)- n1f0f+(5—nljﬁ9f =Ix(f E—ef af;)
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When the RHS is small, the right hand side of the
above equation may be neglected and the governing

equations can be obtained as,

- nif'o, +(1 )ﬁ, L +13,1)6[J%q(95_9-"):0

where,

(1+3/1)x1

Similarly, for the solid phase energy equation:

2
"

(1-¢)K, %yle +h(T,-T,)+(1-¢)g =0

" K. :
(1—8) KS A];v Rax 03 & f R;lx [
21 (130 ¥

The heat generation is defined as:

" — KSATW ﬂe(\/%J
(1+32) x*I

Therefore,

" 6Kf 1 1231
b +[(1—g)1<3](1+3z)e( J(Hf -0,)

+—1 e(J%j =0
(1+32)

_ K,

" (1-9)K,

" 1 [ 113/] 1 (J%j —
RTINS o0 N
APPENDIX B

dIn(AT,) IA JdE gin(AT,)
nl= =
dln( ) AT, ¢ dln(x)
IA gxr * dx
AT g r?x
We set (AT,)=C&
din(C I(Cﬁ)dé zd(lng)f §rds
nl= v
@ gy grix  dég 4

X

_Ad(lng) £
o dE EF1+3A)

It is obvious that: d&=&d(Iné)
Therefore,

_Ad(¢g) & 2
dé EF(1+31) 1434
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