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SYNOPSIS 

This paper proposes a new way of tidal spectral 
analysis based on the Cooley-Tukey algorithm, known 
as the Fast Fourier Transform. The Fast Fourier 
Transform analysis is used to compute both the harmonic 
constants of the tide and the power spectrum.The latter 
is obtained by means of a weighted sumo A new way is 
also derived to obtain the formula giving the number 
of the degrees of freedom,on which is based the confi
dence interval corresponding to the noise spectrum. 

I - INTRODUCTION 

Old methods of tidal analy~is were developed 1n order to 

permit manual calculations with desk calculators. Such analyses 

can now be considerably improvedwith the use of electronic 

computers. 

Computers have also facilitated the 

analysis of mean sea leveI fluctuations 

oscillations. 

use of time series 

as influenced by tidal 

Rorn's (1960) least square method and the very similar orie 

developed by Cartwright and Cat~on (1963), based on discrete 

Fourier analysis, are among the earliest methods of tidal analysis 

entirely dependent upon electronic computers. Both 

* This 1S 
programs. 

the reprint with minor corrections 
The former reprint is obsolete. 

of these 

and improved 
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methods inc1uded approximate1y the same number of constituents 

used in Doodson's and other methods of ana1ysis (61 constituents), 

for which computer programs have been prepared. However Doodson 

himse1f (1957) recognized that many more constituents wou1d be 

necessary to improve predictions, as is observed in his method 

of computing corrections for predictions based on the classical 

1ist of constituents. The corrections were found through analysis 

of the differences in time and height of recorded and predicted 

curves. AlI these methods are 1engthy (30 to 60 minutes computer 

time) and not diagnostico 

A decade ago spectral analysis carne into common usage as a 

diagnostic too1 but on1y quite recent1y found an app1ication in 

tida1 ana1ysis. Subsequent1y, it was confirmed that many more 

sha110w water constituents were necessary to represent tida1 

curves accurate1y. This was Zet1er and Cummings'(1967) conclusion 

from a study on the port of Anchorage (Alaska), and Lennon and 

Rossiter's conc1usion from the port of London (Lennon,1969). Both 

researches showed, independent1y, that some 50 additiona1 sha110w 

water constituents were necessary to improve predictions. 

Munk and Cartwright (1966) provided a comp1ete1y different 

approach to the problem consi.dering the "response" of a tida1 

basin to the driving forces of the equilibrium tide. In addition, 

sha110w water terms are inc1uded to take into account the non

linear response of the tida1 basin to the principal constituents. 

The number of such terms, required for an accurate prediction ~s 

very much sma11er than the ones necessary in the harmonic pre

diction method. The method, a generalization of the old Laplace 

method (Franco, 1967), is a neat and thorough approach to tida1 

prediction. Munk and Cartwright give no quantitative estimation 

of the computational effort invo1ved; but it is thought to be 

considerab1e. 

lf the harmonic method is preferred, accurate predictions 

are conditioned by the inclusion of shallow water constituents, 

which differ from port to porto Unfortunately, work already done 

shows that results are individual and cannot be extended or trans

ferred from area to area. An example can be found in the com

parison between the results from Zetler-Cummings (op.cit.) and 

Lennon-Rossiter (Lennon, 1969) researches and the figures ca1cu-

1ated by Rock (persona1 communication). However, the diagnosis of 
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the shallow water effects may be considerably simplified if a 

method is devised to permit the fu1l use of the Fast Fourier 

Transform (FFT) (Cooley and Tukey, 1965). The procedure for 

spectra1 analysis can be completely changed if means are available 

to correct, according to the natural angular frequencies of the 

tidal harmonics, the varipus Fourier coefficients obtained from 

the FFT. To show this is one of the aims of this paper. 

To g1ve an idea of the advantages of the method, let us 

examine a flow diagram of the operations involved (Fig. 1). One of 

the main characteristics of the method is the possibility of using 

the Fourier coefficients to obtain the power spectrum and the har-

monic constants. One can use the tidal values of a. 
J 

R. cos r.; 
J J 

an d b. = R. si n r. computed from the Fourier coefficients to 
J J J 

correct these coefficients for the tidal e~fect, and thus isolate 

the noise contribution to the Fourier series. This is carried out 

in the tidal frequency bands. The power spectrum 

these corrected Fourier coefficients will then 

obtained through 

be the noise 

spectrum plus the tidal oscillations not considered 1n the h ar-

mon1c analysis. 

Although the use of the Cooley-Tukey algorithm (FFT), as a 

means of simplifying calculations in spectral analysis, was sug

gested by Zetler (1969), the authors are not aware of any publi-

cation on its use as applied to tides. Thus we believe that our 

method is original. 

In order to compare the proposed method with Lennon-Rossiter's 

a flow diagram is presented for the latter (Fig. 2). The procedure 

involves a Doodson harmonic analysis, a prediction of hourly heights 

which is in itself a long task even for electronic computers, and 

a very lengthy high resolution Fourier analysis for a whole number 

of lunations. Besides the length of the initial calculation, an 

additional drawback is that the whole procedure must be repeated 

to obtain the final spectrum. 

* 2 - FOURIER ANALYSIS 

Classical Fourier analysis is one of the methods 

termining tidal harmonic constants. In addition to the 

* See list of mathematical symbols annexed. 
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mentioned Catton-Cartwright method, the Miyasaki (1958) method is 

we11 k.own. However, these studies were attached to a who1e number 

of 1unations and their ana1ysis cannot take advantage of the 

Coo1ey-Tukey a1gorithm based on sampling at N = 2Y points. To show 

how the harmonic ana1ysis of a tida1 curve can be undertaken via 

the Coo1ey-Tukey a1gorithm is the aim of this section. 

Suppose that the tida1 height at instant t is given by 

Q 
y (t) R + .L 1 R. cos (q.t - r.) + v(t) 

o J= J J J 

where v(t) 1S a "gaussian noise with zero mean". In comp1ex 

notation we have 

y (t) 1 . ~ 1 R Je i ( q j t - r·) -i(q·t - r j )] = R + '2 J + e J 
o J= J 

1 Q 
[ -ir· iq·t ir. -iq.t] = R + '2 • L 1 R.e J e J + R.e J e J + o J= J J 

+ v (t) 

v (t) 

Now if we admit that r. and q. are negative for negative va1ues of 
J J 

j, and that r. = q. = O for j=O it can be written 
J J 

y (t) 

Fina11y, if we put 

j 
1 -ir' 

j #0 '2 R.e J c. 
J J 

R.= c. j =0 
J J 

( 2a) 

it resu1ts 

y (t) 
Q 

• L Q c. e i q j t + v ( t) 
J =- J 

(2b) 

If we ana1yse this curve by using the Fourier technique, it is not 

possib1e to adopt the exact angular frequencies q .. AlI the dis -
J 

crete angular frequencies of the Fourier ana1ysis are given by 

q = 27Tn/NT 
n 

(n = 0,1,2, N '2 - 1) (2 c) 

where T is the samp1ing interva1 (usua11y 1 hour). For the exact 

number of cycles in the same time interva1 corresponding 

angular frequencies q., we have 
J 

F. = NTq./27T 
J J 
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Now the comp1ex Fourier coefficients for curve (2b) are 

1 N-1 -iq t 
cn = W t~O y(t) e . n (n = 0,1,2, •..• N-1) 

But if we ca11 E the complex Fourier coefficient obtained from n 

t h e a na 1 y s i s o f v ( t), i t f 011 ow s t h a t 

E 
n 

Then we can write 

c - E n n 

N-1 . 1 1 -1q t 
= W t~O v(t) e n 

N-1 
= .! I: [y(t) v( t) ] -N t=O 

-iq t e n 

However expression (2 c) shows that, for T=l hour 

qn N = 21Tn 

hence 

-iq N -i21Tn 1 e n = e = 

Thus (2f)fan be modified as fo11ows: 

(2e) 

(2 f) 

But v(N) isusua11y sma11 as compared to N, consequent1y v(N)/N 

can be ~eglected. In addition we can replace y(t) - v(t) by its 

va1ue tak~.n f tom (2b). Consequently, the 1ast expression can be 

changed into 

Cn + ~ y (N) - E 
n 

1 Q ~ -i(q - q.)t 
= W j=~Q c j t~O e n J (2g) 

Now 

N 
E t=O 

iwt 
e 

but, since 

and 

150 

e iw (N+1) - 1 

e iw - 1 

iw(N+l)/2 
e 

e 
iW/2 

iw(N+l)/2 
e 

iw/2 
e 

ix -ix 
e - e = 2i sin x 

w = -(q - q.) 
n J 

e 
-iw(N+l)/2 

-iw/2 e 

Bolm Inst. oceanogr. S Paulo, 20:145-199,1971 



it resu1ts 

But 

-i(q -q.)N/2 -iq N/2 iq.N/2 
e n J =e n .e J 

or, fteeording to (2e), for T=1 hour, 

Thus 

N 
L t=O 

-i(q -q.)N/2 -inn iq.N/2 e n J = e .e J 

-i(q -q)t 
e n 

Henee expression (2g) ean be ehanged into 

1 Q iq.N/2 
N j =~Q e j e J 

si n [( q - q .) (N + 1) /2] 
n J - (-1) n 

If on1y positive va1ues of j are eonsidered, aeeording to (2a) we 

have 

e 
o 

N+ 

+ -iq.N/2 
e . e J 
-J 

s i n [< q + q .) ( N + 1) / 2 ] 
n J 

Consequent1y, if we ca11 

and 

sin[(q -q.) (N+1)/2] 
(_l)n n J 

N si n [< q n - q j ) /2] Anj 

B . 
nJ 

(2h) 

(2i) 

(2j) 

and reca11 that r.<O for j<O, then we have from (2a) and (2h) to 
J 

(2j) 

Bo1m Inst. oeeanogr. S Paulo, 20:145-199,1971 151 



c n + ft[Y(N) - CoJ- En=~j~l Rj[e-i(rj-qjN/2) Anj 

+ e i ( r j - q j N /2) B .] 
nJ 

Now it is we11 known that the pair of trigonometric Fourier 

(2k) 

coef-

ficients (a , b ), for the total osci11ation, and (l; , n ) for the n n n n 

noise osci11ation, are re1ated to the comp1ex Fourier coefficients, 

respective1y by 

c = (a -ib ) /2 n n n 
and 

c 
o 

a 
o 

E = (l; - in )/2, E = o 
n n m o 

Thus we can deve10p the exponentia1s of (2k) and write 

(21) 

2 Q 
a + -N[y(N) - a] - l; - i(b -n ) =.L 1[R. cos (r.-q.N/2)(A .+B .) 

n o n n n J = J J J nJ nJ 

- i R. si n (r. - q . N / 2) (A . - B .)] 
J J J nJ nJ 

Now, equating the real and the imaginary parts and considering the 

N/2 va1ues of a and b obtained from the Fourier ana1ysis, the 
n n 

fo110wing independent systems can be written: 

{ a + 1 [y (N) - a ] - l; } = II A . + B • 11 { a.} 
n N o n nJ nJ J 

(2m) 

and 

{b -n } 
n n 

II A . -B . II {b . } 
n J nJ J 

(2n) 

where 

a. 
J 

R. cos (r.-q.N/2) 
J J J 

and 
(2 o) 

b. = R. sin (r.-q.N/2) 
J J J J 

Since Q<N/2 the systems (2m) and ~2n) are redundant and can 

be solved by the 1east square method according to the conditions 

minimum 

and 
2 

L nn = minimum 
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respective1y. But this can be simp1ified because constituents of 

different species practica11y do not contaminate each other.Conse

quent1y, the systems (2m) and (2n) may be split into sub-systems, 

one pair for each species. The frequency band containing the 

diurnal constituents, for example, is limited by 290 ~ n ~ 380 

cycles per 8192 hours (2"), and therefore, about 90 equations exist 

for computing about 20 values of both a. and b .. These redundant 
J J 

systems are of the form: 

M{X} = {L} 

The corresponding normal equations are 

where T indicates transposition of matrix M. These systems can be 

solved by inverting the square matrix M™ which gives (MTM)-l and 

pre-mu1tip1ying both members of (2p) by (M™)-l: 

lf unknowns are to be determined directly in terms of L then the 

matrix 

must be found in order to give 

{X} = M'{L} (2q) 

lt must be pointed out that the separation of unknowns 

and b. into two independent systems results from adding the 

a. 
J 

J 

correction ~ [y(N)-a o] to alI values of an' Although no fixed 

central time has been estab1ished before hand, it is interesting 

to note that expressions (20) contain the phase correction q.N/2, 
J 

which is an adjustment of r. to the central time N/2. 
J 

In order to give a c1ear idea of the resu1ts to be expected 

with an ana1ysis of 8192 samp1es, the inverse of the normal 

T -1 
matrices (M M) 1S presented in Tab1e 2-1, for the semidiurnal 

constituents. The dominant diagonal indicates that good 

may be obtained. 

Once known a. and b., the Fourier coefficients ~ 
J J n 

resu1ts 

and 

corresponding to the noise, can be found by taking from (2m) and 
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(2n), respective1y 

(2 r) 

and 

11 A • - B • II{b .} - {b } 
nJ nJ J n 

(2s) 

Appendices 11 and 111, respective1y, contain the computer 

programs to solve systems (2q) and compute the residuaIs ç and n . n n 

3 - SPECTRAL ANALYSIS 

Let us take a normalized osci11ation expressed by 

x (t) 

where 

ri = 

c. = 
J 

Suppose that another 

Q 
= . L: Q J =-

iq·t c.e J 
J 

1 -ir· 
"2 R.e J 

J 

O 

for 

for 

normalized oscil1ation 

j ;&0 

j =0 

has harmonic 

( 3a) 

(3b) 

terms 

with the same angular frequencies but with different amplitudes 

and phases. 

where 

Such an osci11ation can be expressed by 

y (t) = 
Q 
L: k=-Q 

I c' k = 

c' = O 
k 

for k;&O 

for k=O 

For a time (t-8) where 8 is any time lag counted from t, 

(3c) can be changed in to 

y (t- 8 ) 

Bo1m Inst. oceanogr. S Paulo, 20:145-199,1971 

(3c) 

( 3d) 

formula 

155 



The product of this expression by (3a) gives 

x(t)y(t-G} 

or, if we call 

and 

x(.t)y(t-G) 
Q Q 
L L iW' k t j =-Q k=-Q c jk e J 

The mean value of this product over -T/2<t<T/2, is 

K(G) <x(t)y(t-G» 

Q Q 

= j =( Q k}- Q c j k [íf T / 
2 

e i W j k t d t ] 
-T/2 

= j=~Q kJ-Q c jk 

iw· k T/2 -iw· k T/2 
e J - e J 

Q Q 
j=~Q kJ-Q c jk 

sin W. k T/2 
J 

(3e) 

(3f) 

Now, s ince qj = -q_j we conclude from expression (3f) that Wjk=O 

for k=-j. Consequently, since (sin x}/x=l for x=O, it follows that 

Q Q Q 
K (G) • LQ c + L L J=- j(-j) j=-Q k=-Q 

sin W. k T/2 
J ( 3g) 

k=-j k;'-j 

But the function (sin x)/x decays very quickly when x increases. 

Thus (sin WjkT/2)/(WjkT/2) will be small for large values of 

WjkT!2. Hence, for the usual values of Wjk the second term of the 

above expression is negligible when T is large. Consequently, 

we take (3e) into account, we have as a good approximation of 

Q 
K(G) • L Q J =-

c.c' . -iq.8 
J - J e J 

if 

( 3g) 
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However,expressions (3b) and (3d) show that we can write: 

I 1 R RI i(rl . -r.) 

\ 

C.c • •• e J J = Y· 
J -J=4' J J J 

c . c I • = O ( j =0 ) 
J - J 

(j ;0) 

( 3h) 

Thus 

Q -iq.e 
K (e) = j =L_Q Y j e J 

( 3i) 

From (3h) and Oi) we can derive the trigonometrica1 form of (3i): 

Q 1 I 
K(e) = .L 1 -2 R.R . cos (q.9+r!-r.) 

J= J J J J J 

If a Fourier ana1ysis exists for discrete va1ues of x(t) and y(t) 

with N hour1y heights, then, a good estimate of K(e) can be 

expressed by 

t«e) = 
N/2-1 1 

L R RI cos (q e+r l -r ) 
n=O 2 n n n n n 

or, in complex form 

t< (e) = 

N /2-1 

L 

-N/2+1 

iq e 
Y e n n 

('3j) 

where 

1 i(r l -r ) -4 R RI e n n n n 
(n; O) 

( 3k) 

O (n=O) 

If va1ues of K(e) are known by averaging the products 

x(t)y(t-e) for continuous va1ues of e, the Fourier ana1ysis of 

K(e) wil1 be the usual way of obtaining an estimate of ampli-
1 tudes -2 R.R I . and phases (rI .-r.); this will give for -m<e<m: 

J J J J 1m 
1 -i e c = -- K(e) e qs de 

s 2m ( 31) 
-m 

where 

qs = 2TIs/2m = TIs/m ( 3m) 
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But 

or 

according to 

c" 

c" s 

s 

(3j) 

1 
= 2m 

1 = 
2m 

a good approximation is gl.ven by 

N/2-1 
ynfm .-i(qs-qnlê d0 L 

-N/2+1 -m 

N/2-1 Y [.-i(QS-qnl 0]m 
L n -i(q _q ) 

-N/2+1 s n -m 

( 3n) 

However, the Fourier analysis of x(t) and y (t) give, respectively, 

{ :: R 

= R 

Thus, 

cos n 

sin 
n 

c' 
n 

r 

{"'n 
= R' cos n 

and n 

r 
b ' R' n sin n n 

1 -irn 
c = (a -ib )/2 = - R e n n n 2 n 

1 -ir' 
(a' -ib' )/2 = - R' e n n n 2 n 

and, if we designate the comp1ex conjugate of 

f o 11 ow s t h a t 

c' 
n 

c c'* 
n n 

1 i(r' -r ) 
= -4 R R' e n n n n 

or, according to (3k) 

Thus 

c" 
S 

c c'* = Yn 
n n 

N/2-1 
L 

-N/2+1 
c c'* n n 

r' 
n 

r ' n 

by c'* 
n ' 

it 

(3. o) 

since c = c* we can avoid the summation through negative va1ues - ,n n 
of n by changing (3.0) into 

c" 
s 

158 

= 
N/2-1 

L 
s n=O { CC' * n n 

c* c' n n 
sin [(qs+ ,qn)m] I 

(q +q )m s n 
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Hence, the cross 

c c'* and c*c' 

, " spectrum c s ~s a weighted sum of the values of 

n n n n' the maximum weight corresponding to q =q 
n s 

Since c and c' are the complex Fourier coefficients result-n n 
ing from the analysis of N values of x(t) and y(t), respec"-

tively, and with sampling interval equal to T the angular 

frequency will be qn = 2nn/NT. Thus, according to (3m) we have: 

q ± q = 2n(sNT/2m ± n)/NT 
s n 

or, if we call 

sNT/2m = p 

so that p LS an integer, then 

q ±q = 2n(p±n)/NT 
s p 

Consequently, if we replace this value of q ±q in (30) 
s p and put 

c" = S (p), this will be the cross spectrum estimate centered at 
s xy 

p: 

= N/ª-l{c c' * sin [2n(p-n)m/NT] 
n=O n n 2n(p-n)m/NT 

+ c *c' sin [2n(p+n)m/NT J} 
n n 2n(p+n)m/NT 

(3p) 

Function (sinnx)/nx decays very quickly when x>2. Thus the limits 

of summation can be convenie~tly reduced according to the 

dition 

(p-n)2m/NT ±2 

and 

(p+n)2m/NT 2 

In the first case we derive 

n = I n" = p+NT /m 

n' p-NT/m 
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and in the second 

thus 

n _ {:' 

NT/m-p>O 

n" sin rn(p-n)2m/NTI 

{ L: c c' * n(p-n)2m/NT 
n= n' n n 

n l sin l: n(p+n)2m/NTlj 
+ L: c *c' -

n=O n n n(p+n)2m/NT 

( 3r) 

(3s) 

The term in (p+n) of this formula can be neglected for va1ues of 

p greater than NT/m. Since the practical values of NT/m are not 

usually high, then the second term must on1y be used for very low 

frequencies. Consequently it is possible to discuss the behaviour 

of only the (p-n) termo The graph of Fig. 3 represented by the 

dashed line ~s the curve of equation: 

<I>(p-n) sin[n(E-n)2m/NTJ 
n(p-n)2m!NT 

for 2m/NT 1. 

o ,6 

o ,4 

0,2 

- ...... 

" --/ 
p-n 

- 2"\ / - 1 O 1 \ / 2 

" / " / '- .//.. s i d e L o b e s ~ ........ ../ 

Fig.3 - Functions q,(p-n) and l.J'(p-n) for 
continuous values of p-n. 

The figure shows two undesirable side lobes. If we remember that 

S (p) is only an estimate these side lobes can be eliminated by 
xy 

multiplying the cross correlation function K(G) by the fading 
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function (1 + cos nG/m). Thus according to (3j) we have 

N/2-1 
K(G)(l + cos nG/m) = L 

-N/2+l 

l (2+einG/m + -inG/m y e iqnG 
2 e) n 

Now we replace the value of K(G) in (3 1) by the second member of 

the above expression and integrate, in the same way we obtained 

(3n). Then we use the same arguments with which we arrived at (3s) 

and find 

where 

1jJ(p±n) 

c c'*'l'(p-n) + n n 

~ 
L 

n=O 

sin n(p±n)2m/NT 

c *c' 1jJ(p+n)] n n 

[n(p±n)2m/NT] {l- r(p±n)2m/NT]2} 

(3t) 

(3u) 

This function is represented in Fig. 1 by the solid line. It is 

seen that this function is negligible for arguments greater than2. 

According to (3q) the "filter" 1jJ(p±n) covers 2NT/m har

monics. It wi11 be shown later that this quantity has an important 

statistical meaning. 

The power speatrum density is obtained as a particular case 

of the cross spe~trum. In fact if we establish the correlation 

for the same function, with a lag G we have from (3h) 

and r'. =r. 
J J 

= c.c* = Jc.J2 
J J J 

and expression (3i) takes the form 

A(G) <y(t)y(t-G» 
Q 1 -iq'G 
L "'4 R~ e J 

j =_Q J 

or, in trigonometric form, 

1 Q 
A(G) = -2 .LO R~ cos q.G, 

J = J . J 

for R'.=R. 
J J 

(3v) 

which is the autoaorreZation function. Its Fourier analysis will 

give an estimate of the power spectra1 density i R2(p) centered 
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~n the harmonic of order p . Such an estimate can be derived im-

mediate1y from (3u) by making c = c ' n' which gives n 

where 

{ n" nl 

1 Syy(p) n~n' / c /21jJ(p-m) + L: / c /21jJ(p+n) n . n 
n=O 

( 3w) 

/ c / 2 = -( a 2 + b 2) /4 
n n n 

( 3x) 

A computer program for finding S (p) is given in Appendix IV. 
yy 

In order to estab1ish the fi1ter's maximum width and s ti 11 

avoid mixing different species of tides, the fo110wing method is 

suggested. Let qs and qs+1' respective1y, be the 1argest angu 1 ar 

frequency of species s and the sma11est angular frequency of 

species s+l. Thus, if ns and n s + 1 are the respective frequencies 

in units of the fundamental frequency l/NT, then we can write 

o 
q = 360 n /NT 

s s 

consequent1y 

and 

n 
s 

= (q 1 - q )NT/360 0 
s+ s 

F rom an extended tab1e of tida1 constituents as derived by Zet1er

Cummings or Lennon-Rossiter it can be conc1uded that qs+1 - qs is 

about 11 0 which gives for the maximum fi1ter width 

= O, O 15NT (3y) 

4 - THE NOISE SPECTRUM 

It was shown in section 2 that € is the Fourier comp1ex 
n 

coefficient of the ncise ana1ysis. Thus, according to (3w), the 

noise power spectrum is given by 

( 4a) 
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where, according to (3w) and(21) 

(4b) 

Va1ues of ~ and n can be found for the tida1 
n n 

frequency bands 

through (2r) and (2s). Outside these bands it can be assumed that 

coefficients a and b given the FFT do not have tida1 contri-n n 

butions. Thus the va1ues of 1 ~ 1 2 to be introduced into (4a) are 
n 

those found through (2r) and (2s) for the tida1 frequency bands 

and 1 c 1 2 given by the FFT, outside these bands. This procedure 
n 

corresponds to the usual "prewhitening" which consists in obtain-

ing the power spectrum of the residuaIs equal to the 

between the actua1 and predicted tides. 

difference 

Since the known tida1 effect has been eIiminated before the 

energy density power spectrum has been determined, any spike of 

such a spectrum may be understood as the effect of a tida1 con

stituent not inc1uded in the matrices.However, if no spike appears 

. in the spectrum we can admit that on1y gaussian noise is present. 

In order to estabIish the "confidence interva1" of 8vv (p) 

when v(t) is a gaussian noise, we begin by simp1ifying (4a). In 

fact, the term in p+n only app1ies to very low frequencies and 

thus expressions (4a) and (4b) give 

48 (p) 
vv 

( 4c) 

N ow, si n c e v ( t) is gaussian and it is 1inked to ~ and n through n n 

a linear equation, then ~ and n are also gaussian. Thus, it 
n n 

is 

reasonable to assume that the mean vaIues of ~2 and n2 are 
n n 

near1y equa1 to the same quantity, s ay, 

from (4c) the fo11owing approximation: 

n" 

]12. 
o 

Consequent1y, we 

48 (p) 
vv 

"" ]12 
o 

L: 21jJ (p-n) 
n=n' 

or, if we cal1 

n" 
2 L: 1jJ (p-n) v 

n=n' 
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then 

(4e) 

But a better approximation will be reached if we return from ~ 
o 

to 
2 2 

the individual values of ~ 
2 n 

and n . In this 
2 n 

case we must have v/2 

values of ~ and v/2 values 
n 

of 

48 (p) '" vv 

nn' hence 

p+v/2 
L: 

n=p-v/2 

which is a chi-squared distribution with V degrees of freedom. In 

order to find V let us recall that the approximate area of the 

curve 1jJ(p-n) is given by 

n" 
Area L: 1jJ(p-n) b.n ( 4f) 

n=n' 

where b. n=l. But a close approximation of the curve of 1jJ(z) 

between the limits shown in Fig.4 

is 
s 

---f-' 
-z 

1jJ(z) 

+ 
p.. 

where 4- z 
p 

a. m/NT ( 4g) 
Fig.4 - Function Iji (z ) 

Hence, S1nce we assume that 1jJ(z)=O for Izl>NT/m, the 

curve is 

area of the 

Area l/a. 

or, according to (4d), (40 and (4g) 

V = 2NT/m (4h) 

This is the result which is found in classical books by following 

a much more complicated procedure. 

Since V is known it is possible to determine the "confidence" 

interval" of 48 (p). 
vv 

This is an interval where 

48 (p) will have 95% probability to be included. vv 

the value of 

The extreme 
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va1ues of 48 Cp) are found with the aid of the coefficients taken 
vv 

from Tab1e 4-1 CMunk, Snodgrass & Tucker, 1959) which must be 

mu1tip1ied by 48 Cp) to give the extreme va1ues. Thus it 1S 
vv 

evident that the confidence 1imits of 8 Cp) are 1/4 of those of 
vv 

48 Cp). Consequent1y, these 1imits are the products of 8 (p) vv vv 

mu1tip1ied by the coefficients. 

TABLE 4-1 

Confidence 1imits 

v Coef. V 

1 0.2 -1000 4 
2 0.21- 40 5 
3 0.32- 14 6 

Coef. 
0.36-8.3 
0.39-6.0 
0.42-4.8 

V 

8 
10 
15 

Coef. 
0.46-3.8 
0.49-3.1 
0.55-2.4 

V 

20 
50 

100 

Coef. 
0.59-2.1 
0.69-1.55 
0.78-1.35 

V 
150 
200 
300 

Coef. 
0.81-1.27 
0.83-1.23 
0.86-1.18 

Expression (4h) shows that if m is increased the va1ue of 

V is reduced for a constant va1ue of the parameter 2NT. Consequent-

1y, the accuracy of the ana1ysis, from the statistica1 point of 

view, is greater for large va1ues of v. However, expression (30) 

shows that the 1arger m is, the 1arger is the fi1ter width and the 

1ess is the reso1ution. Hence m must be fixed according to the 

purpose of the ana1ysis. 

It was seen that formula (4g) g1ves on1y an approximate 

va1ue of v. But a more accurate va1ue · can be obtained from the 

ana1ysis itse1f. In fact, if we know 48 (p), expression (4e) can vv 
be considered an actua1 equa1ity where V is not known and is given 

by 

where 

V 

112 
o 

4S (p) 
vv 

112 
o 

N/2-1 
n~O (~~ + n~) 

N 

1S the mean va1ue of the noise energy. 
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5 - CONCLUSION 

It is interesting to quote the following statement made by 

Franco (1970):" 

"We are now 1.n a position to foresee a new development of 

this subject so far as tidal analysis is concerned. In actual fact, 

it is not usual to take advantage of the Fourier analysis used to 

obtain the power spectrum to compute tidal harmonic constants. Row

ever, we believe that either the Myazaki or the Cartwright-Catton 

method may be used to "adjust" the Fourier analysis to the angular 

frequency of the astronomical constituents in order to find these 

constants. If so, we will be able to "fish" the needed harmonic 

terms from among those given by the Fourier analysis. The only 

objection is that the span is tied to a power of 2 and not to a 

classical multiple of one lunation. We know, however, that some 

least square analyses have been effected with no regard paid to 

the conventional spans and that the results were shown to be 

correct. Rence we hope to find an economical solution for avoiding 

heavy supplementary computations in order to arrive at the harmonic 

constants from the Fourier analysis itself, such as it is used to 

o b t a in t h e p ow e r s p e c t rum. " 

Thus the present work confirms the above statement. The 

Cartwright-Catton method in fact has been extended by the addition 

of a number of redundant equations which adjust the Fourier coef

ficients to the known constituent terms. Consequently, the method 

is formally similar to the least square method and table 2-1 

shows how the inverse matrices to obtain R cos r and R sin r are 

well conditioned. ' Each matrix is inverted by species, the band 

of Fourier frequencies slightly exceeding the known tidal 

frequency bando 

The central time used in the Cartwright-Catton method does 

not permit the use of the FFT algorithm; but the difficulty can 

be overcome by adding a small correction to the Fourier coefficient 

of the cosine termo 

The fact that tidal ana1ysis is not necessari1y tied to a 

whole number of semi-Iunations was demonstrated by Munk and 

Rasselman (1964). They made it clear that a good separation of the 

constituents with frequencies fI' f 2 depends only on the length 
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reeord T á nd the signa1 / noise ratio. They proved, that for the 

us ual nois e level, reso1ution ean be better than l/T if 

Godin (1970) studied very r eeently the effeet of baekground 

noise on the reso1ution of the t i da1 eonstituents. Ris eone1usion 

~s that for eonstituents with very different frequeneies s u eh an 

effeet ean be disregarded even for very short spans. "Rowever the 

noise does disturb drastiea11y the reso1ution of e10se eonstitu-

ents and aetua11y prohibits the attempt of reso1ving eonstituents 

whose re1ative phase differenee is 1ess than a given minimum 

va1ue". In addition he says that in his persona1 experienee of 

tida1 ana1ysis, eomponents with e10se frequeneies ean be resolved 

if the phase shift is about 288 0 • Sinee his approaeh is through 

the 1east square ana1ysis we be1ieve that the same resu1ts ean be 

reaehed with the proeedure here described. 

If Godin's criterion is adopted to se1ect new constituents 

we are ab1e to seareh on the 1ine spectrum of the Fourier ana1ysis, 

for the new constituents which can be eonsidered in the 

of the residua1s. In order to give an idea of the work 

ana1ysis 

invo1ved 

~n such a se1eetion, let us take the examp1e of the semidiurna1 

tide. Tab1e 5-1 shows amplitudes ~R = I~z + n Z of the residua1s 
n n n 

eorresponding to the angular frequencies q. Reso1ution of the 
n 

Fourier ana1ysis is about 0.04 degrees per hour, which eorresponds 

to 328 0 in 8192 hours. Rowever, if Godin's criterion 

the difference between the hour1y speeds of the old 

is adopted, 

and new eon-

stituents must be ~q > 288/8192 = 0,035. The hour1y speeds of the 
n 

new constituents are obtained, as usua11y, through the eombinations 

of the hour1y s peeds of the main constituents. 

By finding the residual amplitudes 

and the hour1y speeds 

qn 360n/N 
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n 

QN 

DELTA-R 

n 

QN 

DELTA-R 

n 

QN 

DELTA-R 

n 

QN 

DELTA-R 

n 

QN 

DELTA-R 

n 

QN 

DELTA-R 

n 

QN 

DELTA-R 

n 

QN 

DEL TA -R 
n 

QN 

DELTA-R 

n 

QN 

DELTA-R 

QN 

DELTA -R 

n 

QN 

DELT A-R 

621 622 

27.2900391 27.3339844 

0.4471E-01 0.2181E 00 

628 629 

27.5976562 27.6416016 

0.2074E 00 0.2033E 00 

635 636 

27.9052734 27.9492187 

0.3610E 00 0.5817E 00 

642 643 

28.2128906 28.2568359 

0. 2 1 79E 00 0.3487E 00 

649 650 

28.5205078 28.5644531 

0.4149E 00 0.9233E 00 

656 657 

28.8281250 28.8720703 

0 .5407E 00 0.6445E 00 

663 664 

29.1357422 29.1796875 

0.2669E 01 0.1354E 01 

670 671 

29.4433594 29.4873047 

0.3613E 00 0.1693E 01 
677 678 

29.7509766 29.7949219 

0.2248E 00 0.3305E 00 

684 685 

30.0585937 30.1025391 

0.7626E 00 0.1104E 00 

691 692 

30.3662109 30.4101562 

0.5249E 00 0.2115E 00 

698 699 

30.6738281 30 . 7177734 

0.3494E 00 0.2256E 00 

623 

27.3779297 

0 . 1448E 00 

630 

27.6855469 

0.2984E 00 

637 

27.99 31641 

0.2461E 00 

644 

28.3447266 

0.4825E 00 

651 

28.6083984 

0.1424E 00 

658 

28.9160156 

0.1801E 01 

665 

29.2236328 

0.5602E 00 

672 

29.5312500 

0.3195E 00 

679 

29.8388672 

0.3419E 00 

686 

30.1464844 

0.1268E 01 

693 

30.4980469 

0.3089E 00 

700 

30.7617188 

0.2913E' 00 

n 705 706 707 

QN 30.9814453 31.0253906 31.0693359 

DE LTA-R 0.1135E 00 0.4012E 00 0.2218E 00 

TABLE 5-1 

624 

27.4218750 

0. 2505E 00 

631 

27 . 7294922 

O .1559E 00 

638 

28.0371094 

0.4086E 00 

645 

28.3447266 

0.3743E 00 

652 

28 , 6523437 

0.1972E-01 

659 

28.9599609 

O.2683E 01 

666 

29.2675781 

0.9082E-01 

673 

29.5751953 

0.4396E 00 

680 

29.8828125 

0.2017E 00 

687 

30.1904297 

0.8020E 00 

694 

30.4980469 

0.7356E-01 

701 

30.8056641 

0.2913E 00 

708 

31.1132812 

0.3515E 00 

625 

27.4658203 

0.3616E 00 

632 

27.7734375 

O .1662E 00 

639 

28.0810547 

0.2312E 00 

646 

28.3886719 

0.6989E-01 

653 

28.6962891 

0.3373E 00 

660 

29.0039063 

0.6070E 00 

667 

29.3115234 

0.4256E 00 

674 

29.6191406 

0.5707E 00 

681 

29.9267578 

0.2761E 00 

688 

30.2343750 

0.1733E 00 

695 

30.5419922 

0.4150E 00 

702 

30.8496094 

0.3248E 00 

709 

31.1572266 

0.1278E 00 

626 

27.5097656 

0.1207E 00 

633 

27.8173828 

O .1232E 00 

640 

28.1250000 

0.1478E 00 

647 

28.4326172 

0.4159E 00 

654 

28.7402344 

0.3330E 00 

661 

29.0478516 

0.1019E 01 

668 

29.3554687 

0.34'00E 00 

675 

29.6630859 

D.2817E 00 

682 

29.9707031 

0.2323E 00 

689 

3 O . 27 8 3 2 O 3' 

0.1733E 00 

696 

30.5859375 

0.6047E 00 

703 

30.8935547 

0.4283E-01 

627 

27.5537109 

0.3564E 00 

634 

27.8613281 

0.1l42E 00 

641 

28.2128906 

0.2281E 00 

648 

28.4765625 

0.1l71E 00 

655 

28.7841797 

0.3879E 00 

662 

29.0917969 

0.2220E 01 

669 

29.3994141 

0.3711E 00 

676 

29.7070312 

0.1964E 00 

683 

30.0146484 

0.6955E 00 

690 

30.3222656 

0.5018E 00 

697 

30.6298828 

0.1636E 00 

704 

30.9375000 

0.1848E 00 

for the va1ues of n (cyc1es per period N), it is possib1e to 
organize tab1es for the frequency bands of the tida1 osci11ation, 

e. g. tab1e 5-1 where one 

important va1ues of ~R 
n 

can see the q va1ues corresponding to 
n 

Thus, it ~s possib1e to search for new 

sha11ow-water constituents having hour1y speeds near the tabu-

1ated va1ues of q . Such 
n 

a se1ection is based upon the same oper-

ations indicated by Doodson (1928). These operations are very 

de1icate,and difficu1ties appear in the se1ection of the consti-

tuents For instance, there exists the possibi1ity of obtaining 

the same hour1y speed with different combinations. In such case, 
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one should select the combination, the amplitude constituents of 

which give the largest product. Since the nodal factors of the 

compound constituents are given by the product of the individual 

node factors, only a very long period analysis (18.67 years) will 

show the appropriate combination. 

Table 5-1 shows that residual amplitudes resulting from 

cleaning the tidal spectrum from the 18 classica1 (Doodson) semi

diurna1 constituents are very sma11 indeed. According to Zet1er -

Cummings (1967) these residuaIs in the semidiurnal band do not 
. * justify the extra work of searching for new const1tuents. 

The above mentioned choice of new constituents is sufficient 

inside the frequency bands. However, on1y a more elaborate 

spectra1 ana1ysis wi11 show alI the frequency bands to which the 

research must be extended. In addition, such an ana1ysis wi11 

show the statistica1 accuracy of the results. 

Appendices 11 and 111 are the programs to compute the values 

for a. and b. for any number of tida1 constituents. 
J J 

It remains to draw some most important conclusions about the 

search for new constituents. Fig. 5 shows that some energy is due 

to the fifth diurna1 tide which is not represented by the c1assica1 

61 constituents. It is obvious that such a peak wou1d persist in 

the residual spectrum resu1ting from the remova1 of the 61 

constituents. Fig. 6 shows that peak (solid line). In the figure 

the interrupted 1ine represents the power spectrum of the residuaIs 

resu1ting from a 147 constituents tida1 ana1ysis. These consti

tuents, extended up to the 12 th diurna1 species, except for the 

3 rd and 5 th diurna1 species, did not show any improvement on the 

spectrum of the residuaIs. In fact the use of 29 semidiurna1 

constituents, instead of the c1assica1 18 constituents, increased 

the residual energy of the power spectrum. The same can be repeat

ed for the 4 th diurna1 species. Thus, it was decided to use the 

c1assica1 constituents on1y for the 1P, D, SD and 6 th diurna1 

species and new sha110w water constituents to represent the 3 rd , 

4 th th. 1 . Th f' 1 1 b . F' and 5 d1urna speC1es. e 1na resu t can e seen 1n 19. 

7. 

* Existence of tida1 cusps according to Munk, Zet1er & Groves(1965) 
were considered. 
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. The total number of constituents corresponding to the final 

result is 82. 

One of the most important steps in the analysis, that of 

generating new shallow water constituents to explain observed 

peaks, is shown in toe flow diagram as a manual processo A computer 

program has been · written to perform this function, but it is not 

included herein for the sake of simplicity. 

The implications of the method in the field of tidal analysis 

are man y and varied, but perhaps the most important is that an 

increase in the number of points analysed (in this case 8192 

hourly readings) in order to increase the resolution of the analy-

sis does not occasion a disproportionate increase in 

processing time. 

computer 

Although the entire analysis was carried out on an IBM/360/ 

44, a high powered computer is not essential, since the FFT and 

the matrix operations can be carried out in a series of separate 

stages. Thus with certain program modifications a l6K word memory 

with suitable hjgh-speed input/output facilities should be suf

ficient. 

RESUMO 

Êste trabalho propoe um novo caminho para a analise espectral 

da mar~ baseada no. algorftmo de Cooley-Tukey. A analise atrav~s da 

"Transformação Rapida de Fourier" (Fast Fourier Transform - FFT) ~ 

empregada tanto para calcular as constantes harmônicas da mare 

quanto para a obtenção do espectro de energia. Êste ~ calculado por 

me~o de uma soma ponderada. Também ~ dada uma nova dedução da fór 

mula que exprime o número de graus de liberdade em que se baseia o 

intervalo de confiança correspondente ao .espectro do rufdo. 

O trabalho foi redigido em ing1is a fim de facilitar o rn~er

câmbio de informações. 
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a,b 
A,B 
A« (3 ) 
c 
C 

s 

F. 
J 

J 
K« (3 ) 
m 
n 
N 
p 
q 
Q 
r 
R 
s 
S 

t 
xy 

v (t) 
x(t) 
y (t) 
z 
a. 
y 

E: 

(3 
cP,1/! 
].lo 

V 

T 

W 

Ç;,n 

LIST OF SYMBOLS USED 

cosine/sine component 
cosine/sine matrices 
auto-correlation functi o n for time lag (3 
vector denoting phase and amplitude of oscillation 
spectral estimate at frequency s.6f (6f = fundamental 
frequency) 

F . f . th . d 1 nearest our1er requency to J t1 a constituent 

subscript denoting tidal constituent 
cross-correlation function for time lag (3 
maximum number of lags 
subscript denoting Fourier number 
number of values in Fourier series 
index denoting Fourier number 
angular frequency (speed number) 
number of tidal constituents 
phase lag reckoned from the time origin 
amplitude of tidal constituent 
index denoting discrete frequency of spectral estimate 
cross-spectral estimate between series x and y 

time 
gaussian noise as a function of time 
time series 
tidal heights as a function of time 
index for values of discrete weighting function 
damping coefficient for weighting function 
raw Fourier spectral estimate 

estimate vector denoting phase and amplitude of random 
oscillation 
time lag 
weighting functions 
r.m.s. amplitude of white noise 

degrees of freedom 
sampling interval 
angular speed difference/sum 
cosine/sine of residual noise 
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N.B. 

APPENDICES 

SET OF PROGRAMS FOR TIDAL ANALYSIS 

by the 

"Instituto Oceanográfico" Method 

The programs are presented separate1y to provide greater 
f1exibi1ity to the user. In practice, however, programs 
in Appendices I, 11, 111, IV, are inter-1inked and executed 
sequentia11y by the computer. 
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INPUT OF DATA 

I F.F.T. PROGRAM -

HEADER CARD 

GAMA = Power of two (N=ZGAMA) 

MAIN DECK 

Y(I) = Tidal heights every hour 

11 - MATRIX GENERATION .-

HEADER CARD 

N = No. of values in series (N=2 GAMA ) 

NBLOC = No. of tidal species present 

TIDAL CARDS . 
SPEED = Angular speed of constituent" in 

degrees per solar hour 

SHALLOW WATER 

COMPOSITION FACTORS = ICOM (I), Positive 

or nega tive integers indicating 

the composition of the shal10w 

water constituent in terms of 30 

fundamental constituents. (Sa, Ssa 

excepted) 

PRINCIPAL CONST+TUENT NO. = Number denoting 

one of thirty-two principal constitu

ençs (see li~t); if not then =0 

CON Symbólic name of constituent 

111 - H & g CALCULATION -

TITLE CARD 

YEAR CARD 

YEAR = Year of the start of the series 

N = No. of values in tidal series 

NDAY = First day of · the series according to 

the Julian calend~r 

FORMAT 

12 

24F3.0 

14 

14 

Fl-0.7 

3012 

12 

A8 

F5.0 

I5 

I5 
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HEADER CARD 

N = No. of va1ues in tida1 series 

NBLOC = No. of spec i es to be reso1ved 

YN = Last va1ue (n th ) of tida1 series 

NTAPE = 1 if matrices are written on same tape 

as Fourier series, e1se - 2 

MTAPE = Symbo1ic tape unit for output of 

residual Fourier series 

IV - AUTO-SPECTRUM 

HEADER CARD 

N = No. of va1ues in tida1 series 

NO = No. of series to be processed 

MDIV = Arbitrary divider to increase the 

reso1ution from a predetermine minimum 

(>5) 

L = When MDIV is not specified the reso1ution 

can be controlled by specifying the ha1f

fi1ter width L 

KTAPE = If non-zero then auto-spectra are 

written on Magnetic Tape (2), e1se 

print-out and punch-out of auto

spectra are effected. 

LIST OF 32 PRINCIPAL CONSTITUENTS -

14 

14 

F4.0 

14 

14 

Sa, Ssa, Mm, Mf, 2Q, 01' Ql' P1' 01' M1' Xl' TIl' P l , Sl' 

K1' ~1' ~1' 81 , J l , 00 1 , 2N 2 , ~2' N2 , v 2 , M2' À2' L2' T2 , S2' R2' 

K2 • M3· 
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APPENDIX I 

FAST FOURIER TRANSFORM 
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COMPLEX YA(S192),WBK,YF2,AUX 
INTEGER*28ETA(204S),GAMA,COEFl,CO:F2 
REAL*8Y(8192) 
DIMENSION S(2049) 
EQUIVALENCE (Y(l),YA(l» 
READ(5,1000) GAMA 
REWIND 4 
N=2**GAMA 
XN=N 
FACT=6.2831S/XN 
FCT=XN/360. 
N08=N/S 
N04=NDS&ND8 
ND42=ND4&2 
N041=ND4&1 
ND2=ND4&ND4 
ND22=ND2&2 
ND82=NDS&2 

C GENERATING THESINE SERIES 
ANG=FACT*ND8 
S(NDS&l)=SIN(ANG) 
S(l)=O. 
S(ND41)=1. 
DO 100 I=N082,ND4 
JJ=ND42-1 
ANG=ANG&FACT 
S(I)=SIN(ANG' 

100 S(JJ)=COS(ANG) 
C FORMING THE 8IT-REVERSEO COEFFICIENTS 

IE=GAMA-2 
NL=l 
BETA(l)=O 
DO 200 M=l,IE 
LL=NL 
NL=NL&NL 
DO 200 JJ=l,LL 
BETA(JJ)=8ETA(JJ)*2 

200 8ETA(JJ&LL)=8ETA(J~)&2 
READ(5,1200)(Y(I),I=l,N) 
YSUM=O. 
DO 105 1=I,N 

105 YSUM=Y(I)&YSUM 
YSUM=YSUM/N 
DO 106 1=I,N 
YX=Y(I)-YSUM 

106 YA(I)=CMPLX(YX,O.) 
YN=Y(N) . 
MM2=N 
KK=l 

C THE HARO CORE 
00 520 L=l,GAMA 
MM=MM2/2 
MMM=MM-l 
IB=1 

C SELECTIHG THE COMPLEX MULTIPLIERS 
J=l 
K=1 
KEND=KK 
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220 MJ=BET-A(K)&J 
IF(MJ.GT.N041)GOTO 403 
NC=N042-MJ 
WBK=CMPLX(S(NC),S(MJ)' 
GOTO 410 

403 NS=N022-MJ 
NC=N04Z-NS 
WBK=CMPLX(-S(NC),S(NS» 

410 IEND=IB&MMM 
DO 500 COEFl=IB,IEND 
COEF2=COEFl&MM 
YF2=YA(COEFZ1*WBK 
YA(COEF2)=YA(COEF1 )-YFZ 

500 YA(COEF1)=YA(COEF1)&YF2 
C OECIMAT!ON IN TIME FOR THE FAST FOUitIER TRANSFORM 
C THE DATA IS NATURAllY OROERED ON E~TRY ANO BIT REVERSEO ON EX!T 

IB=IB&MM2 
K=K&1 
IF(K.LE.ND4) Goto 515 
K=l 
J=2 
KEND=KEND-N04 

515 IF(~.LE.KEND)GOTO 220 
. KK=KK&KK 

520 MM2=MM 
C BIT-REVERSING THE SERIES IN TWO PARTS 

KK=ND4 
DO 600 K=l,ND4 
MM=BETA(K) 
MM=MM&MM&1 
MK=MM&2 
KK=KK&1 
IF(MK.LE.KK)GOTO 590 
AUX=YA(KK) 
YA(KK)=YA(MK) 
YA(MK)=AUX 

590 IF(MM.LE.K)GOTO 600 
AUX=YA(K) 
YA(K)=YA(MM) 
YA(MM)=AUX 

600 CONTINUE 
RI=1./N02 
ND21=NDZ&1 
DO 610 K=l,N021 

61 0 YA(K)=YA(K)*RI 
YA ( 1) =YA (1)*0.5 

C NOTE THAT ONLY THE THE N/Z COEFFIENfS DESIRED ARE FULLY BIT-REVERSEO 
WRITE(4)(YA(I>,I=1,N021) 
REWINO 4 

1000 FORMAHI2) 
1200 FORMAT(24F3.0) 

CALL EXIT 
ENO 
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APPENDIX 11 

MATRIX GENERATION 
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EXTERNAl MFSD 
DOUBlE PRECISION CONST(351,CONS(Z+1 
DIMENSION SPED(351~EPS(351,ARA(50 01,ARB(50001,RINV(9001,RONE(35I, 
lRFIM(500ül,NSPEC(131,NFOUR(35I,NM~T(131 

DIMENSION ISP(Z41,JOUM(Z41 
REWIND Z 
READ(21 
READ(5,500IN,NBlOC,YN 

500 FORMAT(ZI4,F4.01 
C N IS THE NUMBER OF VAlUES PER SERIES, .NBlOC THE NUMBER OF TIOAl 
C SPECIES, YN THE LAST VALUE OF THE S=RIES 

XN=N 
RN= l./XN 
XNl=XN&.l 
KSW=l 
FCT=XN/360. 
FACT=6.28318/XN 
FCT 2=FACT*0. 5 
KOUNT=O 

2 J=O 
KOUNT = KOUNT &. 1 
J$W = O 
NEND=O 
JJ=O 

5 IF(NEND.EQ.Z41 GOTO 7 
NBEG=NEND&.1 
NENO=NENO&.6 
JJ=JJ&.1 
READ(5,500ll(ISP(JI,JOUM(JI,CONS(JI,J=NBEG,NENOI 

5001 FORMAT(II0,lZ,AB,212,A8,ZIZ,AB,ZI!,A8,2IZ,AB,2IZ,ABI 
C lHE USE OF EXTRA VARIABLES IS AN ARrIFICE TO WRITE FOUR WHOlE CAROS 
C ON MAGNETIC TAPE 
C THE PROGRAM USER SHOULD ASCERTAIN TH\T HIS COMPUTER CAN HANOLE AN 
C I ~ TEGER NUMBER OF 10 OIGITS. lF NOT THEN MAKE MAKE THE FORMAT 216,A8 
C ANO COMBINE (ISP,JOUM, TO OBTAIN A~GUlAR SPEEO 

SPED(JJ,=ISP(NBEGI*I.0E-01 
CONST(JJ'=CONS(NEND' 
IF(SPED(JJI.NE.O.1 GaTO 5 
JSW=1 
NCON=JJ-l 

7 WRITE(Z,50011(ISP(JI,JDUMIJI,CONS(J),J=1,24' 
NEND=O 
IF(JSW.EQ.O' GOTO 5 
NCONl=NCON -1 
NSPEC(KOUNTI=NCON 
DO 100 J=l,NCON 
SPEEO=SPEO(JI*FCT 
IFOUR=(SPEED&0.5' 
NFOUR(J'=IFOUR 
EPSI=SPEED-IFOUR 
SPEO( J) =SPEED 

10U EPS(J'=EPSI 

184 

KK=O 
NST=NFOUR(l'-Z 
IF(NST.LT.O'NST=O 
NFIN=NFOUR(NCON'&2 
IF(KOUNT.EQ.131 NFIN=N/Z 
NOFOR =NFIN-NST&.1 
NM=NCON*NOFOR 
NMAT(KOUNT)=NM 
DO 200 M=l,NCON 

Bo1m Inst. oceanogr. S Paulo. 20:145-199,1971 



SPEEO=SPEOIM) 
SIGN=1 
IFIHOOINST,Z).EQ.O) SIGN=-l 
00 150 IFOUR=NST,NFIN 
SIGN=-SIGN 
KK=KK&1 
ARG=I-SPEED&IFOUR)*FCT2 
ANG=ISPEEO&IFOUR)*FCT2 
PART=SINIANG*XNl)*RN/SINIANG) 
SENQ=XNl*RN 
IFIARG.NE.O.)SENQ=SINIARC*XNI)*RN/SINIAKGI 
ARAIKK)=ISENQ&PART)*SIGN 

150 ARBIKK)=ISENQ-PART)*SICN 
200 CONTINUE 

C BLOCK TO FORH THE ORIGINAL MATRIX 
CALL MATSYHIARA,RINV,NCON,NOFOR) 
OELTA=O.OOOl 

C NOR MALISINC THE HATRIX TO SYMETRIC ~ ORM VIA A SUBRDUTINE 
485 CALl SINVIRINV,NCON,OELTA,IER) 

C INVERTING THE MATRIX VIA A SUBROUTINE 
IFIIER)699,205,202 

20Z WRITEI6,620Z) 
6202 FORMATIIIZOX,'IN STABILITY AT STAG: NO. ',14,' OF INVERSION') 

20 5 WRITEI6,659) 
659 FORMAT 1IIIIIl0X,'INVERTED MATRIX') 

I E=O 
00 355 K=l,NCON 
IB=I E&l 
IE=IE&K 

355 WRITEI6,646)(RINVIKK),KK=IB,IE) 
646 FORMATI/1311X,F8.5)1 

IFIKSW.EQ.Z) GaTO 465 
CAll SYMTPRIRINV,ARA,RONE,NCON,NO~OR,RFIM) 

C HULTIPLYING THE INVERSE BY THE TRANSPOSE MATRIX 
KSW=Z 
GOTa 410 

465 CALL SYMTPRIRINV,ARB,RONE,NCON,N~OR,RFIM) 
KSW=l 

470 WRITE16,6651 
665 FORMAT"'" FINAL NORM~lISEO MATRIX') 

WRITEI6,6301ICONSTIKKI , KK=1,NCON) 
WRITEI6,631)(NFOURIKK),KK=1,NCON) 
WRITEI6,632)'EPSIKK),KK=1,NCONI 
WRITEIZIIRFIMIK),K=l,NM) 
IF(KSW.EQ.2)GOTO 638 
WRITEIZ)IARBIK),K=l,NM) 
IFIKOUNT.NE.NBLOCICOTO 2 
WRITEI6,690)INSPECIKI,K=1,KOUNT) 

690 FORMATI36X , 'NUMBER OF CONSTITUE~TS PER SPECIES'/' lONG Ii 

l'OIURNAl SEMI- TER- QUARTO- QUINTO- SEXTO- SETIMO- 'r 
2'OITAVO- NONO- OECIMO- OE:-PRIM OEC-SEG'/1213X~I3,3X)I · 

ENDFILE 2 
REWINO Z 
CAlL EXIT 

638 WRITEI6,641) 
WRITEIZ)IARAIK),K=I,NM) 

641 FORMATI'I',IOX,'NORMAL MATRIX SIN: COEFFICIENTS') 
WRITEI6,630)ICONSTIKKI,KK=1,NCONI 
WRITE(6,631)INFOUR~KK),KK=~,NCON) 
WRITEI6,63Z)(EPSIKK),KK=1,NCON) 
CALl MATSYM(ARB,RINV,NCON,NOFOR) 
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GOTO 485 
630 FORMATlI0(2X,A8" 
631 FORMATlIO(2X,14,4X)' 
632 FORMAT(10(2X,F8.5)) 
699 WRITEl6,6099) 

6099 FORMATl//40X,'MATRIX INVERSION UNSUCESSFUL') 
ENO 
SUBROUTINE MATSYM(A,R,N,M) 
OIMENSION All',R(l' 

C SUBROUTINE TO MUlTIPLY A GENERAL MAT~IX BY lHE TRANSPOSE OF ITSELF 
C RETURNING lHE RESULT AS AN UPPER IRI~NGULARSYMMEIRICAL MATRIX 
C A IS lHE INPUT MATRIX STOREO AS A TAlL THIN MATRIX IN UNE OIMENSION 
C R IS THE UPPER TRIANGULAR SYMMETRICA_ OUTPUT MATRIX 
C N IS lHE NUMBER OF COLUMMS OF A (LES5 THAN M) 
C M IS THE NUMBER OF ROWS OF A 

C 
C 

C 

NENO = O 
IR = O 
00 60 LJ = I,N 
NBEG = NENO & 1 
NENO = NENO & M 
JJ = O 
00 55 LK = 1,LJ 
IR = IR & 1 
YSUM = O. 
00 50 LM = NBEG,NENO 
JJ = JJ & 1 

50 YSUM = A(LM)*AlJJ)&YSUM 
5 5 RlIR) = YSUM 
60 CONTINUE 

RETURN 
ENO 
SUBROUTINE SINV(A,N,EPS,IER' 

OIMENSION AlI) 
OOUBLE PRECISION OIN,WORK 

C FACTORIZE GIVEN MAlRIX 8Y MEAN5 OF SUBROUTINE MFSO 
C A = TRANSPOSElT) * T 

C 

CALL MFSO(A,N,EPS,IER) 
IF(lER' 9,1,1 

C INVERT UPPER TRIANGULAR MATRIX T 
C PREPARE INVERSION-LOOP 

1 IPIV=N*lN+I'/2 
IND=IPIV 

c 
C INITIALIZE INVERSION-LOOP 

c 

DO 6 1=I,N 
DIN=l.OO/OBlE(A(IPIV') 
A(IPIV)=DIN 
MIN=N 
KEND=I-l 
lANF=N-KENO 
IF(KENO) 5,5,2 

2 J=INO 

C INITIALIZE ROW-LOOP 
00 4 K=I,KENO 
WORK=O.DO 
MIN=MIN-l 

SINV 480 
SINV 490 
SINV 500 
SINV 510 
SINV 520 
SI NV 530 
SINV :>40 
SINV 550 
Sl NV 560 
SINV 510 
SINV 580 
SINV 590 
SINV 600 
SINV 610 
SINV 620 
SINV 630 
SINV 640 
SINV 650 
SINV 660 
SINV 610 
SINV 680 
SINV 690 
SINV 100 
SINV 110 
~INV 120 
SINV 130 
SINV 140 
SINV 150 
SINV 160 
SINV 110 
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c 
c 

c 
c 

c 
c 

c 
c 
c 
c 
c 

c 
c 

c 
c 

c 
c 

c 
c 

c 
c 

c 

LHOR= I PIV 
LVER=J 

SATRT INNER LOOP 
00 3 L=LANF,MIN 
LVER=LVER+l 
LHOR=LHOR+l 

3 WORK=WORK+OBLE(A(LVER)*A(LHOR)) 
ENO OF INNER LOOP 

A(J)=-WORK*OIN 
4 J=J-MIN 

ENO OF ROW-LOOP 

5 IPIV=IPIV-MIN 
6 INO=INO-l 

ENO DF INVERSE-LOOP 

CALCULATE INVERSE(A) BV MEANS JF INVERSE(T) 
INVERSEU) = INVERSE(T} • TRANSPOSEUN>lERSEH)) 
INITIALIZE MULTIPLICATION-LOOP 

00 8 l=l,N 
IPIV=IPIV+I 
J=IPIV 

IN I TIALIZE ROW-LOOP 
00 8 K=I,N 
WORK=O.OO 
LHOR=J 

START INNER LOOP 
00 1 L=K,N 
LVER=LHOR+K-I 
WORK=WORK+OBLE(A(LHOR)*A(LVER,) 

7 lHOR=LHOR+L 
END OF INNER LOOP 

A(J)=WORK 
8 JzJ+K 

END OF ROW- ANO MUlTIPLICATION-lOOP 

9 RETURN 
ENO 
SUBROUTINE MFSO(A,N,EPS,IER) 

DIMENSION A( 1) 

DOUBLE PRECISION OPIV,DSUM 

C TEST ON WRONG INPUT PARAMETER ~ 
IF(N-l) 12,1,1 

1 IER=O 
c 
C INITIAlIIE DIAGONAl-LOOP 

c 
c 

KPIV=O 
DO 11 K=I,N 
KPIV=KPIV+K 
INO=KPIV 
LEND=K-l 

CALCULATE TOLERANCE 
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SINV 780 
SINV 790 
SINV SOU 
SINV 810 
SINV 820 
SINV 830 
SINV 840 
SINV 850 
SINV 860 
SINV 870 
SINV 880 
SINV 890 
SI N5 90 
SlNV 910 
5 INV no 
SINV 930 
SINV 940 
SINV 950 
SINV 960 
SINV 970 
SINV 980 
SINV 990 
S INVI 0 00 
SINVI 0 I0 
SINVI020 
SINVI030 
SINVI 0 40 
SINVI 0 50 
Sl NVl060 
SINVI070 
S INVI 0 80 
S lNVIU90 
SINVllOO 
S INVllI0 
SlNV1l20 
S INVl130 
SINV1l40 
SINV1150 
S lNV1l60 
SINV1170 
SINV1l80 
S INV1l90 

~FS D 540 
I'I FS D 550 
MFS O 560 
MFSD 510 
I" FSO 580 
MFSU 590 
"1FS D 600 
"I FS ü 610 
,~ FS O 620 
MFS D 630 
~FS O 640 
MFS O 650 
"' FS O 660 

FS lJ 670 
f'J' FS 680 
:~ FS O 690 

FS D 100 
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TOl=A8S(EPS*A(KPIV)) ~Fsn 710 
C ~ FSO 720 
C START FACTORIIATION-lOOP OVER ~-TH ROW MFSO 130 

DO 11 I=K,N MFSD 740 
OSUM=O.OO MFSO 750 
IF(lENOI 2,4,2 MFS U 760 

C MFSú 770 
C START INNER LOOP MFSO 780 

2 DO 3 L=l,lENO MFSO 790 
lANF=KPIV-L MFSO 800 
lINO=lNO-L MFSU 810 

3 OSUM=OSUM+OBLE,A'LANF'*A(LINOJ' MFSD 820 
C ENO OF INNER LOOP ·'FSIJ 830 
C ~FSD 8~P 
C TRANSFORM ElEMENT A(INO) MFSb 850 

4 OSUM=OBlEIA( INO) )-OSUM MFSl i 860 
IF(I-K' 10,5,10 MF~O 870 

C MFSU 880 
C TES T FOR NEGATIVE PIVOT ElEMENr ANO FOR LOSS OF SIGNIFICANCE MFSO 890 

5 IF'SNGL'OSUM'-TOL' 6,6~9 ~FSD 900 
6 IFIOSUM' 12,12,7 MFSD 910 
7 IF'IER) 8,8,9 MFSD 920 
8 IER=K-1 MFSO 930 

C MFSO 940 
C COMPUTE PIVOT ELEMENT MFSO 950 

9 OPIV=OSQRT(OSUM) MFSD 9bO 
A'KPIV,=OPIV MFSU 970 
OPIV=I.OO/OPIV MFSO 980 
GO TO li MFSO 99U 

C MFS0100U 
C CALCULATE TERMS IN ROW MFSOIOI0 

10 A( I NOJ=OSUM*OPIV MFSOI020 
1 1 INO=INO+I MFSOI030 

C MFSOI040 
C END DF OIAGONAl-LOOP MFSOI050 

RETURN MFS lObO 
12 IER=-1 MFS01070 

RETURN MFSD1080 
END 
SUBROUTINE SYMTPR'A,C,8,~,M,R) 

C MULTIPLlCATlON DF A SYMMETRIC UPPER TRIANGULAR -MATRIX 8Y THE TRANSPOSE 
C OF A GENERAL MATRIX 
C A IS THE UPPER TRIANGULAR MATRIX WIrH N ROWS 
C B IS A WORK VECTOR DF SIIE N 
C C IS THE INPUT MATRIX DF SIIE M 8Y ~ ANO CANNOT OCCCUPY THE SAME 
C POSITION AS THE DUTPUT MATRIX R 
C R IS THE OUTPUT MATRIX OF SIIE N BY MANO CANNOT OCCUPY THE SAME 
C PDSITION AS THE INPUT MATRIX 
C N IS THE NUMBERS DF ROWS 
C M IS lHE NUMBER DF COlUMNS 

OIMENSION A(lJ,B(11,C(I),R'l' 
JST = O 
IR = O 
DO 50 l = I,N 
JJ = JST 
JSTEP = 1 
MM = O 

10 JJ = JJ & JSTEP 
MM = MM & 1 
B(MM, = A(JJ) 
IF(MM-lJ10,15,15 
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APPENDIX 111 

CALCULATION OF TIDAL COMPONENTES a j AND b j , H~RMONIC 

CONSTANTS H&g AND CORRECTION OF FOURIER COEFFICIENTS 

FOR TIDAL EFFECTS TO OBTAIN RESIDUALS ~ AND n 
n n 
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OOU8LE PRECISION CONS(35),CON(4) 
C ANALYSIS ANO CALCULATION OF THE RESIDUAL FOURIER ENERGY 
C EXTRACTION OF THE H ANO G VALUES FO~ THE TIOE FROM A GIVEN FOURIER 

OIMENSION SPEO(35),VZU(35),FN'35),ICOM'33,4),ISP'4) 
OIMENSION A(35),B(35',X(4097',Y'4J97',VECT(4000',AMAR(200', 

1 BMARe200',VV(13),IQ'10) 
OIMENSION V(32"FI12),UeI2',SPEEO(3Z),VMUI32),IFU(32),BCOSe3), 

1 BSEN(3),FF(35), Z(lZ8),AU(32',AF(32),AM(1Z),AAM(4) 
DATA Z/4*0.,5*Z70~,Z*90.,19Z.,270. ,180.,90.,168.,4*90.,5*0.,Z*180. 

1,282.,0.,258.,0.,180., 
22*0.,1.,2.,-4.,-4.,-3.,-3.,-2.,-1.,-1.,6*0.,2*1.,2.,-4.,-4.,-3., 
3-3.,-2.,-1.,-1.,4*0.,-3., 
41.,2.,2*0.,I.,3.,l.,3.,2*1.,3.,-~ ,-1.,0.,I.,2.,3.,-1.,Z*I.,Z.~4., 
52.,4.,2.,0.,Z.,-1.,0.,I.,Z.,3., 
62*0.,-I.,0.,2.,0.,I.,-I.,Z*0.,-I.,6*0.,I.,-1.,0.,2.,O.,1.~-1.,0., 
71.,-1.,5*0./ 

DATA AU/9*0.,-23.74,10.80,-8.86,-lZ.94,-36.68,-Z.14,-17.74, 
1 0. ,2. 68,-1.34,0.68,1.34,4.02,0.,J.68. 
2 0.,-0.38.0.19,-0.07,-0.19,-0.51,) •• -0.04/ 

DATA AF/l.0000,1.0429,1.0089,1.00,0,1.0129,1.1021,1.0004,1.0241. 
1-0.1300.0.4135.0.1811,0.1150,0.1616,0.6504,-0.0373,0.2863, 
2 0.0013,-0.0040,-9.0141,-0.0088,-J.OI10,0.0311,0.0002,0.0083, 
3 2*0.,0.0014,0.0006,O.0016,-0.001~,0.,-0.0015/ 

DATA AM/Z77.025,Z80.190,334.385,259.157,129.38481,-0.23872, 
1 40.66249,-19.32818,13.11640,0.98565, 0.11140,-0.05295/ 

DATA IFU/ 2*1,2,3,5*4,11,6,3*1,5,~*1,2*6,1,6*8,10,3*1,9,12/ 
DATA SPEEO/0.0410686,0.0821373.0.;443147,1.0980331,12.8542862. 

112.9271398,13.3986609,13.4715145.13.9430356,14.4920521,14.5695476, 
214.9178641,14.9589314,15.0000000,15.0410686,15.0821353,15.1232059, 
315.5125897.15.5854433,16.1391017,l7.8953548.27.9682084,28.4397295, 
428.5125831,28.9841042,29.4556253t~9.5284789,29.9589333,30.0000000, 
530.0410667,30.0821313,43.4761563/ 

READ(5,570) 
570 FORMAl( 72H 

1 ) 
READ(5,502)YEAR.N.NOAY 

502 FORMAT(F5.0,215) 
WRITE(6,630)YEAR,N 

630 FORMAT(20X,'NODE FACTORS ANO EPOCi ANGLES FOR ·,F6.0,' CENTREO', 
l' ON A ',14,' HR. INTERVAL'//) 

XD2=N/2. 
JN=N/48 
XN=JN 
RESTO=X02-XN*24. 
XN=XN&NDAY-l. 
L='YEAR-1901.)/4. 
XL=l 
8(1)=YEAR-1900. 
B(2)=XN&Xl 
00 10 1=1,4 
KK=I 
XSUM=AM(KK} 
00 9 J=1,2 
KK=KK&4 

9 XSUM=B'J)*AM'KK) &XSUM 
10 AAMII)=REDUZIXSUM) 

WRITE(6,600)(AAM(I),I-l,4' 
600 FORMAT(' S.·,F9.5,' H=',F9.5,' ps' ,F9.5,' N=',F9.5///) 

AN=AAM(4, 

190 

DO 20 1~1,32 
J(K=I 
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XSUM=Z'KK' 
DO 19 J=I,3 
KK=KK&32 

19 XSUM=AAM'J'*Z'KK) &XSUM 
20 V'I'=XSUM 

C CALCULATION OF lHE V ANGLES 
C CALCULATION OF THE BASIC ANGLES 

PIF=6.28318/360. 
ANOD=AN*PIF 
ANG=ANOD 
DO 25 1=1,3 
BCOS(I'=COS'ANG) 
BSEN'I'=SIN,ANG' 

25 ANG=ANG&ANOD 
C CALCULATION DF THE NODE FAClORS F A~O THE LUNAR ANGLES U 

F'l)=1.000 
U(I'=O. 
00 30 J=2,9 
KK =J- l 
YSUM=O. 
XSUM=AF'KK' 
00 29 1=1,3 
KK=KK&S 
XSUM= AF(KK'*BCOS'IJ & XSUM 

29 YSUM=AU(KK'*BSEN'I) & YSUM 
F(J)=XSUM 

30 U(J'= YSUM 
P=AAM'3'*PIF 
PP=P&P 
PN=P-ANOD 
PPNN=PN&PN 
PPN=PP-ANOO 
FCOSUL=I.-COSlPP'*O.2505-COSlPPN'.0.1102-COSlPPNN'*0.0156 -BCOS'1' 

1 *0.0370 
FSENUL=l-SINlPP'*O.2505)-SIN,PPN)*0.1102-SINlPPNN,*O.0156-BSEN'1'* 

10.0370 
FCOSUM=COS'P)*2. &COS'PN'*O.4 
FSENUM=SIN(PN)*0.2 &SIN'P) 
F(10)=SQRT'FCOSUL*FCOSUL &FSENUL*=SENUL' 
UlIO'=ATAN(FSENUL/FCOSUL) 
F(ll'=SQRT(FCOSUM*FCOSUM &FSENUM*=SENUM, 
U(ll'=ATAN,FSENUM/FCOSUM, 
F(12'=F(S'**1.5 
U(12)=U(S'*1.5 

C SEPARATE CALCULATIONS OF F ANO U FO~ L2,Ml,M3 RESPECTIVELY 
DO 40 J=1,32 
KK=IFU(J' 

C DUMMY SUBSTITUTIONS 
VMU(J'=REOUZ(SPEEO(J)*RESTO &V(J, &U(KK') 

40 FF(J)=F(KK' 
M=O 
FACT=IS0 . /3.14159 

1 READ(5,500'N,N8LDC,YN,NTAPE,NPUN,~TAPE 
500 FORMAT(214,F4.0,3I4) 

C N IS THE EXTENT DF ORIGINAL SERIES 
C NBLOC IS THE NUMBER OF SPECIES FOR PlOCESSING 
C YN IS THE LAST VALUE Df ORIGINAL SERlES 
C NTAPE = 1 IF THE MATRICES ARE WRITTE~ ON SAME TAPE AS FOURIER SERIES, 
C ELSE NTAPE = 2 
C NPUN = O IF SUPRESSION DF PUNCHING H & G FOR TIDAL CONSTITUENTS IS 
C REQUIRED, ELSE ANY NON-ZERO VALUE 

Bo 1m Inst. oceano gr. S Paulo, 20:145-199,1971 191 



C MTAPE IS THE SYMBOlIC TAPE UNIT FOR rHE OUTPUT OF THE RESIDUAL SERIES 
C IF MTAPE =0 THEN NO OUTPUT IS MADE 

XN=N 
ND2=N/2 
ND21=ND2&1 
FCT=XN/360. 
REWIND 1 
REWIND NTAPE 
IfIMTAPE.NE.O)REWIND MTAPE 

C NOTE IT IS POSSIBlE FOR MTAPE TO BE EITHER TAPE 1 OR 2 
READ(1)(X(I),YII),I=1,ND21) 
FCT=XN/360. 
SPINC=360./XN 
CORR=IYN-X(1»/ND2 
X(l)=O. 
KOUNT=O 

2 J=O 
KOUNT=KOUNT&l 
WRITE(6,6001) 

6001 FORMATI///IOX,'SPEED READ',lOX,'S>EED CAlCD',lOX,'NODE FACTOR',9X, 
l'EPOCH ANGlE',9X,'CONSTITUENT'///) 

C BlOCK TO READ NAMES,SPEEDS ANO COMPJSITION FACTORS FROM TAPE 
5 READ(NTAPE,2100)(ISP(JK),(ICOM(I,JK),I=3,33),CON{JK),JK=1,4) 

2100 FORMAT{IIO,3112,A8) 
00 8 JK=1,4 
J = J & 1 
IFIISP{JK).EQ.O ) GOTO 120 
SPED{J)=ISPIJK)*I.E-01 
CONSIJ)=CONIJK) 
IF{ICOMl33,JK).EQ.0) GOTO 6 
JS=ICOMI33,JK) 
FNIJ)=FFIJS) 
VZUIJ) = VMUlJS) 
VElOC = SPEEOIJS) 
GOTO 8 

6 ANG=O. 
FNO = 1. 
VElOC = O. 
DO 1 KS=3,32 
IC=ICOMlKS,JK) 
IFIIC.EQ.O) GOTO 7 
ANG = VMUIKS)*IC & ANG 
FNO = FFIKSI**IABSIIC)*FNO 
VElOC = SPEEDlKS)*IC & VElOC 

7 CONTINUE 
FN IJ) = FNO 
VZU IJ) = REDUZ IANG) 

8 WRITEI6,6002)SPEOlJ),VElOC,FNlJ),~ZUlJI,CONS(JI 
6002 FORMATI10X,Fl1.1,9X,Fl1.7,9X,FI0.j,10X,FI0.2,lOX,A81 

GaTO 5 
12lJ NCON = J - 1 

NST=SPEDll)*FCT-O.5 
IFIKOUNT.EQ.IINST=l 
NFIM=SPED(NCONI*FCT&3.5 

C KOUNT INDEXES THE SPECIES NUMBER 
IF'KOUNT.EQ.13)NFIM=ND21 

C TO INDEX THE MATRIX DIRECTlY THE =OURIER SPEED NUMBER IS 
C INCREASED 8Y ONE - - - THE SPAN 0= THE MATRIX IS 
C INCREASED 8Y REDUCING NST BY 2 AN) AUGMENTING 
C NFIM BY 2 

NOFOR =NFIM-NST&l 
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c 

c 
C 

C 
C 

c 

C 
C 
C 
C 
C 

NMAT=NOFOR*NCON 
DO 36 K=NST,NFIM 

36 XIK)=XIK)&CORR 
CORRECTION DF THE COSINE TERM 
READINTAPE)IVECTIK',K=I,NMAT) 
THE INVERSE COSINÊ MATRIX IS REAO ANO lHE COSINE CONSllTUENl DF 

THE TIDE CALCULATEO 
IM=O 
DO 50 L=l,NCON 
RSUM=O. 
DO 38 K=NST,NFIM . 
IM=IM&1 

38 RSUM=VECTIIM,*XIK)&RSUM 
50 AIL,=RSUM 

READ(NTAPE)CVECT(K',K=I,NMAT, 
THE NORMAL COSINE MATRIX IS REAO ~NO THE COSINE 
COMPONENT OF lHE TIOAL FOURIER SEllES CALCULATEO. 
KK=O 
DO 58 K=NST,NFIM 
XSUM=O. 
KK=KK&1 
IM=KK 
DO 55 L=I,NCON 
XSUM=VECT(IM).A(L'&XSUM 

55 IM=IM&NOFOR 
AMARIKK)=XSUM 

58 XIK'=XIK'-XSUM 
THE PROCESS IS REPEATEO FOR THE SINES 
REAOINTAPE'(VECT(K',K=I,NMATl 
IM=O 
00 70 L=l,NCON 
RSUM=O. 
DO 60 K=NST,NFIM 
IM=IM&! 

60 RSUM=VECTIIM).Y(KI&RSUM 
7u BIL)=RSUM 

KK=O 
REAO(NTAPE)(VECT(K),K=I,NMATI 
DO 85 K=NST,NFIM 
XSUM=O. 
KK=KK&l 
IM=KK 
DO 80 L=l,NCON 
XSUM=VECTCIM)*B(ll&XSUM 

80 IM=IM&NOFOR 
BMARIKK'=XSUM 

85 Y(K)=YIKI-XSUM 
NFl=NOFOR&l 
BMAR(NFll=NFIM&0.5 
AMARINFll=NST&0.5 
NF2=NF 1&1 
DO 88 MA=NF2~200 

88 AMARIMAI=O. 
lHE TIOAL FOURIER COEFFICIENlS AR= NOW 
CONTAINEO INTWO BLOCKS OF 200CMA~IMUM' NUMBERS 
AMAR & BMAR FOR FUTURE USE IF OESIREO 
THE LAST TWO NUMBERS CONTAIN THE =XTENT 
OF THE ARRAY FOR FUTURE MANIPULATION 
WRITE I 6,6300) 

6300 FORMAT(5X,'COSINE',6X,'SINE',4X,'~MPLITUOE',4X,'PHASE',3X,'CONSTI' 
1.'TUENT'.3X.'NUMBER'/1 
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00 180 L=I,NCON 
HT=SQRT(A(L)*A(L)~8(L)*8(L)) 

FN (L) =HT IFN( L) 
IFOUR= SPEO(L)*FCT&O.5 

C CALCULATION OF PHASE ANGLE 
FI=O. 
IF(A(L'-O.,90,92,91 

90 FI=180. 
91 THETA=ATAN(8(L)/A(L))*FACT&FI 

IF(THETA.LT.O.)THETA=THETA&360. 
GO TO 119 

92 THETA = 90. 
IF(B(L).LT.O.)THETA=270. 

179 VZU(L) = REOUZ(VZU(L) & THETA) 
70u FORMAT(FII.7,IOX,F9.3,4X,F6.2,32~A8) 
180 WRITE(6,640)A(L),8(L),HTtTHETA,CO~S(L)tIFOUR 
640 FORMAT(4(4X,F7.2),4X,A8,5X,14) 

WRITE(6,6010) 
601 0 FORMAT(1140X,'VALUES OF H & G'/) 

DUM = O. 
WRITE(6,6002)(SPEO(L),DUM,FN(L),VlU(L),CONS(L),L=I,NCON) 
IF(NPUN.NE.O)PUNCH 700,(SPED(L"F~(L),VlUtL),CONS(L),L=l,NCON) 
WRITE(6,655' 

655 FORMAT(1120X,'SPEED NUM8ERS ANO RESIDUAL FOURIER ENERGY IN " 
l'THE TIDAL 8AND'IIIOX,'THE FIRST ROW OF EACH 8LOCK CONTAINS THE' 
2,'SPEED NUM8ER IN DEGREES ANO THE SECOND THE RESIDUAL FOURIER', 
3' AMPL IlUDES' n 

VAR IA=O. 
IFOUR=NST-l 
SPEDE=SPINC*IFOUR 
JK=O 
00 190 K=NST,NFIM 
JK=JK&l 
SPED(JK'=SPEDE 
IQ(JK'=IFOUR 
RESEN=X(K'*X(K,&Y(K)*Y(K) 
SPED(JK& 10'=SQRT(RESEN) 
SPEOE=SPEOE + SPINC 
IFOUR=IFOUR&l 

C THE SECOND PART OF SPED NOW CONTAINS RESIDUAL FOURIER AMPLITUDE 
IF(JK.NE.IO'GOTO 190 
WRITE(6,659'(IQ(J),J=l,lO),(SPED(J),J=l,lO),(SPED(J),J=11,201 

659 FORMAT(/IO(4X,I4,4X'/IO(IX,FI1.7)110(IX,EI1.5') 
JK=O 

190 VARIA=VARIA~RESEN 

JKl=JK&l 
JKIO=JK&lO 
DO 195 J=JKl,lO 
IQ(J)=O. 

195 SPED(J)=O. 
WRITE(6,659)(IQ(J),J=l,lO),(SPED(J),J=I,10),(SPED(J),J=ll,JKIO) 

C STATEMENT TO WRITE END OF BLOCK 
VARIA = SQRT(VARIA/NOFORl 
WRITE(6,645)VARIA 
VV(KOUNTl = VARIA 

645 FORMAT(' RESIDUAL ENERGY IN TID\l BANO =',E12.4) 
IF(NBLOC.NE.KOUNT1GOTO 2 
XSX = o. 
00 205 J = I,ND21 

205 XSX =X(J)*X(Jl&Y(Jl*Y(J)&XSX 
XSX = SQRT(XSX/N021) 
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WRITEI6,600S)XSX,IVVIKl),Kl=l,NBlJC) 
6005 FORMATCII40X,'TOTAl NOISE lEVEl =' ,El2.41120X,'NOISE lEVEl IN', 

l'lNDIVIDUAl TIDAl BANDS'/5110X,El~.4)) 
IFIMTAPE.NE.0)WRITEIMTAPE)CXCl),Yll),l=l,ND2l) 
CALl EXIT 
END 
FUNCTION REDUZIARG) 
ANG=ARG 

1 IFIANG.GE.O.)GOTO 2 
ANG=ANG&360. 
GOTO 1 

2 IFIANG.lT.360.)GOTO 3 
ANG=ANG-360 
GOTO 2 

3 REDUZ=ANG 
RETURN 
éND 
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APPENDIX IV 

POWER SPECTRAL ANALYSIS 
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COMPLEX C(4097),Cl 
OIMENSION lI4097',PEPSI(30),V(30),X(30),V(30) 
COMMDN RX,RY 
EQUIVALENCE (Cl,RX),IC(l),l(l» 
REAO 15,501)N,NO,MOIV,l,KTAPE 

501 FORMAT(514) 
C N IS THE NO. DF VALUES IN THE ORIGINAL SERIES (N=2**MI 
C NO= THE NO. OF AUTO-SPECTRA TO SE FO{MEO 
C Molv IS AN ARBITRARV DIVIDER TO INCR~ASE THE RESOlUTIN FROM A 
C PREDETERHINEO MINUMUM, IF MDIV=O TiEN THE HALF WIOTH DF THE FIlTER 15 
C SPECIFIEO BV L 
C KTAPE .NE.O IS A PARAMETER THAT SPE:IFIES AUTO-SPECTRA OUTPUT IS TO 
C SE ON MAGNETIC TAPE,OTHERWIS PRINT-OUT ANO PUNCH-OUT ARE EFFECTEO 

NI=N/2&1 
IFIL.EQ.O)L=0.015278*N 
IFIMDIV.NE.O.'l=l/MOIV 
SCAL=2./ll&1 ) 
PE PSI (1)=SCAL*0.5 
XAO O= O. 
REWIND 1 
IFIKTAPE.NE.0,REWIND2 
DO 10 IM=2,l 
XAOO=XADO&2. 
U=XADO/l 
I FIU.NE.l.'GOT09 
PEPSIIIM)=SCAl*0.5 
GOTa 10 

9 PEPSIIIM)=SINIU*3.141593)*SCAl*O.31831/((-U*U&1.)*U) 
10 CONTINUE 

KOUNT=O 
WRITEI6,610)IPEPSIII',I=l,ll 

5 KOUNT=KOUNT&l 
61 0 FORMATII0X,101IX,FIO.7») 

WRITEI6,611)KOUNT 
611 FORMATIIIIIOX,'AUTO-SPECTRUM NUM8=R ',141 

REAO(1) ICIII,I=l,NI 
VSUM=O. 

C INITIAllSATION ANO lOW FREQUENCV :ORRECTION 
DO 12 J=l,l 
Cl=CIJI 
ll=RX*RX&RV*RY 
VIJ)=Zl 
VSUM=PEPSIIJ)*ll&VSUM 
XIJ)=O. 

12 V(J,=VSUM 
XIl)=VIlI 
M=O 
ll=l&1 
JSW=l 
00 30 J=Ll,NI 
Cl=CIJ " 
LZ=RX*RX&RV*RV 
M=M&1 
I F 1 H-L I 13, 13, 14 

13 VAO=VSUM-V(MI 
GOTO 14 

30 CONTINUE 
ll=O. 
JSW=2 

31 M=M&1 
IFIM.GT.NIIGOTO 45 

198 Bo1m Insto oceanogr'o S Paulo, 20:145-199,1971 



14 VA=VAD 
XU=Y(2) 
00 15 IM=l,L 
XY=XIIM) 
XIIM)=XU 
XU=XY 
VA=IYIIM)&XYI*PEPSIIIM)&VA 

15 YIIM)=Y(IM&ll 
Y{L)=lZ 
ZIM)=VA 
GOTO(30,31),JSW 

4~ IF(KTAPE.NE.O)GOTO 60 
WRITE(6,620)(Z(II,I,I=l,NII 

62 ) FORMATI8(lX,E9.3,I411 
JE=O 
KCARD=O 
DO 13 1 1=1, N I , 8 
JB=JE&l 
JE=JE&8 
KCARD=KCARD&l 

131 PUNCH 1800,(Z(II,I=JB,JEI,KOUNT,K:ARO 
1800 FORMAT(8E9.3,lX,I2,lX,I4) 

GOTO 61 
60 WRITE(2)(Z(II,I=l,NI) 
61 IF(KOUNT.NE.NOIGOTO 5 

CALL EXIT 
END 
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