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Computer simulation of simultaneous evolution of individual texture components during 
recrystallization of an IF steel is carried out. A new methodology has been developed that takes as 
its starting point experimental data of each texture component evolving during recrystallization. In 
particular, Magnusson et al. data on IF steel was analyzed in a previous work with the help of the 
exact analytical tools developed by Rios and Villa for simultaneous transformations. From this analysis 
parameters such as number of nuclei of each texture component per unit of volume could be obtained 
and were employed as input for the present computer simulation. From this input 3-d microstructures 
could then be generated. The methodology proposed here combines experimental data, exact analytical 
methods and computer simulation and may be employed to extract the maximum information from 
the experimental data.
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1.	 Introduction
Recrystallization in metals may be regarded as the 

progression of several simultaneous nucleation and 
growth transformations1. Each transformation corresponds 
to the evolution of an individual texture component 
possessing its own nucleation and growth characteristics. 
As a consequence, one would like to develop a computer 
model to simulate the of recrystallization in which each 
texture component nucleation and growth experimental 
parameters could be inserted into the simulation. This, 
however, would require that experimental nucleation and 
growth data for every texture component participating in the 
recrystallization process were available. Considering that 
during recrystallization of, for example, an IF steel more 
than one texture component may evolve simultaneously 
the task of measuring the nucleation and growth of each 
individual component looks daunting.

Nonetheless two key developments, one experimental, 
another theoretical, make this task possible. The first has been 
around for some time it is the Electron backscatter diffraction 
(EBSD) technique that permits the measurement of individual 
orientations of the grains and thus makes it possible to 
measure the growth velocity of each texture component by 
conjugating orientation measurements of individual grains 
and usual stereological measurements (volume fraction and 
interfacial area per unit of volume) obtainable from planar 
sections by quantitative metallographic techniques. This 
has been done by Magnusson et al.2 and their dataset will 
be extensively used in this paper. Unfortunately, there has 
been no follow up to their excellent work meaning that no 

further measurements of this kind have been carried out, 
perhaps because the potential of their data as the basis for 
a 3-d computer simulation of texture evolution could not be 
perceived at that time.

The second development has taken place only recently3 
although earlier attempts had been made4,5. Such development 
was an exact mathematical framework derived by Rios and 
Villa3 to treat simultaneous and sequential transformations. 
Rios and Villa3 methodology permits extracting data for the 
behavior of an individual transformation from measurements 
carried out in a situation in which such a transformation 
is taking place together with other transformations, in 
other words several transformations are taking place 
simultaneously. Rios and Villa3 methodology will be briefly 
described in the next section.

Putting together Magnusson et al.2 experimental data 
and the exact mathematical technique of Rios and Villa3 
it is in principle possible to obtain the individual data 
for each texture component and use this data as input for 
a 3-d computer simulation of texture evolution during 
recrystallization of an IF steel. This is the task we endeavor 
to accomplish in this work. In section 2 we briefly describe 
Rios and Villa3 methodology and in section 3 we summarize 
our previous analytical work with Magnusson et al.2 data 
that provided the input for the computer simulation. These 
sections were included with the purpose to give the reader an 
all-round grasp of the methodology we are proposing here.

Throughout this paper “volume fraction transformed”, 
V

V
, and “volume fraction recrystallized” as well as 

“transformation” and “recrystallization” are used 
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interchangeably. This is done because even though in 
this paper we focus on recrystallization the methodology 
provided here is quite general and may be applied when 
instead of two texture components one has two simultaneous 
arbitrary phase transformations.

2.	 Analytical Modeling of Simultaneous 
Transformations
The first point of Rios and Villa3 methodology is that it 

is necessary to make a distinction between “experimental” 
and “theoretical” quantities.

The experimental volume fraction of a transformation 
i is denoted by ( )ViV t∗ . It is the volume fraction of 
transformation i that is directly measured from the 
transformed microstructure. This is exemplified in 
Figure 1a where only two transformations, 1 and 2, take 
place simultaneously. Notice that in this case, as shown in 
Figure 1a, there is impingement between transformations 
1 and 2 and (not shown in Figure 1a) between transformations 
1 and 1 and between 2 and 2. Notice that the total 
experimental volume fraction,V

V
, is equal to the sum of the 

two experimental volume fractions, 1 2V V VV V V∗ ∗= + .
The theoretical volume fraction of a transformation i is 

denoted by V
Vi
(t). The theoretical volume fraction associated 

with a transformation i, V
Vi
(t), is the value of V

Vi
(t) at a certain 

time t if the transformation i were the only transformation 
taking place. This is exemplified in Figure 1b when only 
two transformations take place simultaneously. In this case, 
as depicted in Figure 1b, there is no impingement between 
1 and 2 transformations, but there is impingement (not 
shown in Figure 1b) between 1 and 1, and also between 2 
and 2 transformations. In Figure 1b V

V1
(t) is the theoretical 

volume fraction of transformation 1 because it is a measure 
(in an engineering sense) of to what extent transformation 
1 would take place as a function of time if no transformation 
2 would take place. An analogous idea applies to the concept 
of theoretical volume fraction of transformation 2.

Clearly, a key objective of a methodology to study 
simultaneous transformations is to “extract” theoretical 
quantities of individual reactions from experimental 
quantities. Once this is achieved one may study each 
transformation in isolation using all analytical and 
computational models developed for individual reactions. 
Rios and Villa3 developed an exact analytical mathematical 
methodology to perform this task. Their main results can be 
summarized in the three equations presented below.

( )1( ) 1 1 ( )i n
V i ViV t V t=

== − Π − 	 (1)

Where V
V
 is the total volume fraction, so Equation 1, 

is a way to obtain the total experimental volume fraction 
from the theoretical volume fractions of the individual 
transformations.

0
1( ) 1 exp

1 ( )
t Vi

Vi
V

V
V t ds

V s s

∗ ∂
= − − − ∂ 

∫
	

(2)

Equation 2 is the key equation of the methodology. It 
allows obtaining the theoretical volume fraction of a certain 
transformation i solely in terms of experimentally measured 
quantities.

0
1 ( )

( ) 1 exp
1 ( )

t V Vi
Vi

Vi

V s V
V t ds

V s s
∗  − ∂

= − − − ∂ ∫ 	
(3)

Equation 3 allows obtaining the experimental volume 
fraction of a certain transformation i as a function 
of the theoretical volume fractions of the individual 
transformations. Equations  1-3 remain valid provided 
that the nucleation and growth of the simultaneous 
transformations are independent of one another. For details, 
the reader is referred to the original paper3.

3.	 Analytical Treatment of the Experimental 
Results of Magnusson et al.2

Magnusson  et  al.2 studied the growth rates of the 
different texture components of an IF steel. They measured 
the growth rate of the “γ-fiber” or “γ” components and the 

Figure 1. Illustration of the definitions of experimental (1a) and 
theoretical (1b) quantities for two transformations; (1a) The 
“visible” or “experimental” transformed region of each reaction 
is indicated by 1∗ and 2∗. The volume fraction of 1∗ and 2∗ are 

1VV∗  and 2VV∗ , respectively. 1VV∗  and 2VV∗ , are called “experimental 
volume fractions”. The dotted line on the right hand side figure is 
the boundary between 1∗ and 2∗; (1b) The “theoretical” transformed 
region of each reaction is labeled 1 and 2. The volume fractions 
of 1 and 2 are V

V1
 and V

V2
, respectively. V

V1
 and V

V2
 are called 

“theoretical volume fractions”.
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growth rate of what they called “other” or “o” components. 
Magnusson et al.2 do not report the experimental errors but 
judging from the techniques they used, it is reasonable to 
expect their relative experimental errors to be at roughly 
±10%, perhaps even higher at the beginning of the 
recrystallization. Therefore, for the sake of comparison with 
analytical models and computer simulation, error bars of 
this magnitude were inserted in the graphs containing their 
data. For details of their IF steel, experimental techniques 
and results the reader is referred to their work. Rios et al.6 
applied Rios and Villa3 methodology, briefly reviewed in 
the previous section, to the results of Magnusson et  al.2. 
The analysis was carried out by Rios  et  al.6 as follows. 
First, the experimental data of Magnusson  et  al.2 were 
best-fitted with conveniently chosen functions. This was 
done so that the integrations and derivatives required by 
Equation  2 could be carried out more easily. Second, 
Equation  2 was used to obtain the theoretical volume 
fraction of the γ-fiber components as a function of time as 
well as the theoretical volume fraction of other components 
as a function of time, from the experimental quantities 
reported by Magnusson et al.2. Third, Rios et al.6 analyzed 
the theoretical volume fraction of the γ-fiber and of the 
other components obtained by Equation 2 with the help of 
usual analytical models for recrystallization, for example, 
supposing site-saturated nucleation7,8. Rios et al.6 employed 
the simplest assumptions regarding nucleation, namely, that 
the nucleation of both γ and o components was site-saturated. 
The growth velocity of γ-fiber and other components was 
taken to be equal to the velocity experimentally measured 
by Magnusson et al.2: 0.580.14G t−

γ =  μm/s and 0.490.08oG t−=
μm/s. For site-saturation, with uniform randomly located 
nuclei9,10 one can write

( ) ( )3 5 1.26
0

4
1 exp ( ) 1 exp 3.92 10

3

m
V s tm

V s
N

V G s ds tγ = −
γ γ=

 π
= − − = − − ×   

∫ 	(4)

( ) ( )3 6 1.53
0

4
1 exp ( ) 1 exp 2.57 10

3

m
s tm Vo

Vo os
N

V G s ds t= −
=

 π
= − − = − − × 

 
∫

	
(5)

Where ( )m
VV tγ  and ( )m

VoV t  are the volume fractions of 
the γ-fiber and other components, respectively, obtained 
by best-fitting the site-saturated nucleation and growth 
model to the theoretical volume fraction. The fitting 
parameters were the number of nuclei per unit of volume 
of the γ, m

VN γ , and o, m
VoN , components. The best fitting gives 

m
VN γ =0.000253  nuclei/μm3, with a correlation coefficient 

equal to R2=0.997 and =0.000159 nuclei/μm3 with a 
correlation coefficient equal to R2=0.979.

The total volume fraction obtained by the model, m
VV , 

may be obtained by the superposition principle, Equation 3, 
in the same way as the theoretical quantities6

( )( )
( )( )5 1.26 6 1.53

( ) 1 1 ( ) 1 ( )

1 exp 3.92 10 2.57 10

m m m
V V VoV t V t V t

t t

γ

− −

= − − − =

− − × + × 	

(6)

These three curves are depicted together with the 
theoretical quantities in Figures 2, 3 and 4. The agreement 
between model and theoretical volume fractions is good for 

Figure 2. Comparison between model (dashed line), Equation 4, 
and theoretical volume fraction (filled squares) obtained from 
experimental data of γ -fiber orientations by Equation 2.

Figure 3. Comparison between model (dotted line), Equation 5, 
and theoretical volume fraction (filled triangles) obtained from 
experimental data of other orientations by Equation 2.

Figure 4. Comparison between model (solid line), Equation 6, and 
the total theoretical volume fraction (filled circles).
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transformation 1 and reasonable for transformation 2. This 
point will be taken up again later in this paper.

Rios et al.6 result suggests that the site-saturated model 
provides a reasonable description of the behavior of the 
kinetics of the γ-fiber and of other texture components 
in the IF steel studied by Magnusson et al.2. The analysis 
provides quantitative estimates for the number of nuclei 
per unit of volume.

Magnusson et al.2 experimental data plus Rios et al.6 
analytical approach give a good quantitative description 
of the main parameters of the IF steel studied by 
Magnusson et al.2. Combining both studies one has enough 
information about nucleation and growth to carry out a 
computer simulation of the IF steel and thus obtain the full 
3-d microstructure evolution during the recrystallization of 
the IF steel with the simultaneous and competitive evolution 
of the γ-fiber and of other texture component. This is what 
will be done in the sequel.

4.	 Computer Simulation Methodology
The simulation methodology used here was employed 

before11,12. Figure  5 shows the principle underlying the 
methodology. On the left hand side Figure 5 shows a point 
x inside a ball of radius R = Gt centered in x (solid line). 
This ball is called the causal cone10 of x. No nuclei are 
inside the ball. As a consequence, no transformed region can 
overtake x that remains untransformed. In contrast, the right 
hand side of Figure 5 shows the situation in which there is 
one nucleus inside the ball centered in x with radius Gt. At 
time t the transformed region originated at the nucleus has 
grown to a ball of radius R = Gt centered on the nucleus 
(dashed line) encompassing the point x. In other words x 
is now inside the transformed region. Notice that at least 
one nucleus must be present within the ball centered in x 
so that x is transformed, but more than one nucleus may be 
located within this ball.

In order to implement this idea a FORTRAN program 
was written. The program was parallelized with OPEN 

MP and could be run in a matter of hours in a dual Xeon 
machine with sixteen cores per processor. A matrix of 
dimensions 300  × 300 × 300 was used to represent the 
“specimen” in which the transformation was taking place. 
The usual periodic boundary conditions were used in all 
cases. Two phases, g and other, were simulated to grow 
simultaneously. The growing velocity and number of nuclei 
per unit of volume of each phase in the simulation were 
taken to be equal to the experimental velocity measured 
by Magnusson et al.2 and the number of nuclei per unit of 
volume of each individual texture component extracted 
from the analysis carried out on the experimental data 
of Magnusson  et  al.2 described above. This will become 
clearer later in this paper. Units were assigned so that the 
300 × 300 × 300 matrix corresponded to cubic specimen of 
size 1 × 1 × 1 mm.

5.	 Computer Simulation and Experimental 
Data
Figures 6-8 show the transformed volume fraction as 

function of time obtained by computer simulation compared 
with the experimental result from Magnusson et al.2. Figure 6 
exhibits the total volume fraction transformed as a function 
of time adding up the volume fraction transformed of the 
γ-fiber plus the volume fraction transformed of the other 
texture component. Figure  7 depicts the “experimental” 
volume fraction transformed of the γ-fiber components 
and Figure 8 depicts the volume fraction transformed of 
the other components. Both Figure 7 and 8 exhibit plots 
of experimental values of computer simulation and of 
the experimental results of Magnusson et al.2. Notice that 
the terminology “experimental” used in connection with 
computer simulation might cause some confusion but here 
it is used in the specific sense defined by Rios and Villa3 in 
their model, see section 2.

The agreement between computer simulation and 
experimental result is reasonable. One possible source of 
discrepancy between simulation and Magnusson  et  al.2 
experimental data could be that the site-saturation model 

Figure 5. On the left hand side of the figure point x is inside a ball 
of radius R = Gt centered in x (solid line). This ball is called the 
causal cone of x. No nuclei are inside the ball. As a consequence, 
no transformed region can overtake x that remains untransformed. 
In contrast, the right hand side of the figure shows a ball centered 
in x with one nucleus inside it. At time t the transformed region 
originated at the nucleus has grown to a ball of radius R  =  Gt 
(dashed  line) encompassing the point x so that it is inside the 
transformed region. Notice that at least one nucleus must be present 
within the ball centered in x so that x is transformed, but more than 
one nucleus may be located within this ball.

Figure 6. Comparison between total volume fraction transformed 
obtained by computer simulation (solid line) and experimental data 
from Magnusson et al.2 (filled markers).

1198 Materials Research



Computer Simulation of Simultaneous Evolution of Individual Texture  
Components During Recrystallization of an IF Steel

in space and makes it harder to assess what is the overall 
effect of an initial error on the mean values. This is probably 
even more difficult for a simulation involving two phases 
because a two phase simulation is much more complex than 
a simulation involving a single phase. Another factor that 
could be observed is that the experimental volume fraction 
against time curves of Magnusson  et  al.2, not shown in 
this paper, have a distinctive exponential not sigmoidal 
character. This is unusual for recrystallization of steels. 
May be this characteristic of their curves could be due to 
experimental errors that prevented a better description of 
their curves at the beginning of the recrystallization. To 
speculate about the reason for this is pointless in view of 
the lack of data. The point is that the computer simulation 
owing to its construction: uniform randomly located nuclei 
will produce sigmoidal curves. Therefore, some discrepancy 
is unavoidable.

Still the agreement between simulation and experiment 
is acceptable. The simulation will always be limited by the 
quality and by level of the detail of the experimental data on 
which it is based and there is not much that can be done but 
to accept this limitation. Paradoxically, in spite of hundreds 
or perhaps thousands of papers on recrystallization of IF 
steels systematic datasets such as that of Magnusson et al.2 
are hard to come by. Hopefully the availability of a well-
defined methodological analytical tool presented here may 
encourage the production of such data in the future.

6.	 Applications of Computer Simulation 
and Summary of Proposed Modeling 
Methodology
A significant advantage of a computer simulation 

“model” over an analytical model is that the computer 
simulation is able to generate the microstructures. This is 
shown in Figures 9 and 10. Figure 9 exhibits a 3-d view 
of the computer simulated of the recrystallization of an 
IF steel taking the experimental nucleation and growth of 
the individual γ-fiber and of other texture components as 
its starting point. From the 3-d view any microstructural 
view may be extracted. For example, Figure 10 shows a 
sequence of more familiar 2-d evolution “micrographs”. 
The 2-d computer simulation micrographs allow us to have 
an idea of what to expect when looking at real micrographs 
(of course obtained using EBSD technique) of an IF steel 
with similar texture. A point that one would not be able to 
figure out without the computer simulation can be better 
appreciated in observing the fully transformed micrograph, 
the last of the sequence, in Figure 10. The higher volume 
fraction γ-fiber components appear to surround the lower 
volume fraction other components. Therefore in the final 
micrograph one might have a certain impression that the 
other components are “clustered” and surrounded by the 
γ-fiber components. This may lead one to reach erroneous 
conclusions about the nucleation sites of the γ-fiber and 
of other components. In fact in the computer simulation 
the nuclei of both γ-fiber and of other components were 
located uniform randomly in space, there was no nucleation 
clustering of the other components.

Figure  7. Comparison between volume fraction transformed of 
γ-fiber orientations obtained by computer simulation (solid line) 
and experimental data from Magnusson et al.2 (filled markers).

Figure  8. Comparison between volume fraction transformed of 
other orientations obtained by computer simulation (solid line) and 
experimental data from Magnusson et al.2 (filled markers).

with nuclei uniform randomly located in space evolving 
with a single velocity that was used as the starting point 
of the simulation is an idealized view of the real situation. 
Magnusson et al.2 lumped under the name of γ-fiber and 
of other orientations what could be in fact two or more 
simultaneous transformations in each case. Therefore may 
be a single velocity and a single number of nuclei per unit 
of volume, implying a single volume fraction against time 
curve might not be an accurate description of the behavior 
of the texture evolution. Indeed, a single experimental 
velocity representing the γ-fiber and the other orientations, as 
reported by Magnusson et al.2, is probably an approximation. 
In the analytical work, particularly in the case of the other 
orientations the agreement of the site-saturation model 
was noticeably worse for the other orientation than for the 
g-fiber orientation, see Figure 3. It is worthy of note that In 
the analytical modeling only mean values are employed but 
in the simulation the nuclei are randomly spread in space. 
This spread in the nuclei location introduces a variance 
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Figure 9. 3-d of the recrystallization: volume fraction of γ-fiber 
(“green”) and other (“red”) orientations are, respectively,: a)0.03, 
0.02 b)0.12, 0.08 c)0.25, 0.15, d)0.36, 0.24, e)0.48, 0.32 and 
f)0.58, 0.42.

Figure 10. 2-d section of the 3-d presented above: volume fraction 
of γ-fiber (“green”) and other (“red”) orientations are, respectively,: 
a)0.03, 0.02 b)0.12, 0.08 c)0.25, 0.15, d)0.36, 0.24, e)0.48, 0.32 
and f)0.58, 0.42.

In section 5 we discussed in detail the limitations of 
the computer simulation as a function of the experimental 
data on which it is based. This is ultimately responsible 
for the discrepancies found in the earlier part of the 
kinetics curve shown in Figure 6. This discrepancy finds 
a parallel in the simulated microstructure when compared 
with experimentally observed microstructures normally 
observed in these steels. Experimental microstructures 
normally show the so-called g-bands whereas the simulated 
microstructures do not. Therefore simulated microstructures 
are more uniform than the experimental microstructures. 
Unfortunately, Magnusson  et  al.2 did not report any 
microstructural information not even a verbal description of 
the microstructure. Therefore, likewise in section 5, there is 
not much one can do to improve the simulation in this regard.

Finally, once one has the computer simulation 
programmed it is possible to simulate any “what if” scenario 
that might be helpful to understand how, for example, will 
the microstructure look like should one manage, by means of 

changing the processing, to increase or decrease the number 
of nuclei per unit of volume of the γ-fiber/other components. 
This possibility is depicted in Figure 11. It is worthy of 
note that one cannot really be sure that the growth velocity 
of the γ-fiber/other components will remain unchanged 
when their proportion changes but Figure 11 at least gives 
a first approximation. In Figures 6-10 61.4% of the total 
number of nuclei per unit of volume were nuclei of the 
γ-fiber components. In the simulation to generate the fully 
transformed microstructures of Figure 11 this percentage 
was changed from 20% of γ-fiber nuclei in Figure 11a up to 
90% in Figure 11e. The caption of Figure 11 also contains 
the final volume fraction of γ-fiber and other components 
for each percentage of γ-fiber nuclei employed in the 
simulation. In Figure 11 the γ-fiber components increase 
its volume fraction from Figure 11a to 11e. Only a visual 
inspection of Figure 11 is performed here, a full quantitative 
microstructural analysis would be beyond the scope of 
this paper. In Figure 11a γ-fiber components are entirely 
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surrounded by other components whereas in Figure  11e 
just the opposite takes place. It is interesting to see where 
this transition takes place. Visual inspection suggests that 
a transition takes place between Figures 11c(60% γ-fiber 
nuclei) and 11d(70% γ-fiber nuclei). In Figure  11c the 
γ-fiber components still appear to be surrounded by the 
other components whereas in Figure  11d it is the other 
components that appear to be surrounded by the γ-fiber 
components. The presence of γ-fiber components and the 
strength of the γ-fiber texture components are normally 
desirable for better deep drawing properties of the steel 
sheet. The computer simulation is showing that significant 
microstructural changes are taking place in the underlying 
microstructure associated with the changes in the strength 
of the γ-fiber texture.

7.	 Summary and Conclusions
A new methodology combining experimental data, 

exact analytical methods and 3-d computer simulation 
was put forward to analyze texture evolution during 
recrystallization from the evolution of the individual texture 
components. Either step in the proposed methodology is 
easily reproducible and is described in sufficient detail in 
this paper and in the references supplied

The main steps of the proposed methodology are:
•	 To obtain a good experimental dataset from which one 

may have volume transformed against time curves for 
each time for each texture component or r as in the 
present analysis for a “fiber” and its corresponding 
growth velocity;

•	 From the experimental data by means of the exact 
analytical tools (see section 2) one may extract the 
kinetics of each individual texture component as 
exemplified in section 3. One may then analyze the 
individual kinetics with analytical models such as site-
saturation model or constant nucleation model. Notice 
that the growth velocity does not need to be obtained 
by fitting as they were obtained experimentally;

•	 Once the nucleation model and the number of nuclei 
per unit of volume have been found rom experimental 
data one can use these as the starting point for the 
computer simulation. The computer simulation results 
may then be checked against the original experimental 
data;

•	 The computer simulation may be used to produce 
computer generated 3-d and 2-d microstructures 
and/or time dependent. Furthermore, the computer 
simulation may employed to investigate a diversity 
of “what if” scenarios, for example, by changing the 
number of nuclei per unit of volume and the perhaps 
even the velocity.

Finally, it is worth of note that the ever growing 
complexity of modern materials science demands that, 
whenever possible, all tools be combined to face the 
problems: experiments, analytical tools, computer 
simulation. This is not always easy and not always possible. 
We believe that in this paper we demonstrated that this is 
possible but each part must be aware of the needs of the 
other, i.e. the simulation needs systematic data whereas 
the experimentalist needs a “experimentally friendly” 
theoretical methodology in order to make the most of the 
potential of the combined techniques.
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