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ABSTRACT

In this study two methods of evaluation of uncettgithe law of propagation of uncertainties (asammended by
GUM) and the method of Monte Carlo, are comparksl.a particular case the determination of the dgnsf
moist air was considered The results show thatetlaee some differences between both methods.
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INTRODUCTION (Reis et al., 2004) and makes use of computational
simulations with the method of Monte Carlo. With
As it is well known by metrologists, “a complete this method, in which the probability distributions
expression of the result of a measurement includeége propagated, some limitations of the method of
information  about the uncertainty of the GUM are avoided. This has motivated the
measurement.” (Inmetro, 1995). It is also true thaglaboration of a supplement to GUM, that is still
“ with the aim to establish criterions and generaln discussion among a restricted group of
rules, as to harmonize methods and proceduré&pecialists (Moscati et al., 2004).
related to the expression of uncertaintiesThe purpose of this study is to compare the
associated with the processes of measurementgyaluation of uncertainty obtained by the
the Guide to the Expression of Uncertainty ofinstructions of GUM with that obtained by Monte
Measuremen{GUM, 2003) was published and it Carlo simulations, in the specific case of
contains the recommendations for a correcneasurement of the density of moist air.
evaluation of uncertainty in measurement. Accordingly, in the next section it will be shown
This reference has really played its role and hahe theoretical aspects involved in the evaluation
been widely used in most laboratories withof uncertainty according to GUM and the aspects
metrological aims. In GUM (2003), the method torelated to the measurement of the density of moist
evaluate the uncertainty of measurement makedr (Giacomo, 1982). It will also be introduced the
use of the “law of propagation of uncertainties”.law of propagation of uncertainty for the specific
However, as every method that is intended to solvease under consideration. In the following section
a problem, GUM also has its limitations. the aspects related to the method of Monte Carlo
An alternative way to evaluate the uncertainty irwill be shown. In the sequence the results obtained
measurement has been recently studied (Moscatiley both methods will be presented and compared,
al.,2004) and successfully applied in some casdellowed by some comments.
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EVALUATION OF UNCERTAINTY important to observe that to obtain both formulae
ACCORDING TO GUM AND THE (2.1.2 and 2.1.3) some hypothesis are

DENSITY OF MOIST AIR necessary.(Moscati,2004: Vuolo, 1996). One
assumes that the functior=f(Xy,... X, ) changes
Recommendations of GUM slowly, (this guarantees that an expansion in a

According to GUM, when one cannot realize alaylor series exists, and that only the first order
direct measurement of a measurand a terms have a significant contribution), and that the
mathematical model must be searched, whicRrobability distributions of the input quantities are
allows one to determine this measurand from othéyMmetric  (gaussian, according to Moscati

quantities X1,Xz,,...,% , which in general can be (2004)). ]
measured directly: Therefore, to use the law of propagation of

uncertainty one must be very judicious and verify
if the case under consideration is consistent with
Y = £(X, X0 X,). (2.1.1) the above hypothesis.

The density of moist air
" .~ The density of air has a significant influence in
X1, X,,...,%, are callednput quantitiesWhen itis g5 me metrological processes and tests. Due to the
possible to establish an explicit form for theggect of air buoyance, a complete evaluation of
function f, one can proceed to the calculation Ofnege processes demands some corrections to be
the combined uncertainty dfaccording to théw  1a4e "Among these processes one can cite mass
of propagation of uncertainfyTwo cases areé cgjinration (Canaves and Pompeia, 2004), and the
usually considered. In the first one the inputgjinration of load cells (Reis, Lima et al., 2004).
quantities areindependent andhe use of the cqngidering that corrections due to air buoyance
expression below is recommended: are made, the density of atmospherical air has to
be determined, which, according to literature, can
2 be made in different ways, depending on the level
uz(xi)- (2.1.2) of uncertaint_y demanded in the process (C_anavgs
- and P(_)mpela, 2004_). The ch0|§:e made in this
study is the one introduced in reference of
Giacomo (1982), in which density of moist air can
In this expressiony and X;, X%,,....4 are the be obtained from thermodynamical temperature,
estimates oY andX;, X,,...,%, respectivelyu(x) atmospherical pressure and humidity of air. In this
is the uncertainty associated to the estimaté@th  reference, the density of air has a very complex
and non-linear relation with those quantities,
which makes the use of the law of propagation of
o o ' uncertainties unreliable. This is the reason why the
calledsensitivity coefficientin the second case the expression of Giacomo (1982) was chosen in this
input quantities arecorrelated and one should gy,4y . According to this reference the density of
use. moist air can be obtained from the expression:

, oo fa |

r(x,x, Ju(x Julx,) - ZRT

i

In this expressiolY is calledoutput quantitywhile

us(y)i[%

i=1

a known distribution, and the coefficiengf—is
X.

] )+

o
xaxj

us(y)=i[%

i=1

X;=

, (2.2.1)

n-1 n af

=1 j=i+1

(2.1.3) where:
wherer(x;,x) is thecorrelation coefficient Notice - p= density of air;

that whenr(x,x)=0 for anyi, j, the expression -p = atmospherical pressure;
(2.1.3) is reduced to the expression (2.1.2). It is M, = molar mass of dry air;
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- M, = molar mass of water vapour; with:

- X, = molar fraction of water vapour;

- R=molar gas constant; - A=1.2811805x18 KZ
- T = thermodynamical temperature in kelvin; - B=-1.9509874x18 K™
- Z = compressibility factor. - C=34.04626034;

- D=-6.3536311x10K.
The molar gas constant according to Giacomo
(1982), can be consideredRs 8.31441 J/mdK. At last the compressibility factorZ, can be
The value of the molar mass of dry ait,, can be calculated by the expression:
obtained from the expression: 7 =1+

_ ZXMi ’ 22.2) _?p[ao +tat +a2t2 +(b, +bt)x, + (c0 +clt)x5]+

M,
2% + 2 Javex]

(2.2.6)
where: where:
- M; is the molar mass of each of the constituents _ -1,
of the air (N, O,, Ar, CO,, Ne, He, CH, Kr, H,, 22;12682;—5.99;(;(?;(8-?&
N20, CO, Xe); . 2,=1.0880x10° KL Pal;
- X is the molar fraction of each one of thes§, _c 707 1 Fk pal-
constituents in the composition of dry air. b°=_2' 589)(10‘3F;al. '
These values oM; and x can be obtained in (:10:1'9297)(101'( ﬁ>a1-
reference of Giacomo (1982), and they lead to thef =_2' 285X10¢~,Pél. ’
following value ofMa: M,=28.9635x10 kg/mol. =, 77 7 Jii2 o
The molar mass of the water vapour is adopted aé:-i O34x108k2 Péz
M,=48.015x1G kg/mol. ' SR
To obtain the molar fraction of water vapouy,

: S _ The simplest evaluation of uncertainty on air
the following expression is used:

density,u,, according to GUM (2003), is made by
the application of the expression (2.1.1) to the
xv=h.f(p,t).psv/p (2.2.3) expression (2.2.1) (by choosing (2.1.1) instead of
(2.2.2), no correlation coefficient is considered
As a consequence, it will be considered as input
guantities only the thermodinamical temperature,
the atmospherical pressure and the humidity of air,
while the constant®k, M, , A, B, etc., will be
considered as exempt of uncertainties, and
therefore will not be taken as input variables, but
f(p,t)=o+fp+yt’, (2.2.4) just as parameters. Since the intention is to use the
recomendations of GUM (2003), it will be
considered that the distributions of the input
guantities are gaussian (for full agreement between
references of Moscati (2004) and Vuolo (1996)).

whereh is the humidity of the air, which can be
directly measured in the laboratory with a
thermohygrograph, or a similar instrumef(p,t)
can be obtained from:

where:

- tis the temperature in °C;

- 4=1.00062; Considering p=p(pT,%,2),
- p=3.14x10" P&, Z=2Z(x,,pT),x, = T.h), it is possible

. . to write the law of pr tion as:
The saturation vapour pressure of wapey; (in ° € the law of propagation as

pascal), is given by:

Psv=exp(AT+BT+C+DT™?), (2.2.5)
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o,
p.T.Z ap

uncertainty. Hence it is said that the probability
distributions of the input quantities are spread to
) the output quantity.
The following procedure of simulation is used: a
T,h

op

2 from where one can obtain the associated
u? = % +
g T,h

op
oz

2
T,%,2 aXV
2

oz dp|  9z| ax ) : _Simule :

aip J "'{az R ap U, *tvalue in the base of the distribution of the input
PTX TE e T PT X pT quantity (Vuolo, 1996) is randomly chosen, with
i 2 2 probability determined by its distribution. This
+ (3,0 J + 0p X, + procedure is accomplished for each of the input

0T |, 2 OXy oh

oz oT variables. With these values of the input quantities,
- one value of the output quantity is calculated. This
30 07 ]2 [ap az| ox, T , procedurg is repeateq many times, in such a way
- — + = u; +that practically all regions of the bases of the input
OZ] o7, 0Tl 0z pT CLP variables are visited.By doing so, the distribution
r 2 .7 of the output quantity can be obtained, and with an
N op 0X, N (4 0Z| 0x, uzusual statistical analysis (standard deviation) one
x| ., oh| 0Z| 7, 0% ; oh| hcan evaluate the u_ncertglnty of the c_)utput guantity.

L o ’ > ' One must bear in mind that this method of
(2.2.7)  evaluation of uncertainty avoids the use of some

where the index of the partial derivative represent@yPothesis about the slow variability of the

the variable that remains constant. unctionf, about the symmetry of the distributions
of the input variables; this method also does not
distinguish between the cases where the variable

T Xy

With the intention of not overloading the notation,

none of the above partial derivatives will be@'€ independentor correlated. _
shown. but it must be clear that each of thesgor the interested reader, the reference of Moscati

derivatives is a function oF, p andh. In (2.2.7) it 1982) introduces a list of steps for the correct use

is clear how hard it is to make use of (2.1.1) wheﬁ’f MC method in evaluation of uncertainties. It is
the output function is complex. The resultsimportant to say that the Monte Carlo simulations

obtained by this expression are presented i ade in this study were performed with a software

section 3, in comparison with the results obtained€veloped in FORTRAN 77 (F77); this program
by method of Monte Carlo. made use of subroutine of F77 to generate random

numbers.
Method of Monte Carlo With the intention to compare the Method of MC

To evaluate the uncertainty of indirectly measured/ith the recommendation from GUM (2003), air
quantities by the method of Monte Carlo (MC), itdensny dls_trll?uthn was S|m_ulated cor!3|der|ng
is also necessary to know the mathematical modgpussian distributions for the input quantifies

given by expression (2.1.1). Besides that, it i@nd h. As a consequence the distribution of the

essential that one knows the probabilitydenSity of air is also gaussian, as shown in the

distributions  of each of all input quantities figure below:
(acknowledging the distribution of each quantity

also means acknowledging the uncertainty
associated, as well its respective mean value).

With these pieces of information one can simulate

the distribution of values of the output quantity,
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Figure 1 - Distribution of the occurrence frequency for tlemsity of air in a simulation with 15,000
iterations, with temperature of (2&8D0)°C, pressure (94,586)Pa and humidity
(50£5)% (with coverage factor k=1).
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Figure 2 - Evaluation of the Number of Iterations: Valuesdehsity of air and uncertainty as a
function of logarithm of the number of iterations.
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Knowing the air density distribution (gaussian), itvalues. Aiming at getting a result with good
is clear that the uncertainty can be obtained fromtatistics, it was established that the subsequent
the standard deviation (or a multiple for anwould be performed with 70,000 iterations.
expanded uncertainty with an associatednce the number of iterations was established, and
confidence level). In what follows, all the results,the distribution of the density of air was known,
including those of the input quantities, will beseveral simulations were undertaken. The results
presented with coverage facterl. were compared to those obtained with
One of the main points for using the method ofecommendations of GUM (2003), which can be
MC is the determination of the number ofverified in the next section.

iterations necessary to obtain a reliable result. A

preliminary study was undertaken with theGum X Monte Carlo

intention to determine the adequate number dh order to compare both methods two series of
iterations. A series of simulations varying theresults were realized. In the first series the pressure
number of iterations were also undertaken , witthnd humidity were fixed, (94,5@6)Pa and

temperature ((20£1.0)°C), pressure (50+£5)% respectively, while the temperature
((94,50@:6)Pa) and humidity ((5£5)%) fixed, and ranged from 15°C to 25°C, with its uncertainty
the results are shown in the graph below: fixed in 1°C in this range. The results of the first

In Fig. 2 one can observe that, about 10,008eries are presented in the following graph:
iterations (value 4 in axis X), either the density or
the uncertainty present a convergence in their

114

113

112

11

Density of air (kg/ms)

110

100 . I . I . I . I . I . |
14 16 18 20 2 24 26

T(C)

Figure 3 - Values of the density of air obtained by Monte Ganhd by the recommendations of
GUM in the range of temperature from 15°C to 25¥8e solid line represents the
results obtained by GUM, while the dot line represehe results of MC.

Brazilian Archives of Biology and Technology



Uncertainty of the Density of Moist Air: Gum x Ma@n€Carlo 93

—— GUM
——————————— MC
00012 |-
o~ ol R
£
© I
2 0000
)]
C
S I
o
' 00m9
2
£ I
1<
8 oo
C
D -
00087 |-
1 I 1 I 1 I 1 I 1 I 1 I
14 16 18 20 2 24 2%

T(C)

Figure 4 - Values of the uncertainty of the density of aitadbed by Monte Carlo and by the
recommendations of GUM in the range of temperdam 15°C to 25°C. The solid
line represents the results obtained by GUM, wihieedot line represents the results
of MC.

In Fig. 3 it is clear that both methods, MC andraises along all the range (a decreasing
GUM, give identical values of density of air in theapproximately linear), varying from 0.0040kg/m
range of temperature considered, showing that thet 15°C to 0.0037kg/fat 25°C. It can also be
density of air decreases as the temperatu@bserved that the uncertainties obtained by GUM
increases. This seems to be a very obvious resu{2003) are approximately 5% to 11% smaller than
but it shows explicitly the consistency betweerthose obtained by MC.

both methods (if these curves were noin the second series of results, the temperature and
superposed, it would show that the method ofhe humidity were fixed, (20#1.0)°C and
Monte Carlo does not converge to the mean valug0+5)% respectively, while the pressure were
of density, what would make questionable itsyaried from 89,000 Pa to 104,000 Pa, with its
validity). uncertainty fixed in 6 Pa along the range

The same cannot be said about the uncertaintiasonsidered. The results of this second series are
As one can see in Fig. 4, the uncertainty obtainegresented below:

by the method of MC has a little decrease and then
becomes almost constant with values oscilating
around 0.0041kg/fh while the uncertainty

obtained by GUM decreases as the temperature
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Figure 5 - Values of the density of air obtained by Montel@and by the recommendations of
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GUM in the range of pressure from 89,000 Pa tod@ Pa. The solid line represents
the results obtained by GUM, while the dot lineresgnts the results of MC.
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Figure 6 - Values of the uncertainty of the density of aitaibed by Monte Carlo and by the

recommendations of GUM in the range of presswm{89,000Pa to 104,000 Pa. The
solid line represents the results obtained by GUMile the dot line represents the
results of MC.
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As before the superposition of the curves in Fig. Svell be very judicious. As such , it is expected that
just shows the consistency of the results obtaiyed the Supplement to GUM that is in process of
both methods. Regarding uncertainties, one caglaboration is clear regarding the advantages and
observe in Fig. 6 that both results increase vhigh t limitations of the method.

raising of pressure. However, once again one can

state that the uncertainties evaluated by GUM

(which varies from 0.0036kg/Amto 0.0042kg/f) ACKNOWLEDGEMENTS

are systematically smaller than those obtained MC

(which varies from 0.0039kg/hto 0.0045kg/M).  The authors would like to thank the staff at CTA
One can verify that, in this range of pressure undedor incentive and support.

consideration, the uncertainty obtained by GUM is

about 10% smaller than that obtained by Monte

Carlo. From these results obtained in the two serifRESUMO

of simulations, it is clear that the simplest

evaluation of uncertainty obtained by theNeste trabalho sdo comparados dois métodos de
recommendations of GUM (law of propagation ofavaliacdo de incertezas, quais sejam a lei de
uncertainty for independent quatities) underesematpropagacdo de incertezas (recomendacdes do
the values ofi,, when they are compared with thoseGUM) e o método de Monte Carlo. Como estudo
obtained Monte Carlo simulations. de caso foi utilizada a determinacdo da densidade
do ar Umido. Os resultados mostram que h&

diferengas entre os dois métodos.
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limitations and restrictions, and its use must as
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