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In a recent paper diffused in the literature, the quantum problem of a particle in a infinite square well potential
was claimed to be solved via Laplace transform. Surprisingly, the correct solutions were found for an eigenvalue
problem with variable defined on a finite range. As a matter of fact, the authors have misused the Laplace
transform of the time-independent Schrodinger equation, and they have also used incorrectly the inversion process.
In the present paper it is pointed out carefully and clearly those mistakes that might occur with the use of

inappropriate methods for a given eigenvalue problem.
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1. Introduction

Integral transform methods are useful for solving differen-
tial equations when they can convert the original equation
into a simpler equation. The inversion of the transform
for reconstructing the original function may be a rather
complicated calculation. If this is the case and one does
not find the integral in tables, the method will be worth-
less. The Laplace transform method was used at the first
years of quantum mechanics by Schrédinger into the dis-
cussion of radial eigenfunction of the hydrogen atom [1],
and more than forty years later Englefield approached
the Schrodinger equation with the Coulomb, oscillator,
exponential and Yamaguchi potentials |2]. More than
twenty years went by and the hydrogen atom was again
examined with the Laplace transform method [3]. For
some years now the 1/z [4], Morse [5], N-dimensional
harmonic oscillator 6], pseudoharmonic and Mie-type [7],
and double Dirac delta [8] potentials have been solved
for the Laplace transform. The one-dimensional quantum
harmonic oscillator problem has been revisited 9], and
it has been shown that the bound-state solutions of the
Schrodinger equation whose eigenfunctions are expressed
in terms of particular solutions of the confluent hyperge-
ometric equation can be obtained by using the Laplace
transform of the confluent hypergeometric equation |10].
In a recent paper diffused in the literature [11], the au-
thors claimed to solve the quantum problem of a particle
in a infinite square well potential via Laplace transform.
The appropriate method to solve a given eigenvalue prob-
lem depends on the character of the boundary conditions,
and for the Laplace transform method the range of vari-
ation of the variable is defined on the infinite half line.
It is surprising that the authors of Ref. |11] found the
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correct solutions for an eigenvalue problem with variable
defined on a finite range. As a matter of fact, they have
misused the Laplace transform of the time-independent
Schrodinger equation, and they have also used incorrectly
the inversion process. The purpose of the present paper
is to point out carefully and clearly those mistakes that
might occur with the use of inappropriate methods for a
given eigenvalue problem.

2. The infinite square well

One of the easiest problems in quantum mechanics, the
particle in a box, so called because the infinite square
well confines the particle between impenetrable walls,
is a problem usually explored in the introductory text-
books on quantum mechanics (see, e.g. [12]- [23]), keeping
strictly to the straight and narrow resolution of the time-
independent Schréodinger equation

B2 d?
with
0, 0<z<L
V(x): (2)
0o, <0 and z>1L,

in such a way that

(%—FkQ)wE(x):O, 0<z<L,

where
2mE
k= 77 (4)
and
YEp(x)=0, <0 and z> L. (5)
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In addition, homogeneous Dirichlet boundary conditions
are imposed on the confining walls, viz. ¥ g (0)
0. Therefore, the eigenfunction ¢g (x) can be compactly
written as

Vg () =0(x)0(L —x) g (z), (6)
where 6 (x) is is the step function
1, >0
0(z) = (7)
0, =<0,

and fg (x) satisfies the equation
(45 +#) fp(@) =0, 0<a<L, (8)

subject to the homogeneous Dirichlet boundary condi-
tions fg (0) = fg (L) =0

3. Laplace transform and a few of its
properties

The Laplace transform of ¢ (¢

L{o(t)}

) is defined by (see, e.g. [24])

/ dte=*to (1) ()

The Laplace transform has the linearity property, mean-
ing that if ¢; (¢) and ¢ (t) are two functions whose
Laplace transform exists,

LAMP1 (t) + A2 (1)} = M LA (1)} + AL {2 (1)},
(10)
where A\; and Ay are constants. If there is some constant
o € R such that

le="" o (1) | < M, (11)

for sufficiently large t, the integral in equation @ will
exist for Res > o and ¢ () is said to be of exponential
order. On the other hand, if ¢ (t) — t* as t — 0 the
existence of the Laplace transform demands Rea > —1
and Re s > 0 because

Res > 0.

E{r(oi 1)} - sa1+1’
(12)

where I' (z) is the gamma function. One should note the
shifting property

Rea > —1,

LLO(t—a)p(t—a)} =e™L{s(t)}, a>0. (13)
An example of Laplace transform is
. k
L{sinkt} = sl Res > 0. (14)

Derivative properties involving the Laplace transform
are convenient for solving differential equations:

E{dqzli’f)} = SL{O()} — (D)l

{5
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4. Trying to solve the problem

The eigenfunction parameterized as in equation @ has
limiting behaviors that make it possible the existence of
the Laplace transform. This Laplace transform of ¥ g ()
can be written as

L
LAYE (x)} = / dz e fg (z), (16)
0
with the following shifting property
L{0(z— L)z — L)} =0, (17)
For g (z) = sin kz, for example, one obtains
k _srSsinkL + kcoskL
L{YE (x)} = 2+ k2 € $2 + k2 - (18)

Furthermore, £ {¢g ()} has the following derivative
properties

c {W} — L (e (@)}~ i ()],

e fu ()], (19)

L {dzfi];’z(x)} =s*L{Yr (@)} — s fr (¥)],—

_ dfe (z)
dx

+ 22

+e s e (2)],y

=0

.

Using the homogeneous Dirichlet boundary conditions
imposed on fg (z) at the walls, one obtains

(20)

z{d‘”j”} = LY ()
(21)
d? T 9
{EDL = s
df () o1 dfe (@)
- ](Eiac z:0+e " zx z:L'

The Laplace transform of equation , using the linearity
and the derivative properties of the Laplace transform,
establishes a mapping of the second-order differential
equation for fg (z) and into a first-degree algebraic equa-

tion for £{vg (z)}:

(82+k2)£{w ( )}_ de( ) .
n dfe (z) ek =, (22)
dr |,_,
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which is certainly simpler than the original second-order
differential equation, and has as a solution

fifs(ﬂ?) 1
E{/wE (1’)} = L =0 52 + k2 -
dfs(w) i
z z=L _—sL
. 2
k0 2tk (23)

In view of equation , one can not identify the inverse
Laplace transform of k/ (52 + kz) with sin kx, and the
second term on the right-hand side of equation
presents a more challenging inversion process. All the
difficulty that prevents us of doing the inversion is due
to the boundary term proportional to e™*l which is
missing in Ref. [11], and vanishes only when Re s > 0
and L — oo.

5. Final remarks

It has been clearly shown that the approaching of the
quantum problem of a particle in a infinite square well
potential via Laplace transform claimed by the authors
of Ref. [11] is not reliable and consistent. The appropriate
method to solve a given eigenvalue problem depends on
the character of the boundary conditions. For the Laplace
transform, and also for the Fourier transform, the range of
variation of the variable is infinite whereas for the particle
in a box the range is finite. An appropriate alternative
way for approaching the particle in a box would be via
Fourier series which are useful for representing functions
defined over a limited range (or over an infinite range if
the function is periodic).
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