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Abstract. A bipolar viscous fluid model is assumed to regularise the solution of Newtonian
and quasi-Newtonian flows. In this article, a mixed finite element approximation of the bipolar
viscous fluids is proposed. In this approximation the velocity of the fluid together with its laplacian
are the most relevant unknowns. An existence and uniqueness results are proved. A mixed finite

element approximation is derived and numerical results are presented.
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1 Introduction

Mathematical model for fluid motion play an important role in theoretical and
computational studies in the aeronautics, meteorological, plasma physics, etc.
The Navier-Stokes equations are generally accepted as providing an accurate
model for the incompressible motion of viscous fluids in many practical situa-
tions. In the classical Navier-Stokes equations theory, the viscosity of the fluid
is modeled by the dependence of the stress on the first gradient of velocity. It is
well known that the corresponding mathematical theory contains a number of un-
solved problems. One of the fundamental open problems for the Navier-Stokes
equations in 3-dimensional space is that of the uniqueness of the solution of
the Cauchy-Dirichlet problem, which is not guaranteed in the functional classes

in which global existence holds. These problems have led many authors that
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100 BIPOLAR VISCOUS FLUIDS

a stronger mechanism of dissipation and viscosity, namely the dependence of
the stress on the higher gradients of velocity, must occur in the flows of viscous
fluids. In materials in which the higher gradients of velocity and the higher gra-
dients of deformation influence the response, the rate of work of internal forces
cannot be expected to be only the product of the usual second order stress tensor
with the first gradient of velocity. Instead of this, a more general expression
must be assumed containing additionally the sum of products of higher order
multipolar stress tensors with the higher gradients of velocity. Otherwise such
materials cannot be compatible with the Clausius-Duhem inequality. In [13]
a thermodynamics theory of constitutive equations of multipolar viscous fluids
within the framework of the theory of Green and Rivlin [9] has been developed.
This paper is organized as follows. In section 2 we formulate the problem, we
introduce some notations and we give some preliminary results. In section 3 we
formulate the bipolar Navier-Stokes problem and we prove the existence and the
unicity of the solution. In section 4 we study a mixed variational formulation

and its approximation. Finally in section 5 we give some numerical results.

2 Problem formulation and preliminary results
2.1 Problem formulation

We will use the standard notation for gradient, divergence and curl operators, i.e.
for a scalar function p and a vector function v, we write Vg, divv and curl v
for the gradient, divergence and the curl respectively. We further recall that the

vector-valued Laplace operator, A, is defined by
AV = (Avy, Avy), v = (v, 12)
and we have the vector identity
curl (curlv) = —Av, V vsuch that divv = 0. (D

Next we let 2 be an open bounded domain of R?, with smooth boundary I'. We

consider the stationary flow of an incompressible nonlinear bipolar fluid. This
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H. MANOUZI, A. BRAHMI and M. FARHLOUL 101

problem is modeled by the following system of equations:

(u-VyYu=f+dive in Q

2
divu=0 in Q @

where u is the velocity field, o the stress tensor and f represents the external
forces. The stress tensor o = (0;;) has the form (see [4], [8], [9], [10], [11], [13])

o=—pl+2vd,.(ec(u))e(n) —2uAe(u) 3)
where
P (r)=(+17 |2)%, T € R¥*?
1 (Ou; Ou; o
eij(u):5<§j+8_xi)’ 1 <i,j=<2

and r, v, A and p are positive constants with » > 1. Since divu = 0, the
divergence of the stress tensor takes the form

divo = —Vp + 2vdiv (,(e(u)) e(u)) — nA’u.
Correspondingly, the bipolar Navier-Stokes equations become
wA2u — 2v div [(/\+ | (u) |2)¥e(u)]

+Vp+@-Viu=f inQ 4)
divu=0 in .

By choosing the appropriate constants r, i, v and A we find these classical mod-
els of fluids:

* Carreau’s law model (see [15]): u = 0.
* Power law model (see [15]): © =0, A = 0.
* Classical Navier-Stokes: r =2, u = 0.

* Regularized Navier-Stokes equations (see [14]): r =2, u # 0.
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102 BIPOLAR VISCOUS FLUIDS

These laws occur in many mathematical models of physical processes of polymer,
of visco-elastic and visco-plastic fluids or of fluids with large stresses (See [10]).
We will study the system of equations (4) with the boundary conditions

u=20 on I

5
Au-7=0 on I )

where 7 is the unit tangent to I".

2.2 Preliminary results

Let H"(€2) and H™(I') denote the usual Sobolev spaces of order m defined
on 2 and I, respectively; also H”(2) and H"(I") denote their vector-valued
countreparts. The inner product on H”(£2) or H" (2) is defined by (., .),,. The
space H™(L2) is equipped with the norm

T
Wlima =1 lvliq

k<m
where 1
2
| v ko= { DN RN dx} .
lor|=k ¥/ 2
For vector valued functions the above norm extends naturally as follows: for

v = (vy, v2)

1
2 >
2
”V”m,Q:(E ||Ui||m,g> :
i=1

We also define the Hilbert spaces

Hdiv,Q) = {v|veLl*Q), divve L*(Q)}
H(eurl,Q) = {v|veL*Q), curlve L*(Q)}.

These spaces are equipped with their natural hilbertian norms.

Let D(£2) denote the space of infinitely differentiable functions having compact
support and let Hy' (€2) be the closure of D(£2) with respect to the norm || . ||,
and H™"(£2) the dual space of Hj'(£2). The duality pairing between H 3 (),
H%(F) and their dual spaces H_%(F), H_%(F) is denoted by (., .) _1 1 .

T 272

We also have the following trace results (see, e. g., [6], [16])
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Theorem 2.1. Let Q be a bounded open set of R? with a Lipschitz continuous

boundary I'. We have the following properties:

1. There exists a unique linear continuous map vy : H'(Q) — H > (") such

that

YoU =vr, Yv € HY(Q).

2. There exists a unique linear continuous map y, : H(div, Q) — H ()

such that

YoV =(v-m)p, VveHdi,RQ)

where n denotes the unit outward normal to T'.

3. There exists a unique linear continuous map y, : H(curl, Q) — H -3 )

such that

veV=(v-17)r, VveH(url,Q).

We use the convention H*(Q) = L2(Q), HY(Q) = L>(Q), (,.)y = (,.).
Also we introduce some function spaces which are related to the study of our

problem:
Hy ()
H3 (Q)
X
%

14

M

H

(ve H(Q): @) =0on I}

{(ve H(Q): W) =0and y,(Vv)=0 on I'}
H)(Q) NH*(Q) ={v|veH*(Q),»(¥) =0 on I}
v e (D(Q)* divy = 0}

{(vive X, divv=0}
{q € L*(), fqu=0}
Q

{veL*(Q), curlve H'(Q), divv = 0}.

For details concerning Sobolev spaces consult [1], [5], [6].
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104 BIPOLAR VISCOUS FLUIDS

Lemma2.1. Letu e L>(Q) suchthat Au € H, then we have the following

Green Formula:

(A%u, V), o = (Au, Av)gq — (ye(Au), yolcurlv)) 1 1 p

+ <yT(V),]/0(CI/H"lAU)>, ,%,F (6)

D=

VveH

Proof. The proof of this equality follows from the classical Green formula:

Joeurlvgdx = [, v.eurlgdx + (y:(V), vo())_1 1 1,

22
Vv € H(curl, Q), V¢ € H'(Q)

and from the fact that curlcurlv = —Av and curlcurl Au = —A?u for all u

and v satisfying the conditions of lemma 2.1. U

The following preliminary results are classical and will be assumed ( see, e.g.,
(51, [7D.
Lemma 2.2. Let Q2 be bounded with a smooth boundary I'. Then the mapping
v —> [|Av]lo.¢
defines a norm on X which is equivalent to the norm induced by H*(R), i.e.
da >0, [Avloe = a|vlx.

From lemma 2.2 we see that in X the norm ||u||, ¢ induced by H*(Q) is
equivalent to the norm [|Aul|y . We then denote

1
lally = ||A“||0,Q = (u, u))z(

as anorm in X derived from the inner product (u, v)x = (Au, Av); .

Lemma 2.3. Let Q be bounded with a smooth boundary I'. Then there exists
a positive constant C = C(S2) such that

le@lloe = C(Q) lull e, VaeHyQ).
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3 The bipolar Navier-Stokes problem
3.1 Variational formulation

A variational formulation of the boundary value problem (4) and (5) reads as
follows:

Find u € X and p € M such that:
u(Au, Av) +20((+ | €(u) [2) T e(u), €(v))

)
+((u-Vu,v) — (p,divv)y = (f,v) VvVveX
(diva,g) =0 VgeM
Remark 3.1. The term
(O e P) T e, ew) = (0 e D) Fe@.ew) ,

is well defined for every (u, v) € H*(Q) x H>(Q).
We associate with the problem (7) the following problem

Find u € V such that:
w(Au, AV) + 20((A+ | () 1) T e(u), €(v)) (8)
+((u-Viu,v)=(f,v) VvelV.

Theorem 3.1. We have the following results:

1. If (u, p) is a smooth solution of (4)—(5) then u is a solution of (8).

2. If u is a smooth solution of (8) then there exists a function p € M such
that (u, p) is a solution of (4)—(5).

Proof. 1. Letv e V,if (u, p) € X x M is a solution of (4)-(5) with curl Au €
H'!(2) then we have

w(A2u, v) — 2v (div [(A—i— | eu) |2)%e(u)] ,v)
+ (- V)u,v) + (Vp,v) = (, v).

©))
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106 BIPOLAR VISCOUS FLUIDS

We derive from the Green formula (lemma 2.1) that

p(Au, Av)o.o — p (yr (Au), yoleurlv)) 1 1 p
+ 1 (ye(v), yoleurl Aw)) 1 1 b+ 20 ((A+ [> €(u) P Te) >, e(v) (10)
+ ((u-Vu,v) — (p,divv) = (£, v).

Sinceve V,divu=0and Au-t =0, we have u € V and

r—

(AU, AV).q +2v (O | e(@) )T e(m), (v))
+ ((a-Vu,v) = (£, v).

an

This proves the first part of the Theorem.

2. Now, let u € V be a solution of (8) with curl Au € H'(2) then, we have

(A, AV) 4+ 20((+ | €(u) 1) 7 e(u), €(v))

12)
+ (- Vyu,v) =, v) VYveV.
Let us introduce the operator
< L,v>=u(Au, Av)gq +2v ((A+ | €(u) )T e(m), e(v)) 13

+ ((a-Vu,v) — (f, v).

Note that < L, v >= 0 Vv € V and, since —(Au, Av) = (Au, curlcurlv) =
(curl Au, curl v), we get L € H™'(R2). Then, since  is simply-connected and
from De Rham’s lemma, there exists one and only one function p € M such that

L=-Vp.
Then, we readly derive that

(A, AV) 4+ 20(( | €(u) 1) 7 e(u), €(v))

14
+ ((u-VH)u,v) + (Vp,v) = (£,v) Vv e (D(Q))°. (19

Now, Owing to Green’s formula (lemma 2.1), we have

w(AM, V)o.q + w (v (A), yo(curl v)) 1 1 -

2°2

=2V (div [(/\+ | eu) |2)%e(u)],v) (15)

'3

— 1y (v), yo(curl Au)) _

D=

+ (- V)u,v) + (Vp,v) = (£,v) Vv e (D(Q))?>.
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Hence, it follows that

WA — 2v div [(x+ | e(u) |2)%e(u)] +(u-Vu

(16)
+Vp=f in(D(Q)°.
Since f € L?(Q), we have
A2 — 2v div [(x+ | e(u) |2)%e(u)] FU-Vyu+Vp=f 1

in L*(Q). an

Moreover, asu € V, we have

A2 — 2v div [(A—i— | e(u) |2)%e(u)] +(u-V)u

+Vp=f in Q (18)

divu=0 in Q

u=0 onT.
Now, by using the Green’s formula (lemma 2.1), we have on the one hand:

p(Au, Av)o.g — (v (Au), yolcurlv)) 1 1 p (19)
+2v (A + | e(w) |2)%6(u), €V) +((m-Vyu,v) =(f,v) VveV

and, by (8), we get
(yr(Au), yp(curlv)) 11 =0 VvelV.

202

Finally, from [2], we have

y.(Au) =0 onT. ]

3.2 Existence and unicity of the solution

In order to show the existence and the unicity of the the solution of problem (8)
we need to state some intermediate results.

Comp. Appl. Math., Vol. 22, N. 1, 2003



108 BIPOLAR VISCOUS FLUIDS

Definition 3.1. Let X be a reflexive Banach space and let A be an operator from
X to X'. We say that

* The operator A is monotone if and only if

<Au—Av,u—v>>0V(u,v) e XxX

* The operator A is pseudo-monotone if A satisfies (u, — u) and

(lim sup (Au,, u, —u) < 0)

— (Au,u —w) < limsup (Au,, u, — w)
forallw € X.

* The operator A is strongly continuous if for every sequence u,withu, — u

we have Au,, — Au.

Lemma 3.1. Let A| andA, be two operators from X to X' with

e A, is monotone

* A, is strongly continuous

Then, A, + A, is pseudo-monotone.

Proof. See[12],[17]. O

Lemma 3.2. Let X be a reflexive and separable Banach space and let A be an
operator from X to X' with

e A is continuous

. .. < Au,u >
* Ais coercive i.e.————— — o0 for |jully — o0

[Juel

* A is pseudo-monotone.

Then, for every b € X' the equation Au = b has at least one solution u € X.

Comp. Appl. Math., Vol. 22, N. 1, 2003
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Proof. See [12],[17]. O
2

In the following lemma the notation (o, T) means Z 0ij Tij-
ij=1

Lemma 3.3. For any o, t € R**?, there exist constants Cy, C», C3, C4 such
that:

1. If 1 <r <2, then

lo -t

®,(0)o —®,(r)t,0 — 1) = C ,
( ) ](A+|G|2_r+|f|2_r)

(20)

lo—1]|

S, (o) —d,. ()| < C .
| @,(0) o P

@2y

2. If r =2, then

(®,(0)0 —®,(D)T,0 —7) = Cs(A+ o "+t ) o —1 ", (22

| @,(0)0 — @, (DTS Cs(A+ o ">+t )|o—1] (23)

Proof. See [15]. O
Lemma34. Let u, ve H/(Q) andlet w e H'(Q) with divw = 0 and (w -
n)|r = 0. Then, we have
s (w- Vu,v)+ ((w-V)v,u) =0
e (W-V)v,v) =0.
Proof. See [6], [16]. O
Now, we introduce the operators Ay, A; and A, defined, for allu, v € V, by
* (Aou,v) = u(Au, Av)

Comp. Appl. Math., Vol. 22, N. 1, 2003



110 BIPOLAR VISCOUS FLUIDS

* (Aju,v) = ((u-Viu,v)
* (Au,v) = 2v(D,(e(w)e(u), &(v)).

Let the operator A = Ag + A + A,. Then, the problem (8) can be written as
follows

Find u € V such that:
Au =Tf.

(24)

Proposition 3.1. The operator A is pseudo-monotone.

Proof. According to lemma 3.1, we first prove that A is strongly continuous.
To this end, let u,, be a sequence of elements of V such that u, — uin V. Owing
to lemma 3.4, we have, forallv eV,

A, v) — (A, v) = ((w, —w) - Viu,, v) + ((u- V)v,u —u,)
and then
[(Au,, V) — (Aju, V)|
< C(lw, —ufli.ellu,ll,llvle + lulLellvliiello —w,l.e).

Now, since the embedding of V in H'(Q)is compact, we haveu,, — u in H'(Q).
Therefore
(A, v) — (Aju,v), VveV.

On the other hand, owing to the lemma 3.3, we prove that Ag + A, is monotone.
Indeed, for all u, v € X we have

(Au —Agv,u — V) = (O, (c(w)e(m) — &, (e(v))e(v), e(w) —e(v)) =0

and
(Agu—Apv,u—vVv) = u(A(u—v),A(lu—v)) >0.

Therefore, owing to lemma 3.1, the operator (Ay + A;) + A i.e. A is pseudo-
monotone. 0

Comp. Appl. Math., Vol. 22, N. 1, 2003
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Proposition 3.2. The operator A is continuous and coercive.

Proof. Itis obvious, since Ay, A;andA, are continuous, that A is continuous.
Beside that, since ((v- V)v,v) =0,Vv € V, we have, forallv € V,

AV, V) = u||AV[§ o + 20(D, (e(V)e(V), £(V)).
In virtue of lemma 3.3, we have (®, (e(v))e(v), e(v)) > 0. Then, we derive that
(AV, V) = ]| AVI[G o

Finally, by using lemma 2.2 we conclude that A is coercive. ([l

Theorem 3.2. The problem (8) has at least one solution u.

Proof. From propositions 3.1 and 3.2 we have

* Ais continuous
* Ais pseudo-monotone

e A is coercive.

Then, in virtue of lemma 3.2 and since V is reflexive and separable, we have the
existence, of u € V such that Au = f, or equivalently the problem(8) has at least
one solution. O

Theorem 3.3. [f u is sufficiently large or £ “sufficiently small" so that
W > C@Ifily

then problem (8) has exactly one and only one solution.

Comp. Appl. Math., Vol. 22, N. 1, 2003



112 BIPOLAR VISCOUS FLUIDS

Proof. We assume that there are two solutions u; and u, in V of (8) then we
have
(Au; — Au,,v) =0VveV.

Then, for all v € V, we have

u(Au; — Auy, Av) +2v(D,(e(u))e(uy) — O, (e(w2))e(uy),
e(v)) + ((uy - Viuy,v) — ((uz - V)up, v) = 0.

By taking v = u; — u, we get

mllA@ —w)|§ o 4+ 20(P,(e(u))e(my) — D, (e(w2))e(wy),

e(y) — () = —(((w —uw) - Viuy, up — ).

Since, owing to lemma 3.3,

20(Pr(e(up))e(u) — Pp(e(mp))e(mr), e(uy) — £(uz)) = 0,
we readily derive that

wlA@ —w) 5o < (0 —w) - Viug, uy —w)].
Now, for some positive constant C; depending on €2, we have
(@ —w) - VIu, uy —w)| < Cilluy —wlf gllwlh g
By using lemma 2.2, we get
potu —wllf g < Cilluy — wlf gllui 1,0 (25)

On the other hand, since u; is a solution of (8) and by taking v = u; in (8), we
get
A g g + 20 (P (eur))e(uy), e(uy)) = (F, uy).

Therefore,
pllAwll§ o < |(F, wp)].

We easily derive that u; satisfies

210 112
paflulli o < Iflix llulle-
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and then
luillie < ! I£]] (26)
u — 2
the = o X
As a consequence of (25) and (26), we obtain

1
2 2 2
polluy —wpflf o < Cilluy — Uz||1,QW||f||X’-

Therefore

C
(na® — anuxf)nul —wllio <0.

Finally, we readily derive the uniqueness of the solution when the condition

Cy

2

> —||f]|~.
W > —flx

holds. O

4 The mixed finite element formulation

In order to approximate numerically problem (7) we introduce the mixed for-
mulation which allows us to reduce the order of problem (7). That makes the
numerical approximation easier. Let us take w = —Au as a new variable. Then,
since div (Au) = 0 and owing to the identity (1), we may recast problem (4) as
second order system for u and w:

yeurl curl w — 2vdiv [(AJr | e(u) |2)%ze(u)] +(u-Vu
+Vp=f in Q

w=—Au in Q
; 27
divu=0 in
u=20 on I
w-t=0 on I

In order to study the last problem we introduce the following space

Q = Hy(curl, Q) = {v € H(curl, ) and (v - 7)|r = 0}.

Comp. Appl. Math., Vol. 22, N. 1, 2003



114 BIPOLAR VISCOUS FLUIDS

A variational formulation of the mixed problem reads as follows

Find (u, p, w) € H)(Q2) x L3(22) x Q such that

u(curl w, curl v) 4+ 2v ((A—i— | e(u) |2)%e(u), e(v))
+((u-V)u,v) — (p,divv) = (f,v), VveH\(Q) (28)

(curlu, curlz) — (w,z) =0, VzeQ

(diva,q) =0, Vge L%(Q)

Theorem 4.1. /) If (u, p) € X x M is a solution of (4)—(5) and w = —Au
with curlw € H'(Q) then (u, p, W) is a solution of problem (28).

2) If (u, p, w) is a solution of problem (28) then (u, p) is a solution of (4)—(5).

Proof. 1. Let (u, p) asolution of (4)—(5) and w = —Au withcurlw € H'(Q).
Then, as in the proof of theorem 3.1, we have Au-t = 0 i.e. w-t = 0. This
yields w € Q.

Beside that, for all v € 'V, we have

(A, AV) 4 2v ((A+ le(u) P) T eu), e(v)) F (- Vyu,v) = (£.v) (29)

and
(Au, Av) = —(Au,curlcurlv)

= (w,curlcurlv)
= (curlw, curlv).

Now, by substitution in (29) we get

u(curlw, curl v) + 2v ((H— | e(u) |2)%e(u), e(v))
+((u-Vu,v)=(f,v) Vv e V.

Owing to De Rham’s lemma there exists a unique function p € M such that

u(curl w, curlv) 4+ 2v ((A—i— | e(u) |2)%e(u), e(v))
+((w-V)u,v) — (p,divv) = (f,v) Vv € H(l)(Q).
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On the other hand by using the new variable w = — Au and the fact thatdivu = 0,
we getforallz € Q

(w,z) = —(Au,z)
= (curlcurlu, z)
= (curlu,curlz)— < z-7,curlu >_

=
0=
—~

Then, taking into account thatz - T = 0 and u € X, we find
(w,z) — (curlu, curlz) =0 Vz € Q.
Finally, from divu = 0, we get
(diva,q) =0Vqg € M.
2. Conversely, suppose that (u, p, w) is a solution of (28) such that u € H?()

and curl Au € H'(Q). First, since (divu, g) =0, Vg € M andu € H}(Q), we
have divu = 0. Now, since divu = 0, we have

(w,z) = (curlu,curlz) Vz € (D(Q))>
= (curlcurlu, z) Vz € (D(RQ))?
= —(Au,2) Vz € (D(Q))%

Thus w = —Au, and Au € Q since w € Q. Therefore,

(curlw, curlv) = —(curl Au,curlv)VveV
—(Au, curlcurlv) Vv e V
= (Au, Av)Vve V.

Thus, by the fact that div Au = Adivu = 0, Au € Q, curl Au € H'(Q) and

by using the lemma 2.1, we have
(curl w, curl v) = (A%u,v) Vv e V.
Therefore,

(a2, v) = 20 (div [t [ e@ PYFe] . v)
+ ((u-Vyu,v)=(f,v) Vve V.
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Owing to De Rham’s lemma and like in the proof of theorem 3.1, there exists

one and only one function p € M such that:
wA2u — 2v div [(x+ | e(u) |2)%e(u)] f@-Vu—f=—vp.
Finally, by gathering, we get
A2 — 2v div [(k+ | e(u) |2)r;fe(u)] +Vp
+ @ -Vyu=f in Q
divu=0 in Q 300D
u=0 on I’

Au-7=0 on I

Problem (28) is easier to approximate numerically than problem (7) since the
finite element approximation of (28) involves only the construction of finite-
dimensional sub-spaces of the spaces Hy(curl, €2), H(l)(Q) and L*(). In this
section we will only consider the discrete approximations to the mixed varia-
tional formulation (28). We assume for simplicity that the domain €2 is a two-
dimensional polygon. Let T}, be a given triangulation of € into closed triangles,
with & = max{diam(K)} where the maximum is taken over all K € T;,. Let
Py (D) denote the space of polynomials of degree less than or equal to k with
respect to the set D C R? and P (D) denotes the space of 2-vector valued func-
tions each of whose components belongs to Py (D). To approximate the velocity
and the pressure, we use the Crouzeix-Raviart finite element:

M, ={q €M :qlk € P(K), VK € T},
X; = {v € (C°(R)’ NHy(Q) : v|x € [P2(K) ®B3(K)], VK € T;},
where, for any K € T,
B3(K) = {AAh3v, v ePy(K)}.

Here, 1;(x), i =1, 2, 3, denote the barycentric coordinates of the point x € K
with respect to the vertices of K. Finally we introduce the laplacian’s velocity

finite element space:
Qi = (W € (C°(Q))> NHy(curl, Q) : wix € [Po(K) ®B3(K)], YK € T;}.
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Now, let
a((u, p), (v,q)) :2v/ D, (e(u))e(u) : e(v)dx
Q

+ /(u-V)u.vdx—/pdivvdx—i—/qdivudx
Q Q Q
b(z, (v,q)) = ,u/ curlz curl vdx
Q

c(w,z) = / W.Zdx
Q
Then (28) is discretized by the following problem

Find (uy,, pn, wi) € X, X M), x Q, such that

a((uy, pr)s (Vi, gn)) + b(Wi, (Vi, q))) = (£, vp),
Y(Vi, qn) € X, X M,
b(zy, (wy, pp)) —c(Wy,2,) =0, Vz, € Q.

5 Numerical results

117

(€29

The performance of the numerical method described above has been tested on

three examples of a comparative nature: the Poiseuille flow, the flow over a

backward-facing step and the driven cavity flow.

* Poiseuille flow

At inlet of the channel, a parabolic profile for the velocity is used. Figures

1, 2 give the velocity fields for the Reynolds number Re = 1000 and for

r = 1.7 and r = 1 respectively. The velocity distribution in the middle

of the channel is shown in Figure 3 for different values of the parameter

r=18,1.6,14,12,1.1, 1.

* Backward-facing step flow

With flow in channels of constant geometry such as the Poiseuille flow, a

predominant flow direction prevails. Instead, where the geometry changes

abruptly, the flow separates and develops a recirculation region. Inlet value

Comp. Appl. Math., Vol. 22, N. 1, 2003
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Figure 2 — Re = 1000, r = 1.0, u = 0.
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Figure 3 — Velocity distribution in the middle of the channel.

for the velocity is the same as that of Poiseuille flow. The Reynolds number
is based on step height and a ratio outlet height to step height of 2. The
streamline patterns are presented in Figures 4-11. The computations were
performed for differents Reynolds numbers and for differents parameters
r and .
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%

Figure 4 — Re = 150, r =2, u = 0.

Figure 7— Re = 500,r =2, u = 0.

%%

Figure 8 — Re =500,r = 1.7, u = 0.

Figure 11 — Re = 150, r = 1.5, u = 1078,

* The driven cavity flow

The depicted domain is the square cavity [0, 1] x [0, 1], and the boundary
conditions are,u-7 = landu-n =0at y = 1, and u = 0 on the other
parts of the boundary. In Figures 12-17 the streamlines contours are given

for different Reynolds number and different parameters » and .
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For all the above numerical tests the value of the parameter A has been
fixed to the value A = 101
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