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Abstract. Berkovitz’s notion of strategy and payoff for differential games is extended to study
two player zero-sum infinite dimensional differential games on the infinite horizon with discounted
payoff. After proving dynamic programming inequalities in this framework, we establish the

existence and characterization of value. We also construct a saddle point for the game.
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1 Introduction

In [1], Berkovitz has introduced a novel approach to differential games of fixed
duration. He has extended this framework to cover games of generalized pursuit-
evasion [2] and games of survival [3] in finite dimensional spaces. Motivated
by these developments we define strategies and payoff for infinite horizon dis-
counted problems whose state is governed by a controlled semi-linear evolution
equation in a Hilbert space. In this setup, we show the existence of value and
then characterize it as the unique viscosity solution of the associated Hamilton-
Jacobi-Isaacs (HJI for short) equation. To achieve this, we follow a dynamic
programming method and hence we differ from Berkovitz’s approach for finite
horizon problems [4]. We also establish the existence of a saddle point for the
game by constructing it in a feedback form.
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336 DIFFERENTIAL GAMES FOR ABSTRACT EVOLUTION EQUATIONS

The rest of this paper is organized as follows. The description of the game and
some important preliminary results are given in Section 2. In Section 3, we deal
with dynamic programming and characterization of the value function. Section
4 contains the construction of saddle point equilibrium. We conclude the paper
with some remarks in Section 5.

2 Preliminaries

Let the compact metric spaces U and V be the control sets for players 1 and 2
respectively. For 0 < s < ¢, let

Uls,t] = {u()|u():[s,t] - U measurable},
Vis,t] = {v()]|v():[s,t] = V measurable}.

The sets U[s, t]and Vs, t] are called the control spaces on the time interval [s, 7]
for players 1 and 2 respectively. The functions u(-) € U[s, t] and v(-) € Vs, t]
are referred to as the precise or usual controls (or simply ‘controls’) on the time
interval [s, ¢] for players 1 and 2 respectively. We denote ‘U[0, co) and V[0, 00)
by ‘U and 'V respectively.

Let E, a real Hilbert space, be the state space. Let x(¢) € [E denote the state
at time ¢. The state x(-) with initial point xy € E is governed by the following

controlled semi-linear evolution equation:
X))+ Ax (@) = f(x (@), u@®), v(®) ; x(0) = xo, 2.1

where f :Ex U xV — E,u(-) € U,v(-) € Vand —A : E D D(A) — Eis
the generator of a contraction semigroup {S(¢)} on E. We assume that

(A1) The function f is continuous and, forall x, y € E and (u,v) e U x V,
I fCe,u,v) — f(y,u,v)|| < Klx —yl.

Under the assumption (A1), for each u(-) € ‘U, v(-) € V and xy € E, (2.1) has
a unique global mild solution (see e.g., Proposition 5.3, p. 66 in [10]) which is
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denoted by ¢ (-, xo, u(-), v(-)) and is referred to as the trajectory corresponding
to the pair of controls (u(-), v(-)) with initial point xg.

Following Warga [13], we now describe relaxed controls and relaxed trajecto-
ries. Let

Uls,t] = {rC) | pE) :[s,t] - P(U) measurable },
T/[s, ] = {v(-) | v(-) : [s,t] = P(V)measurable },
where P(U) and P(V) are the spaces of probability measures on U and V
respectively with the topology of weak convergence. The sets U[s, 1] and Vs, t]
are called the relaxed control spaces on the time interval [s, ¢] for players 1 and
2 respectively. These relaxed control spaces, equipped with weak™ topology, are
compact metric spaces. The relaxed control spaces ‘U[0, co) and V10, oo) are
denoted by Uand V respectively. Note that by identifying u(-) and v(-) by 8,
and §,(. respectively, precise controls can be treated as relaxed controls.

Let f : E x P(U) x P(V) — E be defined by

Feo ) :=/ U f(x,u,v)u(du)} b(dv).
\% U

For u(-) € U and v( ) € f/, the state equation in the relaxed control framework
is given by

X(1) 4+ Ax(t) = Fx(), p(), v(1)) 5 x(0) = xo. (2.2)

Since f satisfies (Al), it follows that f also satisfies (Al) withu € U, v €
V replaced respectively by u € P(U), v € P(V). Therefore for each xy €
E, u(-) € U and v(-) € f/, the existence and uniqueness of a global mild
solution to (2.2) follows analogously. This solution is called a relaxed trajectory
and is denoted by ¥ (-, xo, (), v(+)).

We now begin the description of the game by defining the strategies of players.
A strategy for player 1 is a sequence IT = {I1,} of partitions of [0, c0), with
IT1,]] = 0, and a sequence I' = {I',;} of instructions described as follows:

Let [T, = {0 = # < #; < ---}. The nth stage instruction I',, is given by a

sequence {F,,,j}?ozl, where I',, 1 € U[t, t;) and for j > 2,
Lyt Ulto, tj—1) x Vlito, tj—y) — Ultj_1, ;).
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338 DIFFERENTIAL GAMES FOR ABSTRACT EVOLUTION EQUATIONS

Similarly, a strategy for player 2 is a sequence IT = {I1,,} of partitions of [0, c0),
with || IT,|| — 0, and a sequence A = {A,} of instructions described as follows:
Let [T, = {0 = 590 < s1 < ---}. The nth stage instruction A, is given by a

sequence {An,j};"zl, where A, | € Vs, s1) and for j > 2,

Anj o Ulso, sj—1) X VIso,sj—1) = VIsj_1,s)).

We suppress the dependence of the sequence of partitions on a strategy and, by
an abuse of notation, denote a strategy by I' or A. In what follows I" stands for
a strategy for player 1 and A stands for a strategy for player 2.

Note that a pair (I',,, A,) of nth stage instructions uniquely determines a pair
(un(-), va(-)) € U x V as follows. Let 1, = {0 = ry < r; < -- -} be the com-
mon refinement of IT,, and IT,,. The control functions u,,(-) and v, (-) are given by
the sequences (u,,1(-), un2(-), ---) and (v,.1(-), vu.2(-), - - - ) respecively, where
u, ;j(-) € Ulrj_1,rj)and v, ;(-) € V[rj,l, r;). Let u,’;(-), vi(-) denote respec-
tively the restrictions of u,(-), v,(-) to the interval [ro, r;).

On [ro, 1), setu, 1(-) =y and v, 1(0) = A, .

Letj > 1. Ifr; = t;,thenon|[r;, rj11) wetakeu, j+1(-) = Fn,i+1(u{;(-), v,{(~))
and v, j41(-) = An,H](uﬁ-/(-), v,{/(-)), where [ is the greatest integer such that
s; <rjand s =rj.

If rj = s, then on [r;,r;y) take u, ;j11(:) = Fn,k+1(uf/(-), v,’f’(-)) and
U, j+1(:) = Ay mgt (u;’;(-), v,{(-)), where k is the greatest integer such that#;, < r;
and t; = r,y.

The pair (u,(-), v,(-)) determined this way is called the nth stage outcome of
the pair (I', A) of strategies.

Letc:E x U x V — R be the running payoff function and let > > 0 be the
discount factor. We assume that

(A2) The function ¢ is bounded, continuous and, for all x, y € [E and (u, v) €
UxV

|C(X,M, U) _C(ya u, U)| S K”'x - y”

Without any loss of generality, we take ¢ to be nonnegative. For xy, € E and
(), v(-) € U x V,let (-, xo, u(-), v(-)) denote the solution of

X0 = e Me(@(t, xo, u(), v(), u(®), v(®) ; x°%0)=0.  (2.3)
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y ¢, x0, u(-), v())
Let ¢(’ X0, M(‘)’ U()) denote |: (p(, X0, M(')’ U())

the relaxed framework is defined by

:|. The running cost ¢ in

c(x, w,v) = / [/ c(x, u,v) u(du)] v(dv).
v Ju

Note that ¢ satisfies (A2) with (1, v) € U x V replacedby (u, v) € P(U)xP(V).
Now the relaxed trajectory 1[7 (-, x0, (+), v(+)) is interpreted in an analogous way.
Let

- - | e Me(x, u,v) S — Ir
E_RXE,f(t,x,u,v)_|: f(x,u,v):| and S(t)—|:S(t):|.

The next result is helpful in defining the concept of motion in the game. To

achieve this, we make the following assumption.

(A3) The semigroup {S(¢)} is compact.

Lemma2.1. Assume (A1)-(A3). Let {(u,(-), v,(-)} be the sequence of nth stage
outcomes corresponding to a pair (I', A) of strategies and {x,}, a sequence con-
verging to xo. Then the sequence {(i(-, Xon, Un(+), v, (+))} of nth stage trajectories
is relatively compact in C([0, 00); ]E).

Proof. Let ¢,() = G(, Xon, un(), va())s ha() = FC hu(), tn (), v (),
- = 0 . =
@n() = SC) () =S8C)
Xon X0
It is enough to show that for each T > 0, the sequence of nth stage trajectories,
when restricted to [0, T], is relatively compact in C ([0, T']; I~E). Fix T > 0. Let
0 : L%([0, T); E) — C([0, T1; E) be the operator defined by
t
Q) @) =/ S —o)n(o)do.
0
Then
G () = () + Q(hy () ().
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Since the sequence ¢, (-) converges to ¢(-) uniformly, it is sufficient to prove
the relative compactness of {Q(4,(-))(-)}. To achieve this we show that the
operator Q is compact. This will imply the desired result since, by (A1) and
(A2), {h,(-)} is bounded in L*([0, T']; I@). Let {n:(-)} be a sequence in the unit
ball of L2([0, T]; E). We need to show that {Oni(-) ()} isrelatively compact. By
Arzela-Ascoli theorem, the proof will be complete if we establish the pointwise
relative compactness and equicontinuity of the sequence {Qn;(-)(-)}.

Lett € [0, T']. We first prove the relative compactness of { Oni(-)(¢)}. This is
trivial if + = 0. So we assume that r > 0. Let € > 0 be given. Since {n;(-)} is
in the unit ball, there exists § € (0, t) such that for all £

||/ $(t — oyne(o) do| < g
t—6

Note that
t—38 - ~
/ St —o)m(o) do = Sy ;
0
where
t—38 5
Vi :/ St —o —8)ni(o) do.
0
Since 5’(8) is compact and {y;} is bounded in [, there exist Viseerr, Ym € E

such that{S‘((S)yk},fi1 C U, B(yi, %). Therefore {Q (i () (1)} C UL, B(y;, €).
Thus we have established the relative compactness of {Q (9, (-))(¢)}.

Next we prove the equicontinuity of { Q (n,(-))(-)}. Lett, s € [0, T]and s < ¢.
The case when s = 0 is trivial. Assume that 0 < s. Now for § small enough,

Qi (@) — Qm())(s) =i + L, + I3

where
L = [5G —0) =58 —0))n(o) do,
L = [ ,(S¢—0)—56—0))n)do,

I; = fStS‘(t—a)nk(a)do.

Comp. Appl. Math., Vol. 22, N. 3, 2003



A.J. SHAIJU 341

By Cauchy-Schwartz inequality, we get
- ~ 1
1L < C(L18¢ =5 +0) — 5|2 do)?,

0y C8:, || <Ct—s)t;

IA

where C is a constant independent of k. The map ¢ — S (¢) is continuous in the
uniform operator topology on (0, co) because {S(#)} is a compact semigroup.
Thus from the above, we get the equicontinuity of {Q (nx(-))(-)}. U

We now define the concept of motion. Let {x¢,} be a sequence converging to
xo and let {(u,(-), v,(-))} be the sequence of nth stage outcomes corresponding
to the pair of strategies (I', A). By Lemma 2.1, the sequence of nth stage trajec-
tories {¢~>(-, Xon» Un (+), v, ()} is relatively compact in C ([0, 00); I~E). We define a
motion to be the local uniform limit of a subsequence of a sequence of nth stage
trajectories.

A motion is denoted by <]3[-, xp, I', A]. Let d~>[', xo, I', A] denote the set of all
motions corresponding to (I', A) which start from xy3. A motion ¢~>[-, x0, I', A]

[ ¢ x0. T. Al }

¢l x0. T, A] |

Let @[, xo, [, Al, @[, x0, [, A] respectively denote the set of all
&', x0, T, Al, ¢[-, x0, T', A]. The set of all qS[t, xo, I', A] where q~5[-, xo0, I, A]
runs over d~>[‘, xo, ', A] is denoted by CTD[t, xo, ', A]l.  Similarly, the
sets ®O[¢, xo, I', A] and ®[t, xo, I', A] are defined. Since ¢ > 0, for any
@[] = ¢°L-, x0, T', A, lim,p00 ¢°[#] exists and is denoted by ¢°[o0, xo, ', A].
As above, ®°[oo, xo, I, A] is the set of all ¢°[oc0, xo, ', A]. If the initial point
x) of the augmented component ¢°(-) of the trajectory is not zero, then the

can be written as

corresponding extended trajectory is denoted by

0
X0

X0

G-, Xo, u(-),v(-)), where Ip= |:

By & (-, to, Xo, u(-), v(-)), we mean the trajectory

|: x(()) + ef)nto(p()(_’ X0, M(to + ')a U(to + )) ]

¢('a X0, u(to + ')a U(IO + )) i '
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342 DIFFERENTIAL GAMES FOR ABSTRACT EVOLUTION EQUATIONS

Similarly, the relaxed trajectories 1/~/(-, Xo, (), v(+)) and 1/7(-, to, Xo, L (-), V(+))
are defined. To complete the description of the game, we need to define the
payoff. The payoff associated with the pair of strategies (I', A) is set valued and

is given by
P(xo, T, A) = ®"[00, xo, T, A

The player 1 tries to choose I' so as to maximize all elements of P (xg, I', A)
and player 2 tries to choose A so as to minimize all elements of P(xg, I', A).
This gives rise to the upper and lower value functions which are respectively

given by

WH(xg) = igf sup P(xo, I, A),
r

W™ (x0) = sup il‘Alf P(xo, T, A).
r

(If {Dy} is a collection of subsets of R, then sup, D, := supU,D, and
inf, D, := inf U, D,.) Therefore the upper and lower value functions are real
valued functions. Clearly W* > W~. If Wt = W~ = W, then we say that the
game has a value and W is referred to as the value function.

A pair of strategies (I'*, A*) is said to constitute a saddle point for the game
starting from xy, if for all (I, A),

P(xp, 'y A*) < P(x0, T, A*) < P(x0, T", A).

By D; < D, wemean r; < rp forall (r, ;) € Dy x D;.) Note that if (I'*, A*)
is a saddle point, then P (xg, I'*, A*) is singleton and

W (x0) = W™ (x0) = P(xo, ", AY).

By a constant component strategy I"“ for player 1 corresponding to the sequence
{u,, (-)} of controls, we mean a strategy where, for each n, the player 1 chooses the
open loop control u,,(-) at the nth stage. If u,,(-) = u(-) for all n, then this strategy
is referred to as a constant strategy corresponding to the open loop control u(-).
Constant component strategies and constant strategies for player 2 are defind in
a similar fashion.

In view of Lemma 2.1, the following result may be obtained by modifying the

arguments in [1]. Hence we omit the proof.
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Lemma 2.2. Assume (A1)-(A3).

(i) Let xo € E, T be a constant strategy corresponding to i(-) € ‘U and let
A be any strategy for player 2. Then for any motion ¢[-, xo, T', A], there

exists a relaxed control v(-) € V such that

Ol x0, T, Al = ¥ (-, xo, it (), v(-)). (2.4)

Conversely, given any relaxed trajectory (-, xo, it(-), v(-)), there exists a
motion q~5[-, X0, T, A] such that (2.4) holds.

(ii) For any 0 <t < 00 and constant strategy T, the set UACTD[t, xo, T, Al is

compact.
Analogous results hold with T, A replaced respectively by A, I

3 Dynamic programming and viscosity solution

Before proving the dynamic programming inequalities, we show the continuity
properties of W* and W~. To this end, we first compare the trajectories with
different initial points.

A
Lemma3.1. Assume (Al)and (A2). Foranya € (0, 11N (0, E) there exists
Cy > 0 such that

19°(t, x0, u(-), v(-)) — @°(t, yo, u(:), v(-N| < Collxo — yoll*,

forallt > 0, xo, yo € E and (u(-),v(-)) € U x V.

Proof. Let ¢(-) = (-, xo, u(-), v()) and ¢2(-) = ¢ (-, yo, u(-), v(-)). Obvi-
ously,

d1(1) = S(t)x()Jr/O S —s) f(P1(s), u(s), v(s)) ds,

$2(1) = S(1)y0 + /0 S(t — ) £ (a(s), u(s), v(s)) ds.
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344 DIFFERENTIAL GAMES FOR ABSTRACT EVOLUTION EQUATIONS

From this, it follows by using Gronwall inequality that

g1 (t) — o (0)I < llxo — yolle®".
We have

PL(1) = / e e(gr(s), u(s), v(s)) ds,
0
2(0) = / e c(a(s), us), v(s)) ds.
0
Therefore for any o € (0, 1] N (O, %), we obtain

67() — YD) < K [y e Qliclloo V K)lI$1(s) — pa(s)I|* ds

Cllclloo Vv K) o — yoll°
= —A ~ Ka 0o — Yol -
A 2 v K
Henceforth we take @ € (0, 11N {0, — | and C, = M
K r— Ko

3.1

Lemma 3.2. Assume (A1)-(A3). Let xg, yo € E and (T, A) a pair of strategies.
Then for any motion 43[-, xg, I', Al, there is a motion ¢~>[-, yo, I', A] with the

property that

1¢°[00, x0, T, A] — ¢°[00, yo, T, All < Cyllxo — Yoll*.

Proof. Consider a motion ¢[-, xo, I', A] and without any loss of generality

let it be the local uniform limit of a sequence {¢~)(-, Xon, Un(+), v,(+))} of nth

stage trajectories. Let @[-, yo, I', A] be the local uniform limit of a subsequence
{q;(a Yo, Mnk(')’ vnk('))} of the sequence {q;(a Yo, Mn(‘), vn())} of nth Stage tra-

jectories. From Lemma 3.1, it follows that for ¢ > 0,

1°(2, Xong s Uny (-)s Un () — @2, Y0, Uy, (), Uy (D] < Callxon, — Yoll®

Letting k — oo, we get

19°lt, x0, T, Al — ¢°[¢, o, T', Al| < Cyllxo — yol*.

The required result now follows by lettiong ¢ 4 0o in the above inequality.
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Lemma 3.3. Assume (A1)-(A3). The upper and lower value functions are

A
bounded and Holder continuous on IE with exponent o € (0, 11N <O, E)

Proof. The boundedness of ¢ gives the boundedness of W+ and W~. The
Holder continuity of W and W~ follow immediately from Lemma 3.2. U

Having established the continuity of W' and W~, we now prove dynamic
programming inequalities.

Lemma 3.4. Assume (A1)-(A3). For xo € Eand 0 < t < oo,

W= (xo) = supinf [t xo, u(), v()
"o (3.2)

+ MWW, X0, u (), V()]
Proof. Take an arbitrary u#(-) € ‘U and keep it fixed. It is enough to show that

W=(x0) =z ryi=inf [ O(t, x0, 4(-), v(-))
(3.3)
+ MWW (t, xo, i1 (), V()]

Let Eg = {% : & = ¥ (¢, xo, il(-), v(-)) for some v(-) € WN/} and € > 0. For any

=

%°
= € Ey, x% + MW (x) > 1.
X

Therefore for each x € E, there exists a strategy I"(x) such that for all A,
X+ e MP(x, T(§), A) = 1y — %

Let §(x) > 0 be such that whenever ||X — || < §(X),
Y+ e MP(y,T(F),A) >r —e. (3.4)

Now Ej is compact (by Lemma 2.2 (ii)) and the collection {B(x, (X)) : X €
Eyp} is an open cover for Eg. Let X1, X2,...,X; € Ep be such that Ey C
UL B(Xi, 8(%))).
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In order to prove (3.3), it is sufficient to construct a strategy [ with the property
that for all A and all motions (/5[-, X0, f‘, Al,

¢O[oov x07 ﬁv A] 2 ry — €. (35)
We first define I". Let IT’ i) = {l'[g’n} be the sequence of partitions associated
with ['(%;); i = 1,2, --- , k. Let IT), be the refinement of IT} ,, IT5 , --- , T .

Let I, be the partition of [0, 0o0) such that ¢ is a partition point, [0, ¢] is partitioned
into n equal intervals and the interval [z, co) is partitioned by the translation of IT),
to the right by ¢. We take IT = {I1,} to be the sequence of partitions associated
with[' = {[,}. LetTl, = {0 =1 <11 <---}.

We now define fn = (f‘,,,l, lgn,z, o)

Fori = 1,...,n, define f‘,,,i to be the map which always selects u(-) on
[Ti-1, T)-

Fori > n + 1, we define lA“,,,i as follows. Let u(-) € Uz, ti—1), v(-) €
Vit 1i-1) and ¢() = @, xo, u(-), v()). If $(¢1) ¢ U, B(X;, 8(%;)), then we
define f‘n,i(u(-), v(+)) to be a fixed element uy € U.

Let qg(t) € Uf-‘zl B(x;,8(x;)) and j the least integer such that q7>(t) €
B(x;, 8(x;)). We then take f‘n, i to be I',(x;) in the following sense.

Let I'I/j’n ={0=r1, <17 <---}. Letu,; (-) be the control that I', ; (X;)
selectson[7;,, 7;,). Foranyi suchthatn < i < n+i;,themapTI’, ; selectsu, ; (-)
on[7;_1, 7). If u, ;,(-) denotes the control that I, »(x) selects on [7;,, T;,), then
fori withn +i; <i < n + i, the map f‘,,,,- selects u,, ;,(-) on [t;_1, 7;). Now
the definition of I" is complete.

It remains to prove (3.5). To this end, let A be any strategy for player 2,
¢~>[-, X0, f‘, A] a motion and {(u,(-), v,(-))} the sequence of nth stage outcomes
corresponding to (", A). Without any loss of generality, we assume that this
motion is the uniform limit of a sequence {q;(-, Xon» Un(+), v, ()} of nth stage
trajectories. Since u,(-) = u(-) on [, 7,] = [0,2], ¥ := (/S[t,xg, f‘, A)] €
Eo. Let j be the smallest integer such that y € B(x;,8(x;)) and y, :=
& (t, Xon, Un (), V(). Since 3, — ¥, forn large enough, y, € B(X;, §(x;)).

Let A° = {A¢} be the constant component strategy corresponding to {v,(-)}
with the associated sequence of partitions same as that of A restricted to [#, 00)
and translated back to [0, co). Therefore for large n, the pair (i, (-), v, (-)) is the

outcome of (I',(x;), Ay).
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Hence by (3.4), we obtain

¢°[o0, xo, ', Al = ¢°l1, xo, T, Al + e ¢[00, ¢[1], ['(%;), A°]
= '+ e M¢%o0, y, ['(F)), A°]

>r] —€. O

By arguing analogously, we can prove the next result.

Lemma 3.5 Assume (A1)-(A3). Forxo e Eand 0 <t < oo,

W (xo) < mfsup[l// (t, x0, (-), v(-))

v(")
w() (3.6)

+ e MW, x0, (), V)]

The strict inequality can hold in (3.2) and (3.6). The following example illus-
trates this fact for (3.6).

Example: E=R, U=V =[-1,1],A=0, f(x,u,v) =u+v,c(x,u,v) =
c(x), a bounded, nonnegative and Lipschitz continuous function.

Note that W (x) = ¢(x), since H*(x, p) = H (x, p) = —c(x). Furthermore
take c such that c(x) = |x| on [-2,2]. Letxo = 0. For 0 < ¢ < 1, we get

lvl(lfslzr; YO, 0, (), v() + e MW, 0, n(), ()]
I

> 1nfSllP[¢ (1,0,u(), v(-)) + e Me(@(, 0, u(), v(-)))]
O u()

mfsupe Me(p(t, 0, u(-), v(-)))
O u()

= 1Ur(1if51(1[))|¢(l 0, u(),v(-))l
— e—)»tt

> 0=c(0)=W(0). U

v

Using dynamic programming inequalities, we next show that the upper (resp.

lower) value function is a viscosity sub- (resp. super) solution of the HIT lower
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(resp. upper) equation. The HJI lower and upper equations are, respectively, the
following:

AWT(x) + (Ax, DWT(x)) + H (x, DWT(x)) =0 inE,  (3.7)
AW™(x) + (Ax, DW™(x)) + H (x, DW™(x)) =0 inE,  (3.8)

where for x, p € E,
H_(X, p) = max mln[<_pv f(x’ u, 'U)) - C()C, u, U)]a
veV uelU
H*(x, p) = minmax[{—p, f(x,u,v)) — c(x, u, v)].
uelU veV

We take the definition of viscosity solution given by Crandall and Lions in [5]
and [6]. We first recall their definition of viscosity solution. To this end, let

So = {(weC ! (E) | ¥ is weakly sequentially lower semi-continuous and
A*DWY € C(E)}
Go = {geC'B)]|gk) = p(|x|) for some p € C'(R) with p’ > 0}.

Definition 3.6. An upper (resp. lower) semi-continuous function W : E — R
is called a viscosity sub-(reps. super) solution of (3.7) (resp. (3.8)) if whenever
W —W —g (Ve Sy, g€ Gy has a local maximum (resp. minimum) at x € E,

we have

AW(X) + (A*D¥ (x), x) + H (x, D¥(x) + Dg(x)) <O.
(resp. AW (x) — (A*DW (x), x) + H" (x, —=DW(x) — Dg(x)) > 0.)

If W € C(E) is both a viscosity subsolution and a viscosity supersolution of

an equation, then we call it a viscosity solution.

Lemma 3.7. Assume (A1)-(A3). The upper value function W is a viscosity
subsolution of (3.7) and the lower value function W~ is a viscosity supersolution

of (3.8).

Proof. We prove that W is a viscosity subsolution of (3.7). The other part can

be proved in a similar fashion. Let ¥ € Sy, g € Gy and let x( be a local maximum
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of Wt —W — g. Without any loss of generality we assume that W™ (xg) = W (xo)
and g(xg) = 0.
We need to show that

AW (x0) + (A*DW (x0), x0) + H™ (x0, DW(x0) + Dg(x0)) < 0.

Fix an arbitrary v € V. It is enough to show that
AW (x0) + (A*DW(xp), xo) + min[{—DW (xo) 30
~ Detw Flo ) —cOp DI <0,

Let € > 0. By Lemma 3.5, for each ¢ > 0, there exists u,(-) € U such that

W+(-x0) —€r < Wo(t, X0, /-'Lt(')a {)) + e_)L[WJr(W(t’ X0, /-’Lt(')a ﬁ))'

Wi ; s wO)
e denote ¥ (-, xo, 1, (-), v) by ¥, (-) = v |

Hence for small enough ¢,
WH(xo) — et < Y1) + e MW (W (1) + (i (1)].

This implies that for r small enough,

w YW (1) — Wi(xo)
t

1 _
—€ < ;1/0 D+ e
(3.10)

1
+ W (x0).

ef)tzg(WI(t)) n e —
t t

It can be shown that (see e.g., Lemmas 3.3, 3.4 in pp. 240-241, [10]) for ¢ small

enough,

;I//f’(z) = %/ c(xo, pe(s), 0) ds + o(1), (3.11)
0

V(W (1) — W(xo)
t

1 t
= ekt |:; / (D"Ij(xo)s f(X(), ,LL[(S)7 1_)) ds
0 (3.12)
- (A*D‘I’(xo),xo):| +o(1),
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s _

1 t
: “;A(Dmmxf@mmﬁxmhh+00) (3.13)

Combining (3.10), (3.11), (3.12), (3.13) and letting t — 0, we get

AW (x0) + (A*DW(xo), x0)
+ min[(—DW(xo), f(xo, ps(5), 1)) — c(xo, ps (), V)] < €.

Since € is arbitrary, we get the required inequality (3.9). ]

We next show the existence of value and characterize it as the unique viscosity
solution of the associated HJI equation. To achieve this we make the following

assumption.

(A0) There exists a positive symmetric linear operator B : [E — [E and a
constant ¢y such that R(B) C D(A*) and (A* + col)B > 1.

Let |x|%; = (Bx, x) and F, the class of all bounded functions W : E — R
with the property that forall x, y € E, |W(x) — W(y)| < w(|x — y|p) for some
modulus w. We shall prove the characterization in this class F. Note that the
class F is contained in the class of bounded uniformly continuous functions.

We also require the so called Isaacs min-max condition. By ‘local game’
at (%, p) € E x E, we mean the zero-sum static game, in which player 1 is
the minimizer and player 2 the maximizer, with payoff x° 4+ (—p, f(x, u, v)) —
poc(x, u, v). The Isaacs condition is that for each (x, p) € E x fE, the associated
local game has a saddle point. In other words, we assume that

(Ad) Forall (i, p) € E x E,

max min[(—p, f(x, u, v)) — p’c(x, u, v)]
veV uel

= minmax[{—p, f(x,u, v)) — p’c(x,u, v)].
uelU veV
Remark 3.8. In (A4) it is enough to take p® = %1. For proving the existence
of value, we only need (A4) with p° = +1. But in the next Section we want
0
p’ = =£1.

Comp. Appl. Math., Vol. 22, N. 3, 2003



A.J. SHAIJU 351

Theorem 3.9. Assume (AQ0)-(A4). The differential game has a value and this

value function is the unique viscosity solution of (3.7) (or (3.8)) in the class T.

Proof. We first show that W' and W~ belong to F. Boundedness of W™ and
W~ has been proved in Lemma 3.3.

Let xq, yo, u(-), v(:), ¢1(-), p2(-), ¢?(-), qﬁg(-) be as in Lemma 3.1. Lete > 0.
Since c is bounded, there exists T = T (¢) large enough such that

T
#00) —9he)| = S+ fo Kllgi(s) — da(s)] ds
€ 1 T %
< §+KT2</O ||¢1(S)—¢2(S)||2ds)

(by Cauchy-Schwartz inequality).

It can be shown that (see e.g., Lemma 2.5, p. 233 in [10])

T
/ p1(s) — dp2(s)|I* ds < C*|xo — yol
0
for some constant C. Therefore, we obtain
€ 1
[97(00) — $2(00)| = 5 + KT2Clxo = yuls.

This implies that we can choose § = §(¢) > 0 such that ) (c0) — ¢9(00)| < €
whenever |xo — yo|p < 8. Hence there is a modulus w with the property that
|pY(00) — ¢(c0)| < w(|xo — yolp). Now we can mimic the arguments in
Lemmas 3.2 and 3.3 to get the fact that the upper and lower value functions are
in the class F.

Under (A4), both (3.7) and (3.8) coincide. Therefore W' and W~ are respec-
tively sub- and super solutions of this equation (HJI equation). Now, we have
the comparison result for the HJI equation in the class F (see [6] and Chapter
6 in [10]). Therefore W™ < W~. But we always have W+ > W~. Hence

Wt = W~. The uniqueness follows from the same comparison result. (Il
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4 Saddle point

Under the Isaacs condition (A4), we prove the existence of a saddle point for
the game. To achieve this we use only the dynamic programming inequalities in
Section 3. We don’t use the fact that the game has a value.

Fix an arbitrary xo € E. Let rp = W™ (xp) and r® = W+(xy). Consider the
sets

Clro) = {0 | 1,x°>0andx’+ e W~ (x) < ro},
cr® = {5 | ,x°=0and x° + e Wt(x) = r}.

0
Clearly (0, |: i|) € C(rp) N C(r°) and, by the continuity of W+ and W, the
X0

sets C(rp) and C(r°) are closed.
The next two results are very crucial in constructing the optimal strategies.
These results follow respectively from Lemmas 3.4 and 3.5.

Lemma 4.1. Assume (Al)-(A3). Let (t,x) € C(rg) and § > 0. Then for
any u(-) € Ult, t + 8], there exists v(-) € T/[t, t + 8] such that (t + 8, Jf(l +
8,1, %,u(-), v(-))) € C(ro).

Proof. Suppose that the result is not true. Then there exist (¢, X) € C(rp),
8 > 0and u(-) € ‘U[t, t + 8] such that for all v(-) € T/[t, t+48], (t+34, &(t +

87 z, iv l/l('), V())) ¢ C(”O)-
That is,

YO 48,1, %, uC), v() + e TOWT (Yt + 8,1, %, u(-), v(-))) > ro.
This together with Lemma 2.2 (ii) implies that
x4 ivrg[wo(a, x,u(t+ ), v+ )
+e MW (Y (S, x, u(t + ), v(t + )] > ro.
Applying Lemma 3.4, we obtain
x4+ e MW (x) > ro.
This contradicts the fact that (¢, X) € C(rg). U
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In an analogous manner, by using Lemmas 2.2 (ii) and 3.5, we can establish
the next result.

Lemma 4.2. Assume (A1)-(A3). Let (t,X) € C(°) and § > 0. Then for
any v(-) € V[t,t + 8], there exists u(-) € ’a[t, t + 8] such that (t + 6, 1/~/(t +
8,1, %, u(-),v())) € C().

We now define extremal strategies and, using Lemmas 4.1 and 4.2, show that
they constitute a saddle point. Any sequence F' = {F,}, F, : [0, 00) x [0, 00) X
E — U, defines a strategy I' = I'(F) for player 1 in the following way. We
take the nth stage partition I1, = {0 =y < #; < ---} to be the one which

0 :|). Letj > 2,
X0

(), v()) € Ulto, 1;-1) x Vlto, 1;-1), and () = (-, xo, u(-), v(-)). We
define Iy ; (), v(-)) = F(tj-1, §(1;-1)).

For any sequence G = {G,}, where G, : [0, 00) X [0, 00) X E — V, astrategy

divides [0, co) into subintervals of length }l 1= F(0, |:

A = A(G) for player 2 is defined in an analogous manner. The strategies
I'(F) and A(G) are referred to as feedback strategies associated with F and G
respectively. The optimal strategies I', and A, which we define now are of this
feedback form. Thatis, I', = I'(F,) and A, = A(G.). We define the sequence
G. = {G,,} and the definition of F, = {F,,} is similar.

Let (¢, X) € [0, 00) x [0, 00) X E. If (¢, X) € C(ry), then we define G, (¢, X) to
beafixedelementvy € V. Let (¢, X) ¢ C(rg). LetC,;(rp) = {x : (t,%X) € C(rg)}
and y € C;(rg) be such that |x — y|| < 2% distz (X, C;(r9)). We then define
G.n(t, X) tobe v,, where (u,, v,) is a saddle point for the local game at (x, X — y).

The next result compares trajectories governed by two special pairs controls.
The proof may be obtained by modifying the proof of the analogous finite di-
mensional result in [9].

Lemma 4.3. Assume (Al1)-(A4). Let X,y belong to a bounded subset M of
[0,00) xE, T € [0,T), u(:) € ’l~1[1:, T]land v(-) € T/[‘c, T]. Let (uy, vy) be
a saddle point for the local game at (X,x — y). Let x(-) = 1/7(-, T, X, 1(+), vy),
y() = 1}(-, T, ¥, us, v(2), p(-) = X(-) — ¥(-). Then there exists a modulus p
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and B > 0, depending only on M and T, such that for0 <5 <T — 1,

15 +I* < Ip@IPA + BS) + H(8)8.

Using Lemmas 4.1, 4.2 and 4.3, we try to establish the optimality of (I",, A,).

Lemma 4.4. Assume (A1)-(A4). Let I" be any strategy for player I and let

¢l-]1 = o[-, x0, ', A.] be amotion corresponding to (I', A.). Then forallt > 0,

(1, 9lt]) € C(ro).

Proof. Lete(r) = dist((z, qNS[t]), C(r9)). Without any loss of generality, 1etq§[-]
be the local uniform limit of the sequence {q;(-, Xons Un(+), v, (-))} of nth stage tra-
jectories. Let ¢, () = @ (-, Xon, Un(-), v, (-)) and €,(1) = dist((r, ¢, (1)), C (o).
Clearly for each ¢, €,(t) — €(t) as n — oco. Therefore it suffices to show that
forall t > 0, lim,€,(t) = 0. Fix t > 0 and an integer N > ¢t. We now

estimate €, ().

Let T, = {0 =10 <1 < -+ < Tynn = N < .-} be the nth stage
partition associated with A,. Lett € (7,,j, Tn, j+11,0 < j < Nn—1. Choose y €
C, ; (ro) such that ||q~5n(tn,j) -y < Zﬁen(tn,j). Let (u,, v,) be a saddle point
for the local game at (q~§,, (Tn, ) qgn(rn, i) — ¥). Now by Lemma 4.1, there exists
v() € ’\7[1,,,j, t] such that the relaxed trajectory 1/7(-) = 1/7(-, Tn,js Vs Use, V()
has the property that (z, &(t)) € C(rg). Therefore

() < 19t T js $a (T, ) tn (), v:) = Y OII.
Applying Lemma 4.3, we get
I\ 1
() < 2"'63(rn,,-)<1 + ﬁ) + ﬁ(—)—-

n n/n
Therefore

Nn 2Nl éNVl_l
eX(t) < 2Ne§(0)(1—|—'8> +/3(1)1 (+5)

n n

no2n(l+2) -1
1\2VefN —1
< 2V ()N + ﬁ(—) < -
n B
Letting n — oo, we get the desired result. (I

Similarly, we can prove the next result.
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Lemma 4.5. Assume (A1)-(A4). Let A be any strategy for player 2 and let

¢l-1 = ¢l-, x0, Te, A] be amotion corresponding to (I',, A). Then forallt > 0,
(t, pl1]) € C(r¥).

Now we can show that the pair of strategies (I",, A,) constitute a saddle point

equilibrium for the game.

Theorem 4.6. Assume (A1)-(A4). The pair (T, A,) is a saddle point for the

game with initial point x.
Proof. From Lemmas 4.4 and 4.5, it follows that for any (I", A) and motions

q’;['9 xOv Fa A€]7 é['a x09 Fea A]’ We have
@°[t, x0, T, A+ e MW (lt, x0, T, A]) < W (x0),
¢°t, x0, T, Al + e M WH (@1, x0, T, AD) > W (x0).
This holds for all # > 0. Letting ¢ 1 oo, we get
¢°[00, x0, T, A1 < W™ (x0),
¢°[00, x0, Ty Al > W (x).
Hence we obtain
P(xo, T, A,) < W (x0) < WH(xp) < P(x0, Te, A).

The required result now follows. O

5 Conclusions

We have extended the Berkovitz’s framework to study infinite horizon discounted
problems. In this setup, following a dynamic programming approach, we have
shown that the two player zero-sum infinite dimensional differential game on the
infinite horizon with discounted payoff has a value. This value function is then
characterized as the unique viscosity solution of the associated HJI equation.
This has been achieved by using the notion of viscosity solution proposed by

Crandall-Lions in [5] and [6]. By using our dynamic programming inequalities
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and mimicking the arguments in [8], without using (AQ), we can also characterize
the value function in the class of bounded uniformly continuous functions by
taking the definition of viscosity solution as in [7] which is a refinement of
Tataru’s notion (see [11] and [12]). In the Elliott-Kalton framework, this has
been established by Kocan et. al. [8] under more general assumptions on A.
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