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Modeling solute transport through unsaturated
porous media using homogenization I*
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Abstract. In this paper we consider homogenization of the diffusion, adsorption and convection
of chemical species in porous media, that are transported by unsaturated single phase flows. The
unsaturated flow is described by the Richards’ equation. We present in details a rigorous derivation
of the corresponding dual porosity model. Then we give the derivation by homogenization of first-
order kinetic models for the evolution of the chemical species. Finally, numerical simulations for

the Freundlich and Langmuir isotherms are presented.
Mathematical subject classification: 35827, 76M50, 35Q30.
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1 Introduction

The underground solute transport involves a complex interplay among hydrolog-
ical, physical, geochemical and biochemical processes. The geometry plays an
important role in modeling. Usually the primary solid particles are assumed to
be aggregated into porous pellets (aggregates). The inter-aggregate pore space
is such that bulk flow of water only takes place between the aggregates. Con-
sequently, solutes move inside the porous pellets only because of molecular
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diffusion. On the surface of the pellets the chemical species undergo adsorption
or exchange processes.

In the article [23] there is a classification of the computationally significant
types of reactions into homogeneous, heterogeneous sorption or ion exchange,
and classical heterogeneous dissolution/precipitation reactions.

Our goal is to obtain the upscaled equations, valid at the macro level, starting
from the mesoscopic geometry described above. We expect to justify the models
from [23] and [15], at least for adsorption processes, and to obtain more precise
modeling for dissolution/precipitation reactions involving free boundaries. Di-
rect application of our results is to the hydrochemical computer codes which are
of interest for ANDRA.

In this article we concentrate to the case when the chemical species undergo
adsorption. A direct modeling approach to this problem is in [14], where the
mathematical analysis of a model from the general paper of Rubin [23] is under-
taken. Since the first difficulty is with the unsaturated flow, we concentrate our
efforts mainly on the obtaining of the dual porosity Richards model and leave
the more detailed considerations of the transport, diffusion and adsorption of
chemical species to the subsequent papers. That’s reason why “I”” appears in the
title.

For simplicity we suppose the porous media €2 be a unit cube.

Let Y =]0, 1[", n = 2, 3 be the unit cell and let 9 = TTUT2, ' N2 =g,
where each I'! and I'? is a n — 1-dimensional manifold (with boundary).

We assume then that the geometry of the cell Y defined as follows.

IE] Y., the pellet, is a connected open subset of IR", 7,,1 C Y, with Lipschitz
boundary; Yy =Y \ Y, the unit inter-aggregate pore is connected.

Now for a given bounded open set Q2 C IR" and ¢ > 0 we define the union of
the pore spaces

Q =an ey +h.

kezZ"

Then €2¢, is the union of all pellets and I'® is the boundary between 2!, and
Q5.2 =QF U, UT*.
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Under the above assumptions, the theory from [1] implies that there exists a
La (€2), and three

linear and continuous extension operator IT, : W4 (Q*}) - W,

constants kg, k1, ko > 0, such that Vu € Wl’q(fo) we have

ey =u (ae.) in Q? )

/ [Meu|?dx < ky(Yy, n, q)/ |u|?dx (2)
Q (eko) Q

/ IV(ew)|'dx < ka(Yy,n,q) | [Vul|?dx. (3)
Q(eko) QF

%

Finally, Q(eko) = {x € Q: dist(x, dQ) > gko}.

2 Modeling of the filtration

In the modeling of the underground transport, first question is how to handle
the fluid flow. In all models reviewed in [23] and [15], and further studied in
[14], we remark that the concentration of the transported contaminants is such
that the flow is not affected. This means that we should study the effective flow
before looking at the mass balance equations for the transported species. All
flows could be considered as incompressible.

For the saturated single phase flows we know that the filtration velocity is given
by the Darcy’s law. This situation is fairly well understood and using homog-
enization it is possible to obtain Darcy’s law from the microscopic momentum
equation. For more details in the case of periodic porous media we refer to the
original contribution by Tartar [25] in the book [24] and to the review papers
[4] and [20]. Let us note that that the derivation of the Darcy’s law for random
porous media is in [8]. Consequently, for the mesoscopic model we’ll have the
Darcy’s law but with different permeabilities, corresponding to the pellets and
to the inter-aggregate pores.

The homogenization of the mesoscopic model is straightforward if the perme-
abilities are of the same order, since it reduces to study of the convergence of the
homogenization process for a scalar elliptic equation for the pressure, when the
characteristic size of the inter-aggregate pores ¢ tends to zero. If the permeability
ratio between the pellets and the pore space is of order &> then one obtains the
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198 MODELING SOLUTE TRANSPORT THROUGH UNSATURATED POROUS MEDIA

dual-porosity model widely present in the oil literature. For its derivation in the
case of a periodic porous medium we refer to [6]. Derivation for random porous
media is in [13].

For the multiphase flows, we can’t say much about the derivation of the
mesoscopic models from the first principles. We refer to the review paper of
Bourgeat [12] and to the calculations for the flow through a single pore in [19].
To the contrary, homogenization of the mesoscopic models was studied with suc-
cess in many papers. We refer to [9] and [18] for the 2-phase flows in periodic
geometries and with the permeabilities of same order, to the article [10] for the
random case and to [11] for the 2-phase dual-porosity model.

Very frequently, solutes are transported by an unsaturated flow. Single phase
unsaturated flows are described by the Richards’ equation. Even if it seems that
the equations describing the 2-phase flow of water and air are more realistic, the
Richards’s equation is widely used and in the hydrochemical computer codes
one should solve it in a heterogeneous medium.

Hence in order to have an effective equation for the velocity and the pressure,
we study the homogenization of the Richards equation. The Richards equation
in the dual porosity case reads as follows (see e.g. [7])

% = div (k9 (PO (VP —e5)) in Q5 x (0,T) @)
D) 2 div (k0 (PDTP ) in % x O.T) )
P — ps on ¢ x (0’ T) (6)

k(@7 (P)) (VP —e3) - v = &%k (D (p°)) (VP —e3) - v
on I' x (0, T) (7
P =PP onT!x(0,7) (8)

(Pf — 97 1(60) — 8)+
|P¢ —9=1(60)]
on I'? x 0, 7) 9

k(@ r(P)YVP® —e3)-v=g

Xey, P (x, 0) + xg; p°(x,0) = PP(x,0) on Q (10)
where § is a small positive number, P?, p® are the unknown (scaled) pressures,
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¥ is the water content and k is the hydraulic conductivity. Let us note that we
have two functions ¢ and k. Each ¢ is a C! strictly monotone increasing positive
function on IR, equal to 8s for s > 0. Each k is a C'! increasing function defined
on [0, 1]. They are positive and strictly monotone increasing for ¢ > 6y. They
could be zero on [0, 6y). Let V ={v e H'(Q) |[v=0 on T''}.

Proposition 1. Let PP e H'(0,T;L>(Q)) N L*0,T; H(Q)), PP >
9716 +8,8 > 0. Let g € L>(I'* x (0, T)). Then there exists at least
one solution p® = XQEfPS + xq:, P € (PP + L2, T;: V))NL®(Q x (0, 7)),

P° = 071 (00) + 8 and L xge + Ml yoo € L20, T V') satisfying

T
/ Z (97 (P xer, + On (P xes)s @
0 Jat ! Q

T
[ (xQ;.kfwf(PS))(wf—ez)
o Jo an

+ Xa, €k (O (P (V p°© — 63)> Ve

T & —1

(PE —91(8y) — )4 )

= 0. Vo LX0.T;V)
/0 frzg |Ps — 9-1(60)|

and satisfying the initial condition (10). Furthermore, it satisfies the a priori

estimates
| D% I Lo @x0.1y) + ||VP8||L2(97><(0,T)) <C (12)
. C
IVp ||L2(Q,51x(0,T)) =< . (13)

T—h
/ / ((ﬁf(PE)XQSf + O (P xax ) (x, 1 + h)
0 Q :
— (9P xas + Om (P xey, ) (x, t))
(P°(x,t+h) = p°(x,1)) < Ch, Vhe(0,1) (14)
where constants are independent of ¢.
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200 MODELING SOLUTE TRANSPORT THROUGH UNSATURATED POROUS MEDIA

Proof. Proof of the proposition follows the lines of the article [5]. It should
be noted that the conditions on the data guarantee the non-degeneracy of the
coefficients. ([

Next we use the results from [1] presented in the introduction and extend P°*
to Q. The extension IT, P¢ satisfies

Lemma 2. We have

IT1e P? || Lo ax 0,1y + IVIT Pl 2@x0.7)) < C (15)

T—h
/ / (O (M PO (x, t + h) — O (T PO)(x, 1))
0 Q

(Mo P (x,t +h) — M, P°(x,1)) < Ch, VYhe(0,1) (16)

Using the a priori estimates derived in proposition 1 and lemma 2 and the
concept of two scale convergence as in [3], we get the following compactness

results

Proposition 3. There exists a subsequence such that
[I,P° —> P € L*((0,T); H'()) in the two-scale sense (17)

V(II,P?) — VP + V,Pi(t,x,y) inthe two-scale sense, where

P e L*((0,T) x Q; H,,,(Y)) (18)
¢ —> pe L*((0,T) x Q; H;EF(Y)) in the two scale-sense (19)
[, P* — P stronglyin LY((0,T) x ), Vg < +00 (20)
eVp® — V,p € L*((0,T) x  x Y) in the two scale-sense 21D

Proof. The proofisa direct consequence of the a priori estimates and of theorem
1.2 and proposition 1.4 in [3]. (]

Again as in [3] we plug into (11) a test function of the form ¢(x, ) +
epi(x,x/e 1) +W(x, x/¢e, 1), where p € C5°(Qr), 91 € C3°(Qr; C (Y)) and

per
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Ve C3°(Qr; C5.(Y)) with W = 0 for y € Q. Passing to the two-scale limit

per

yields:

! de(x, 1)
9 (P
/o fsz/yf SR

T
o [ e [t e
o Ja Jy, ot ot (22)

T
_/ / / ki@p(P)IVP + Vy P —e3l[Vo + Vypi(x, y, 1)]
0 Q JYy

e—0

T
—limf /km(ﬁm(p‘g)Vpsv),\I"S:O,
o Jog

where ©,, is the two-scale limit of the (sub)sequence of #,,(p®)xq:. Let
&, |, v, §; = 0. be the 1-periodic solution to

Ay%-j =01in Yf, Vyé:j V= —ej -V on 8Ym (23)

and E the tensor whose (i, j) component is the average of 9§;/0y;. Then P; =
> ;€ (»(aP/dx; — 8;3) and the choice W = 0 gives

89, (P) a/
Y 2| end
=t ), O

—dive{ky (0§ (P)(I + E)[ViP —e3]} =0 in Qr

(24)

We note that by Lemma 4.2 from [11], 3, [, ©,, dy € L*(Q x (0, T)).

The real difficulty is inidentifying ©,,. Letus note that xo: p® doesn’tconverge
strongly and oscillations are likely to persist. We proceed by using the the method
of periodic modulation as in [11]. It was introduced in [6] and we repeat the
definition:

Definition 4. For a given ¢ > 0, we define a dilation operator D® mapping
measurable functions on Q) x (0, T) to mesurable functions on Q X Y, X
0,T) by

(DPu)(x, y,t) = u(c*(x) +¢ey,t), yeY,, (x,t) e 2x(0,T) (25)
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202 MODELING SOLUTE TRANSPORT THROUGH UNSATURATED POROUS MEDIA

where c®(x) denote the lattice translation point of the ¢ - cell domain containing
x. We extend D?u from Y, to Uy (Y,, + k) periodically.
It is easy to see that

Lemma 5 (see [6] pp 828-831). ForYu € L*(0, T; W4 (Q¢))) we have

| Dfu \lzacorxy,y =l u llzaopy, 1 <g < +00 26)
V,D*u = ¢D*V u (a.e.)in Qr x Y,,.
Furthermore, let ¢, € L*(0, T; H'(Q£)). Then
(D@, DY) 1207 xvm) = (@5 V) 12008 x(0.7)) (27)
l V},Dggo ||L2(QT><Y,,,)3: el ngx(p ||L2(Qf;l><(O,T))3 (28)
(D@, ¥) 12007 xv,) = (@ DY) 1207 x1,) (29)

Proposition 6 ([11]). Let {u®} be a uniformly bounded sequence in L*(Qf, x
(0, T)) which satisfy the conditions

Dfu® — u® weaklyin L*(Qr; Lf,e,(Ym)) and

Xos Ut —> u* e L*(0r; Lfm(Y)) in the two-scale sense.
Then we have

W =u* (ae)in Qr x Y. 30)

Proposition 7. With the above notations we have

Il Dgp's ”LZ(QT;L2

pe

o= C €1y

Let ¢ > 0 and let D?p® be defined by (25). Then Dfp® = p° satisfies in
L*(0, T; H='(Y,,)) the equation

atﬁm(Deps) - divy{km(ﬁm(ﬁ‘s))(vyﬁE - 863)} =0 (32)
for(a.e.) x € Q@ and (D°p®)(x,y,0) = D¢PP(x,0)0n Q x Y, (33)
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We consider the problem:
Find p* € L*(Qr; L}, (Y,)) N L(Q1 X Y,y), 97" (60) 48

per

< p*(ae) on Q7 x Yy, Vyp* € LX(Qr; L}, (Yn))",

per
3 p* € LX(Qr; Hppy (V) suchthatf / Om(p*(x, y, )Y
0 Y
_ / f ki (I (P)V, ™V, = / (" (e 3 WO Dy (34)
0 m Y

_ / (PP (x, 0)¥ (v, 0)dy for (ae) (x,1) € Or,
Y

Vi € H'((0,T) x Y,,), ¥ =0 on 3Y, x (0,T)

p* =P in L2, T; H'?(dY,)) for(ae) x € Q (35)

For fixed P € L*(0, T; H'(R)) N L>®(Q7) ,¥ '(6y) +8 < P (a.e) on Qr
and P° € L®(Q) ,9 (6 + 8 < PP(-,0) (a.e) on Q, the theory from [5]
and [21] gives existence of a unique solution p* for (34)—(35).

Our final step is to compare the problems (34)—(35) and (32)—(33). We have
the following result:

Proposition 8. Let D*s® be defined by (25) and let p* be a solution for (34)—
(35). Then we have

Dip* — p* in L*(Q2x Y, x(0,T)) and

(36)
p'=p (ae)on QxY,x(0,T)

where p is defined by (19).

Proof. We choose the test function by a change of pivot. Therefore, we intro-
duce for (a.e.) (x, 1) € Qr afunction w?® € HO1 (Y,,) by

—Ayw® = 0,(D°pf) — 0, (p*) inY,. (37)
Obviously, w® € H'(Qr X Y,), [Vyw®(x, ¥, 0)ll12(0,xv,) < C¢ and
| Vyw® l2c0r: 200, = C |l Dfp® — p* l22¢07 xv,) -
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Now we introduce the function ¢° by ¢¢ = 9,,(D? p®) — ¥, (p*) and K, (s)
by K., (s) = fo‘v ki (9,,(n)) dn. Obviously, ¢¢ satisfies the variational equation

T
/ / f ggatqj - / / vy{Km(Dgpg) - Km(P*)}Vy‘I’
0 Y, JQ or m

—/ny (E W (L T) = (.0 (., 0))

oW
= _8/ / km(l?m(Dgps))_a
or JY, ay3

VW e H (Qr xY,),¥ =0 on Y,

(38)

and the boundary condition
¢ = 0u(D°P®) — 9,,(P) in L*(0,T; H'/?(Y,,)) for(ae) xecQ.

In order to estimate the L? —norm of ¢ we choose W = w? as the test function.
We have

f /Cgatws—// (£°C, Dw -, T) = ¢°(-, 0)w’(-, 0))
QT Y Q JYn
—/ / (Vy{Km(Dsps)_Km(p*)}vyws (39)
QT Yin
+ekm<ﬁm<Dfp8>>ai> = 0.
dy3

Using the uniform bound for V,w® in L*(Qr x Y,,) we find out that the right
hand side is bounded by Ce.
Furthermore

/ / 8,w5§8=/ / V,w®V, 0w’
QT m QT m
1 € 2 1 € 2
=5 |Vyw ('7 T)| - A |Vyw (a0)| ’
2 JalJy, 2 Jalty,
/ f ;8( 5 T)wg( ) T) = / |vyw8(' ) T)|2 and
Q JYy, Q J Yy

ff ;8(-,0>w8<-,0)=// V0, )2
Q Qn QJYy
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Therefore, we write (39) in the form
‘/ / VA Kun(D?p*) — Kn(p*)}V,w*
QT Ym

1
§C8—|——/ / IV, wé(.,0)|* < Ce.
2 Ja Yo

It remains to find an estimate from below for the diffusion term. We have

f / VoK (D* pF) = Kn(p")} Vw0
or JY,

m

- f (K(D* p°) — Kpy(P)IV, 0 -
Or JY,

- f (Kn(D* p*) = Kn(P)} Ayw*
Or JYm

m

= / / Vme(l—IgDsPs)Vng
Or

+ / (Kn(DFp*) = Kn(p)}c"
or JvY,

m

Therefore

/Q KD ) = K (00w (D' p') = 970 = C

+ C || (D°PP — PP)(x,,0) l.20xy,)
+ C || Vy Ky (T D° P?) |l 1204 x v,y
=Ce+ Ce || VoK, (IT; D° P?) |l 12007 v,y

and consequently,
{Kn(D*p*) = Kn(pIHDm(D* p°) — 9 (p*)} — 0 (ae)) in Q7 x Y.

Hence, after passing to a subsequence, D®p® — p* — 0 (a.e.) in Q7 X 2,
and D®p® — p* — 0 (a.e.) in L9(Q7 x Y,) forVg € [1, +o0[ by Lebesgue’s
dominated convergence theorem. ([

Therefore the sequence {P¢, p®} converge to the unique' solution {P, p} of

11t should be noted that the uniqueness follows from the energy equality.
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the problem
a0 s(P) 9 . -
ey 2 f B(p)dy = dive ks (9, (P + BV, P — es])
Y
in Or (40)
P=PP onT'x(0,T7) 41)

(P —0""(60) — )+
|P — 9~ (6)]
on I'? x 0, T7) (42)

ky@p(PHU + E)[ViP —e3]-v=g¢g

P(x,0)=PP(x,0) on Q and p(x,y,0) = P’x,0)

on xY, (43)
O 0m(p) — divy{kn (Dm(p))Vyp} =0o0n 2 x 7Y, x(0,T) (44)
p=P on QxdY,x(0,T) (45)

3 Modeling transport, diffusion and adsorption of chemical species

We are going to assume that certain chemical species are dissolved in the fluid.
Their concentration is sufficiently small and the fluid flow is not affected. For
simplicity of notation we write the equations for just one specie; the generaliza-
tion to m substances is straightforward. The conservation of mass law is

—3(1),0(;6)”8) —div{DVu® —v°u’} = f(®) in Q% x(0,T) (46)
where v¢ = k(0 7(P?))(V P® — e3) is the filtration velocity, v®u® is the convec-
tion term, — D Vu? is the dispersion and diffusion term and f (1) represents the
chemical reactions.

The simplest way to include adsorption effects is to introduce the concentration
U? of the substance absorbed on the pellet surface. It is reasonable to suppose

that the actual adsorption rate »° depends on u® and U®. Thus we have

(DVu® —v°u®) -v =¢b(x,u®,U%) on I'* x (0, T), 47)
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where b is a Holder continuous function of # and U. In order to complete the
model we add an equation describing the dynamics of the adsorbed concentration
U? which reads

o,U® =b(x,u*, U?) (48)

Using the results from [17] we find out that {x*, U®} converges in 2-scales to the
solution {u, U} of the following problem

IYfIW - %qaymw) —div {D(I + E)V,u — vu}

=|Y;|f(w) in Qr (49)
v="ki@;(P)(I + E)V,P —e3] in Qx(0,T) (50)
u=u, on I''x(0,7) (51)
(DU 4+ E)Vu—vu}-v=g on I'?x(0,7T) (52)
u(x,0) =uy(x,0) on @ and U(x,0) = U,(x,0) on (53)
U =b(x,u,U)yon Qx(0,T) (54)

We suppose

g1 € L*(T* x (0,T)) and Uy, u, € H'(0, T; L™®(Q)) N L*0, T; H'(Q)).

Well-known examples of nonlinear adsorption rates are the Freundlich isotherm
b(wu,U) = yw? —U), vy > 0,0 < p < 1 and the Langmuir isotherm
b(w,U)=yu/(1+ Bu)—-U), «a,B,y >0.

The next step would be to add the surface diffusion as in [16] or to consider
the nonlinear transmission to the pellet, as in [17]. Getting more complicated
models from [23] would be subject of our subsequent publications.

4 Numerical simulations

We would like to point out the effects of chemical reactions. Consequently,
without losing generality, we consider only a saturated flow in Q = (0, 27r)? and
the periodic boundary conditions for the concentrations.

Comp. Appl. Math., Vol. 23, N. 2-3, 2004



208 MODELING SOLUTE TRANSPORT THROUGH UNSATURATED POROUS MEDIA

To obtain a precise approximation to the saturations, we approximate the spatial
derivatives using the pseudo-spectral method. More precisely, we write u and U
in terms of the corresponding spectral Fourier basis. The unknown functions in
the nonlinear terms are evaluated in the collocation points, coming from Fourier’s
grid of the size 256 x 256. Then using the inverse FFT, the nonlinear terms are
written in the spectral basis.

In the time discretization, we integrate exactly the linear terms: (a) the
diffusion-convection term in (50) and (b) the linear term containing U in the
adsorption rate b. For the nonlinear terms we use a third order explicit Adams-
Bashforth scheme for f(u) in (50) and an implicit third order Adams-Bashforth
scheme for b(-, u, -) in (54). After scaling the equations with the characteristic
time 7, = 2 x 10*, we take the time step 107>,

This numerical approach was developed in 2D turbulence simulation by Robert
and Rosier (see [22]) and the method is very robust for the non-linear coupled
transport and diffusion.

We present two numerical experiments. They are with same data, but with
different isotherms. The data are given by the following table:

Parameters Values
Porosity: |Y/| 0.35
Characteristic surface: |0Y,,| | 4
Molecular diffusion: D 5x 107" m?/s
Darcy’s velocity: (v, 0) 3.5 x 107*m/s
Pore size: ¢ 1 x107*

Size of the domain: L 6.28 x 1072 m

Table 1 — Parameter values.

f (u) is taken to be linear. The results are at the figures which follow. They show
important effects of the transport on the evolution of the concentration profiles.
Also diffusive effects depend very much on the choice of the isotherms, as visible
on the figures.

After these calculations, which correspond to the simplest homogenized model,
we are planning to develop a numerical method for the unsaturated flow, to add
the surface diffusion in the modeling of the adsorption and to include the effects
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ANDRO MIKELIC AND CAROLE ROSIER 209

of high Péclet number. The basic challenge is to develop fast solvers for dual-
porosity models and for more details we refer to the recent article [2].

Figure 1 — Initial concentration.

Figure 2 — Time evolution for the Freundlich’s isotherm.

Figure 3 — Time evolution for the Langmuir’s isotherm.
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