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Abstract. In this article, we propose to model the inverse of a given matrix as the state of a
proper first order matrix differential equation. The inverse can correspond to afinite value of the
independent variable or can be reached as a steady state. In both cases we derive corresponding
dynamical systemsand establish stability and convergence results. The application of anumerical
time marching schemeisthen proposed to compute an approximation of theinverse. The study of
the underlying schemes can be done by using tools of numerical analysisinstead of linear algebra
techniquesonly. With our approach, werecover someknown schemesbut al so introduce new ones.
We derive in addition a masked dynamical system for computing sparse inverse approximations.

Finally we give numerical results that illustrate the validity of our approach.
Mathematical subject classification: 65F10, 65F35, 65L05, 65L12, 65L 20, 65N06.
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1 Introduction

The modern methods we have at our disposal for solving linear systems of equa-
tions such as the preconditioned versions of GMRES [19] or BI-CGSTAB [21],
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96 MATRIX DIFFERENTIAL EQUATIONS AND INVERSE PRECONDITIONERS

arerobust and apply to many situations; they areintensively used for the numer-
ical solution of large sparse linear systems coming out from PDE discretisation.
For thisreason the preconditioning is still now acentral topicin numerical linear
algebrasinceit isthe common universal approach to accelerate the solution of a
linear system by an iterative method. Preconditioning amatrix practically leads
to improve its spectral properties, by, e.g., concentrating the spectrum of the
preconditioned matrix. Thereis not an efficient general method for building a
preconditioner for a given nonsingular matrix : a large number of approaches
have been developed depending on the properties of the considered matrix,
surveys are presented, e.g., in[4, 19].

Let P bean x n regular matrix and b € R". The preconditioning of the
numerical solution of the linear system

Pu = b, (1.1

(with adescent method) consistsin solving at each step of the iterative process,
an additional linear system
Kv =c¢, (1.2

where K is the preconditioning matrix. Of course, the additional computation
carried by the solution of (1.2) is convenient when this system is easy to solve
and when K (respectively K1) resembles P (resp. P~1).

When the preconditioning of (1.1) is obtained by approaching P, system (1.2)
must be easy to solve. Inthe other case, the approximation of P2, which defines
the so-called inverse preconditioner, leads to atrivial solution of (1.2).

Inverse preconditioners can be built in many ways: by minimizing an objec-
tive functional (the Frobenius norm of the residual, [10]), by incompl ete sparse
factorization [9], or also by building proper convergent sequences, see[5, 10] in
which the authors have presented sequences generated by descent methods such
as MINRES or Newton-like schemes. The polynomial preconditioning, which
consists in approaching the inverse of amatrix by aproper polynomial, has been
developed and implemented for parallel computers, see [19].

In this paper we propose to model the inverse of a regular matrix as a state
of afirst order Matrix Differential Equation (MDE). This state can correspond
to the solution of the MDE for a finite value of the independent variable, but
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also to an equilibrium point, depending on the equation. In such a way, the
implementation of any numerical integration can produce an approximation of
P~1, say an inverse preconditioner of P. The underlying schemes involve at
least one multiplication of two matrices at each iterations so the terms of the
sequence of inverse preconditioners become denser even if thematrix P issparse.
However, it is possible to derive a masked dynamical system which preserve a
given density pattern making our method suitable for computing sparse inverse
preconditioners. From atechnical point of view, the advantage of the dynamical
system approach isto use the classical tools of numerical analysis of differential
equations for studying the processes.

This approach is very flexible since the construction of the numerical scheme
is subjected to the choice of the modelling ODE and of atime marching scheme;
it allows aso to study the schemes by using classical mathematical tools of
ODE anaysis and of numerical analysis of ODEs [15, 16, 20]. We mention
that the use of differential equation modeling for solving systems of equations,
including linear algebraproblems, was considered in other situations: in[14, 17]
for generating flows of matricesthat preserve eigenvalues, singular values; in [8]
for generating fixed point methods, the solution being defined as a stable steady
state; in [13] for computing the square root of a matrix, by integrating a Riccati
matrix differential equation (see aso R. Bellman's book [3], chap 10).

Thearticleisorganized asfollows:. in Section 2 we study a Riccati differential
equation whose solution is the inverse at finite time of one of the data; the
derivation, the stability analysisand the study of approximation schemeisgiven.
In Section 3weconsider Matrix differential equationsfor which one of the steady
states is the inverse of a datum of the equation. In Section 4 we concentrate on
the construction of sparse inverse preconditioners by considering the numerical
integration of a so-called masked differential equation, when a sparsity pattern
is fixed; error estimates are derived. Finally in Section 5 we give numerical
illustration on the solution of linear systemswhen using the approximateinverses
built in the previous sections.
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98 MATRIX DIFFERENTIAL EQUATIONS AND INVERSE PRECONDITIONERS

2 Inverse at finite time
2.1 Derivation of the equation

Let P(r) and Q(r) be two square matrices, depending on the scalar variable ¢
which belongs to an interval 1. We assume that the coefficients of both P and
Q are differentiable functions of ¢. We have

dP®)Q@) dP(1) dQ(t)
= P

o 7 Q@) + P(1) .

Assumethat P (¢) isregular, i.e. invertible, foral 7 in I and consider theparticul ar

situation Q(r) = P~1(¢), Vt € I. Then we have

Vt e 1.

dP(1)Q(1) _o
dt
> dQ() dP(t)
t t .
= —0() 7 Q(t) or, equivaently,
(2.1
dp(t) dQ(t)

dr —P(I)TP(Z‘),

foral s e I. If P(¢) issupposed to be known, then Q(r) can be computed by
integrating the differential matrix equation:

190 = —ow4ED o). 11,

0(0) = P7Y0).
Q is hence the solution of amatrix Riccati differential equation.

Let now P bearegular n x n matrix and Id, then x n identity matrix. Now,
the basic idea consists in defining P(r) as a simple path function of regular
matrices between P (0) easy to invert (Q(0) = P~1(0)) and P(1) = P. We
consider the function

2.2)

Pt)=A-1Id+tP, te]O0,1]. (2.3)

Assume that P(z) is invertible for all ¢ in [0, 1]. The Matrix Q(t) = P~1(¢)
satisfies the Cauchy problem
4e) — _owy® - 1)0w) 1<l
(2.9
00 = 1d,
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andP~! = Q(1); we assumethat [0, 1] C .
We have the following result:

Lemma 1. P(¢) is regular for all t in [0, 1] iff SP(P) C R?\ {(¢,0),t < 0}
where S P (P) denotes the spectrum of P.

Proof. Theeigenvaluesof P(r) are the numbers
St)=1A—1)+tr#0, » € SP(P).
Taking the real and the imaginary parts of this expression, we have

P1(t) = (L= 1) + 1R, d2(t) = tI().

Let uslook to necessary and sufficient conditions for having ¢, () = ¢»(t) =0
for samet. By continuity, itiseasy to seethat ¢1(¢) = Oif andonly if (1) < 0.
¢»(t) vanishesfor ¢t = 0 (but P(0) = Id) or for J(1) = 0.

In conclusion S(¢) vanishes if and only if there exists A € SP(P) such that
R <0andI(A) =0. ]

Particularly, Lemma 1 applies when P is positive definite, such as, e.g., dis-
cretization matrices of elliptic operators.

Remark 1. We can consider P (1) = (1 — ¢)Py + tP with Py a preconditioner
of P. Of courseg, in this case, Lemma 1 applies replacing P by PglP. Same
considerations can be made with a more general path

P(t)=1Q—-¢®)Po+ ¢(1)P,
with
¢():[0,1] - [0,1], ¢ € Cl([O, 1), ¢’(t) > 0,7 €]0, 1[.

2.2 Stability results

Let us now give some notations and technical results which will be used aong
the article.

Comp. Appl. Math., Vol. 26, N. 1, 2007



100 MATRIX DIFFERENTIAL EQUATIONS AND INVERSE PRECONDITIONERS

2.2.1 Matrix norms

Let M bean x n matrix. We denote by || M| any matrix norm of M and partic-
ularly, |M ||, and | M || ¢ the 2-norm and the Frobenius norm of M, respectively.
We shall use also the notation ||v||» for the 2 norm of avector of R”, there will
be no ambiguity in practice.

2.2.2 Hadamard Matrix Product

We denote by R « M the Hadamard product of R and M:

(M % R);; = Ri jM; ;.

2.2.3  Matrix scalar product
We will use the following scalar product:
K R.M>»= > R M
ij=1

which coincide with the sum of the coefficient of the Hadamard product of R
and M. We also use the euclidean scalar product of vector of R” that we note by
< >,

We begin with the following very simple but useful technical result:

Lemma 2. Let R and S be two n x n matrices. We have the inequalities

() D I(R?%RY; ;| < IR|},

i,j=1
() D IR* %8l < IRIZISIF,
i,j=1

(i) 1Slz2 = ISl
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Proof. Assertion (i) follows from a simple application of Cauchy-Schwarz
inequality.
Let us prove (ii). We have
[(R?% 8); ;| = (Z Rl-,kRk,,) Siil,
k=1
(using Cauchy Schwarz inequality in R"),

" 2, , 1/2
< (Z) (z) Sl
k=1 k=1

We now take the sum of thesetermsfor i, j = 1, - - - n. We obtain

. ; " 12 4, 1/2
Z IR 8); ;| < Z 1S (Z Ri2,k> (Z Rlij) ’
k=1

i,j=1 i,j=1 k=1
(using Cauchy Schwarz inequality in R™),

1/2 1/2
n n n n
2 2 2
s\ S| (| ZQoRADRE |
ij=1 i,j=1 k=1 k=1
2
< IRIZISIF-

Assertion (iii) is classical and obtained by applying Cauchy-Schwarz inequality

toSvl3=> "D Siv;|.forveR, o2 =1 O
i=1 \ j=1

At this point, we can establish a stability result:

Proposition 1. Assume that 1d — PPy Y satisfy the assumptions of Lemma 1.
We set S(t) = (P — Po) Q(t), where Q(t) solves the equation

dO() _ _ o\ —PyO(1) tel,

dt (2.5)
0(0) =Pt
Assume that ||S(O)||r < 1. Then S(t) exists for all t in [0, 1] and
1
ISOIF =

2
1- #)
I1d — PP, ||
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102 MATRIX DIFFERENTIAL EQUATIONS AND INVERSE PRECONDITIONERS

Proof. Multiplying on the left each term of (2.7) by P — Py, we obtain
as@)

= —S()>.
7 ()
We now take the Hadamard product of each term with S(¢), and consider the
sum of al indicesi, j =1, ---,n. Wefind
dIS@)|2 “
TASOUE - — 5™ (501928001,
i,j=1

((ii) of Lemma 2),
<IS@I3.

Hence, ||S(r)||% < y(t), where y(¢) isthe solution of the differential equation

[ .
y(0) = [5(0)]1%
Wefind
y(t) = ! = . :
1 B t 2 <; . t)z
/(0 SO r
Since ||S(0)||r < 1, y(¢) remains bounded and y(¢) < y(1). O

Another stability result can be derived when assuming both P and Py to be
symmetric, positive definite (SPD). More precisely we have the next result:

Lemma 3. Assume that both P and Py are SPD. Then Q(t) = P(t)~t is SPD
forallt € [0, 1].

Proof. It suffices to prove that P(r) is SPD for al ¢+ € [0, 1]. The proof is
straightforward starting from the definition of P (z):

P@)=Q—-1)Py+tP. ]
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2.3 Construction of an inverse preconditioner by numerical integration

Let ussubdivide I = [0, 1] into N subintervals of the samelengthé = 1/N, the
step-length. The application of any (stable) time marching scheme to equation
(2.4) generates a sequence O,k = 1,--- , N, Q; being an approximation of
Q(k/N) . Inparticular, since (1) = P, Oy will beaninverse preconditioner
for the matrix P.

For each time integration scheme, a method for computing a preconditioner is
derived. We consider the following cases.

Forward Euler Scheme
We consider the sequence

Qo= 1d
For k=0,...,N-1 2.7
Qi1 = 01—+ Qu(P — 1d)Q;

Wehave Qy ~ P71,

Second order Adams Bashforth (AB2)

We consider the sequence

Qo= 1d

Computation of @1 by RK2

Ko = Q — 5k Qo(P — 1d) Qo

Y (2.8)
Q1= Qo — 4 Ko(P — Id)Ko
For k=1,...,N-1

Oryr= Ok — Qlw BOk(P —1d) Qi — Qk—1(P — 1d) Qx_1)

Wehave Qy ~ P71,

Of course, further methods can be derived by considering, e.g., Runge-Kutta
or more general Adams-Bashforth schemes, but, in practice, it is important to
find a compromise between the accuracy and the cost of the computation, since
each iteration requires (at |east) the multiplication of three matrices.

Comp. Appl. Math., Vol. 26, N. 1, 2007



104 MATRIX DIFFERENTIAL EQUATIONS AND INVERSE PRECONDITIONERS

It is easy to see that the above schemes consist in approaching P~ with a
polynomia of P, Py (P), whose coefficients are matrix independent. The degree
of Py (P) grows exponentially with N. For instance, we have the following
expressions of Py (P) when it is seen as a one variable function:

Euler’s

N=1 Py() = 2—t

N=2 Pyt = —%(r—S)(t2—4t+7)
N=3 Py@t) = —T]é?(t — 4)(12 — 51 + 13)(t* — 103 + 4212 — 851 + 133)
AB2’s

N=1 IPN(I)Z%’—%)I-F‘Z‘IZ—%ts
_ _ 16019 25173, , 208152  10217,3 , 3225.4
N=2 Pn() = 006 — Z096' T 2006 ~ Z096 " T 74096’

639 .5 69 .6 3 .7
—2006' T 2006’ — 2096’

_ _ 515661916 3581936773, , 1484035553 2
N=3  Pv() = 1038391168 ~ 362797056 | T 120932352 '

11394203831 3 | 2404253335 .4 _ 391144243 5
1088391168 362797056 120932352

+1352868157 6 _ 46022507 .7 | 1251827 8
1088391168 120932352 13436928

_ 9757677 0 , 1008073 10 39389 _ 11
1088391168 362797056 120932352

+ 30455 112 595 134 7 114
1088391168 362797056 120932352

_ 1 (15
1088391168

These polynomials are approximations of the function ¢ +— % asillustrated in
Figure 1.

Remark 2. Both of the numerical integration schemes given above lead to
compute the approximate inverse with a polynomial of P. Thisis hence a poly-
nomial preconditioning. Several approachesof polynomial preconditioning have
been proposed: they are based on truncated Neumann series [11] or based on
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Iteration polynomial (Euler, N=4) and function 1/x
10 T T T T T

0 1 2 3 4 5 6

Iteration polynomial (AB2, N=4) and function 1/x
10 T T T T T

2k -

0 L I T T T
0 1 2 3 4 5 6

Figure 1 — The function % and the iteration polynomials a) Euler, N = 4, b) AB2,
N =4.

orthogonal polynomial [1], see [2, 4] for areview. However, the point of view
here is different and the underlying polynomia are also different.

At thispoint we give aconvergence result for the Euler method (scheme (2.9)).
More precisely, we give a consistency error bound. We have the

Theorem 1. Assume that P — Pq is regular and satisfies the hypothesis of
Lemma 1. Let Qy, be the approximation of Q(1) obtained by replacing

dQ() (5) p 2 -2 (F)
dt \N Y '

1
N

Assume that the solution of (2.7) is C?. Then

1 1
10(1) — Onll2 < == I(P —Po) 2

= 2N 1 2°
1—- — £
< |1d—PP51|F>

Comp. Appl. Math., Vol. 26, N. 1, 2007
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Proof. We have

1d
0(1) — 0(0) =/ i(t)dt
0 t

_Z/N dQ(f)

Let k befixed and let ¢ e]k = 1 k. [ There exists 1g e]k = 1, t[ such that

G = RO G

(Q(z) being solution of (2.7))

~~o () e-rao (i)

(z ) (10) (P — Po) Q(10) (P — Po) Q(to),

ot w-mo (i)

+2(1 = E5L) @ = Py (@ — P 0(10))°.

Hence,

k
N do®) 1 k—1 k—1
i1 dt—ﬁ<—Q(T)(P—Po)Q<T)>IIz

||(P Po) |2 sup [[(P —Po) Q(1)]5.

t€[0,1]
Therefore, we have the estimate:
Noq
10D — Qull2 <D I =P~ Y5 sup (P —Po)Q(n)]°,
P N 1€[0,1]
< NII(P Po)~|l2 sup ([P —Po) Q(D)13),
t€[0,1]

< i@ - Po) 2y (.
where y(¢) is solution of (2.8), and
1

2°

y@) =

Comp. Appl. Math., Vol. 26, N. 1, 2007
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The Euler scheme preserves the symmetry. In particular we can prove that for
P, Py, P — Py SPD, and for N large enough, the matrices Q, generated by (2.9)
aeSPDfork=0,---,N.

3 Inverse matrix as steady state

3.1 The equations

Another way to reach P~1 isto consider differential equations for which one of
the steady statesis Q = P~1. We consider the two following equations:

| _dgt(” = Q1) (Id —PQ@)),
(3.11)
Q(0) = Qo
which isaRiccati matrix differential equation and its linearized version
{d%gl—ld—PQOLt>0
(3.12)
0(0) = Qo.

In both equations P~ is a steady state.

Remark 3. We can also proceed as in Section 2: we consider equation (2.4)
with the path function P (¢):
Pt)y=A—-e )P+ e 'Po.

It is easy to see that P(¢) isinvertible for al ¢+ > O iff PPa1 satisfies the as-
sumptions of Lemma 1, see also Remark 1. The differential equation satisfied
by O(¢) isthen

400 _ 10 ()(P — P0)Q(1), 1 O,

0(0) = Qo.

We now give sufficient conditionsfor obtaining the convergence tlj r+nC>o o) =
P~ Weproposetwo approaches. Thefirst oneconsistsin deriving boundsof the
Frobenius norm of the solution, assuming that the initial datais close enough to
the steady state. The second one concentrates on the symmetric definite positive
case.

We begin with the following result:

Comp. Appl. Math., Vol. 26, N. 1, 2007
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Proposition 2. Let Q(t) be the solution of the matrix differential equation
(3.11). Assume that |Id — PQqllr < 1 Then lim Q(t) = P~1.
—00

Proof. Thematrix R(t) = Id — PQ(¢) satisfies the equation

dR(t) )
= RO+ R().

Then, taking the Hadamard product of each termswith R(¢) and taking the sum
of al the coefficients, we obtain

1IR3

2 _ 2
5 TIROIE ==Y (R** Ry ;.

ij
By thefirst assertion of Lemma 2 (with S = R), we have

1d|R®)I%

R®|% < |IRD|3.
52 + RO < IR

From the previous inequality, we infer that || R(¢)||2 is bounded from below by
the solution of the scalar differential equation

% = —29() (1 — V(D)
y(0) = | Id — PQol%

We have 1
y() = >
1 t
1+ — -1
( (J_y(0> ) ‘ )
hence the result. O

Thislast resultsinsuresthe existence of solution and the convergenceto P~ for
initial conditions closed enough to the steady state; however no other properties
of P or of Qg arerequired. We now give an existence and a convergence result
in the symmetric positive definite case. We have the

Proposition 3. Assume that P and Q(0) are SPD matrices. Then Q(t) is SPD
forallt > 0and lim Q(t) =P7L.
—00

Comp. Appl. Math., Vol. 26, N. 1, 2007
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Proof. If Q(r) isregular for al ¢, then U () = Q ()~ satisfiesthe differential
equation

40 — @) +P, x =0,
U(0) = 07 0).

We prove the proposition by studying U (r). We have
Ut)=1—e HP + e "U,,

from which we infer that U (¢) is SPD for al ¢+ > 0. Indeed, U (¢) is symmetric
as sum of symmetric matrices, and for every w € R”, we have

(Utw,w) =A—-e HPw, w) + e " (Pow, w) > 0,

since both P and P are assumed to be positive definite. Furthermore, we have
immediatelytlim U(t) =P. Therefore U (r) isSPD for al + > 0. In conclusion

Q1) existsandisSPD foral r > Oand lim Q(r) = P~L. O

X—> 00

Propositiond4. Ler Q(t) be the solution of (3.12). Assume P is positive definite.

Then lim Q(t) = P~Y. Moreover if P and Qg are SPD and commute with P,
X—>00

then Q(t) is also SPD for all t > Q.

Proof. Asusual, we introduce the residual matrix R(r) = Id — PQ(¢) which
here satisfies the equation

dR(t)
dt

whose solution is
R(t) = ¢ "PR(0).

Hence, if P is positive definite, xli_)ngo R(t) = 0.
From the expression of R(¢) weinfer
0@t) = (Id — e )P + e P Q,.
Q(t) isthus SPD when Qg and P are SPD and Qg and P commute.

Comp. Appl. Math., Vol. 26, N. 1, 2007
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Let us now establish the convergence in the Frobenius norm. If P is positive
definite, there exists a strictly positive real number o such that

Olz uf < (Pu,u) = Z (ZPi,kuk) u, Vu e R", u = (ug, -+ ,up),
i=1

i=1 \k=1
the number « possibly depending on .
Taking the Hadamard product of each term of the differential equation and
summing on all indicesi, j, we get

1d|RIZ | (v
— P,vR. ;| R;; =0.
> dr + Z 1 J Bk j ) 1

i,j=1 \k=
Therefore,
1d|IR|% 2
- R|% < 0.
T +alR|F <

By integration of each side of the last inequality, we obtain

IROIF < e RO F. O

3.2 Construction of preconditioners by numerical integration

We introduce the discrete residual Ry = Id — PQ,. The numerical integration
of equation (3.11) by forward Euler's method generates the sequence R, which
satisfies the recurrence relation:

Ry = 1—At)R, + A[lef.

We remark that for Az, = 1, the convergence is quadratic whenever || Ro| < 1,

where |.|| is any matrix norm. We recover in this case the Newton method

derived from the equation in onevariable:t—L —r =0, see[10].

Let us study the general case.

Theorem 2. We have the following results:

(i) Ax = At. Assume that
Pp(Ry) <1 and At < ——.
1— p(Ro)
Then lim Q, =P~ L.
k— 00

Comp. Appl. Math., Vol. 26, N. 1, 2007
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(il) Assume that ||Ro||r < 1 and that

0< Aty < —————Vk
1+ Rl F

Then, klim IRcllF = O. Moreover the convergence is quadratic for
—00
Aty =1

(iii) Assume that P and Qg are symmetric, then Q is also symmetric for all
k> 0.

Proof. Fromtherelation
Rk+1 = Ry ((1 — A[)Id + AtRy),

we deduce that the convergence is guaranteed if p((1 — Ar)ld + AtRy) < 1,
say if

Rg) <land0 < At < ———.

p(fo) 1= p(Ro)

The first condition is verified, e.g., when Qg = yP? with0 < y < 2

p(PPT)’
Noticethat if P ispositive definite, we cantake Qg = y Id with0 < y < ﬁ,
Hence the assertion (i).

Let k befixed. We have

Riy1* Rivr = (1— A)?Ry % Ry + 2A6.(1 — At Ry * RZ. 4 (At)?RZ % R2.
Taking the sum of all the indices, we obtain
IRi+1ll7 = (1— An)?||Rell%
+2A0(1— At) Yy (Z(Rk>,-,m(Rk)m,,> (Ro)i.j

i,j=1 \m=1 5
+ (A2 Y (Z(Rk»,m(Rk)m,j) ,
i,j=1 \m=1
(applying Lemma 2)

IA

(1= A2 Rl + 2A511 — Anll|Rell + (A)? )| Ri |,
IRl (11— At 4+ Ane|| Rellp)

A

Comp. Appl. Math., Vol. 26, N. 1, 2007
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Therefore, if My = |1 — Atl + Ax||Rellr < 1, say if |[Rillr < 1and 0 <

At < m then |Ry1llr < M| Rkl r With M, < 1. The contraction

holdsin particular when 0 < Ar, < 1anditiseasy to prove by induction that if

|Rollr < 1then ||Rii1llr < M| Ri|lF, With M < 1. The convergence follows.
The particular case Az, = 1 gives directly the estimate

2k
I RellF < I Roll% -

The convergence in Frobenius norm isthen quadratic in this case if | Rol|r < 1.
The point (ii) is proved.

Finally, if Qg and P are SPD, then using therelation Qi1 = (1 + At) Q) —
At, QP Oy, we show easily by induction that Q, is symmetric for al £k > 0.
This completes the proof. O

Let us now consider the implementation of the Euler scheme to (3.12). The
following sequence of matrices is generated:
Qo given
For k=0, ... (3.13)
Qi+1 = Qi + At (Id —PQy)

We have the

Theorem 3. Assume P is positive definite and, for simplicity, that At = At.
Then

- 2
(|)If0<At<m,

scheme (3.13) converges to P2,

Vk > 0. Then, Qy, the sequence generated by the

(i) Assume in addition that P is symmetric and Qq is SPD. Assume that
Qo and P commute. Then Qy is symmetric for all k > 0. Moreover if
o — AtM”Idl__AAt/IP Qoll2 > Othen Qy is SPD for all k > O, where we
have set M = ||1d — At P>,

ag= min  {(Qox, x).
xeR", Jlx]2=1

Comp. Appl. Math., Vol. 26, N. 1, 2007



JEAN-PAUL CHEHAB 113

Proof. Assumefirst that Az, = Ar. Using the same notations, we have,
Rii1 = (Id — AtP)Ry.

Thus, R, — Oif andonly if 0 < Ar < ﬁ.
Let us now study the convergence in the Frobenius norm. Since P is positive
definite, we can define

. Pu,u
O<a= min { >.
ueR" Jlullo=1 {(u, u)

We have
Riy1 % Rey1 = (Id — AtP)R, x (Id — AtP)R;.

Hence, taking the sum of al indices, we obtain after smplifications

n n 2
IResal3 +2A0Y Y Py Ry jRij = [Rel% + (A0 (Z PRy, j> :

i,j m=1 i,j \m=1

Therefore
I Ris1ll2 + 20 At ReIZ < 1ReIZ + (AD?I P12 || Re %

Finally
IRis101% < (1= 2aAt + (AD?|PI1Z) [ RelI2,

which gives the (sufficient) stability condition

0 < At

SP
Now, one can show by induction that if Q¢ and P commute, then Q, and P
commutealsofor all k > 0. Then, proceeding also by induction, it can be shown
that Q, is symmetric for all k > 0. Notice that the condition PQg = Q¢P is
simply verified, e.g., with the choice Qg = Id.
Now we set
oy = min M,Vk > 0.

xeR |Ixl2=1 (x, x)

Letx e R, [x|l2 = 1. We have

(Qk+lx’x> = <Qk-x9x>_At<Rk-x’-x>’
> o — At][Rel|2-
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But || Rell < [[1d — AtP|5]|Roll2 = M*|| Roll2- Thus

k
ars1 > ax — AtM* || Roll2,

and therefore
M(1— MY)||Roll M| Roll2
> ag — At > g — Af———.
=90 1-m - m
This completes the proof. O

By anaogy between Euler's method and Richardson’s iterations, it is natural
to compute A, such as minimizing || Ry4 1]l . We have

Riy1 % Rpy1 = (Id — At;P)R, x (Id — At P)Ry.
Taking the sum on al indices, we obtain, after the usual simplifications
IReall% = IRNZ+ (ALY (PR * (PR, j—2A4 Y (PR * Ry); ;.
ij=1 i,j=1
It followsthat || Riy 1]l » iSminimized for

> (PRY) = Ry,
i,j=1 L PRy, Ry >

AXk = 5 = s
IPR % <K PRy, PR, >

and we recover the iterations proposed in [10], see also Section 4.

3.3 Steepest descent-like Schemes

The computation of a steady state by an explicit scheme can be speeded up by
enhancing the stability domain of the scheme since it allows to use larger time
steps; inthissituationtheaccuracy of atime marching schemeisnot fundamental.
We can derive more stable methods by using parametrized one step schemes and
to fit the parameters, not for increasing the accuracy such as in the classica
schemes (Heun's, Runge Kutta's), but for improving the stability.
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For example, in [8] it was defined a method for computing iteratively fixed
points with larger descent parameter starting from a specific numerical time
scheme. It consistsin integrating the differential equation

G =raw. (3.14)
U(0) = Uy,
by the two steps scheme
K1 =FU"),
Ko = F(U* + AtKy), (3.15)

UMl = U* + At (@K1 + 1 — 0)K>) .

Here « is a parameter to be fixed. This scheme alows a larger stability as
compared to the Forward Euler scheme. More precisely, when F(U) = b—PU.

Lemmad. Assume that P is positive definite, then the scheme is convergent iff

! and At
o< — < —
8 1—a)p(P)

Of course, one can defineiteratively o and Ar such as minimizing the euclidean
norm of the residual, exactly as in the steepest descent method. The residual
equation is
r = (I — Ay P+ (1— o) (At)? P?) rt. (3.16)
Hence
12 = P47 = 2A0(PrF, ) 4+ (An)? || Pr¥ |12
+ 2(1 — a) (AR (P2r¥, r*) — 2(1 — ap) (A3 (P2r*, Prt)
+ (L — o) (A4 (P2rk, P2rky,
We set for convenience
a=|rk?, b= (Prt.rf),  c=|Pr¥|?,
d = (P& rky, e = (P&, Prky, f = P&k, Ph).
|7¥+1|| is minimized for the following definition of the parameters:

_ B 2 eb —cd
Fe—e2 M=) T

This givesrise to the steepest descent method derived from (3.15).
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4 Sparse inverse preconditioners

The iterative processes generated by numerical integration of the differential
equations require at least a product of two matrices at each iteration. Hence,
at each iteration, the inverse preconditioner matrix becomes denser, even if the
initial data and the matrix to invert are sparse.

We propose hereasimpleway to derive adropping strategy from the numerical
integration of amatrix differential equation. The notations are the same asin the
previous sections. Consider the equation

20 _ 14 - PO,
(4.17)
0(0) = Qo.
Here P is apositive definite matrix so lim Q(x) = P, ashown in section 2.

4.1 Derivation of the equations

Now, let F bean x n matrix with coefficients 0 or 1. The Hadamard product
F * P returns a matrix whose coefficients are those of P which have the same
indices as the non null coefficients of F, so F isafilter matrix which selects a
sparsity pattern. More precisely, we have

P, ifF,;=1

(F*P); = 0 dse

Weassumethat F;; =1,i =1,---n,50 F % Id = Id, where Id isthen x n
identity matrix.
At this point, we consider the Hadamard product of each term of (4.17) with
F. We abtain the system
dF*Q _ 14— F % (PQ).
(4.18)
F % Q0 = F * Qo.
For deriving an autonomous equation with a sparse matrix S as unknown, we
approach F = (PQ) by ‘F = (PF Q) and we obtain the new system

fi—f=1d—f*(PS),

F*S80) =F * Qo.

(4.19)
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The matrix S(¢) is sparsefor al 7. Indeed, we have the

Lemma 5. The matrix equation (4.19) has a unique solution S(t) € C*(]0, 4+-o00[

and

FxSt)=S@),vt=0.

Proof. The existence and the uniqueness of S(¢) is established by using stan-
dard arguments.

We have .
S(t) = S0 —|—/ (Id — F = (PS))ds
0

Hence, since F x S(0) = S(0), we can write
FxS@) = S(0)+f Fxd—F *PS)ds
0
= S0 +f (Id — F = (PS)ds.
0

We now will show that S(¢) isan approximation of Q(z).

4.2 A priori estimates

We have the following result:
Theorem 4.
15— 0I% = 2x {1 -5« PHZe — 13 111d — PQoll}
+ %na —F)«PHFNId — PQoII%/(:e_“(’_”Ile_SP ~ 1d|3ds.

where 1 is the neutral element of the Hadamard product, (1;; = 1,i,j =
1,---n).

Proof. Taking the difference of the equations (4.19) and (4.18), we get

dS —
CoTEL o Fa@®s-Fr )+ F®F Q- 0). (420

Comp. Appl. Math., Vol. 26, N. 1, 2007



118 MATRIX DIFFERENTIAL EQUATIONS AND INVERSE PRECONDITIONERS

The difference between (4.18) and (4.17) gives

éziétlgzq1—})*PQ. (4.21)

From (4.20), we infer

1d|S—F Q% _
2 dr = KFA@®E-FO)S-Fx0> o

+ <KF+«PF*Q—-0).S-F*x0>.

Now, since
LF«PES-F*x0),S—F*x0>=<PE-F*x0),S—F*=0>,
we can write

1d|IS — F * Q|2 _
> " +<KPES—-F*x0),S—F*x0>= 4.23)

+<KPF*0—-0),S—F*x0>.

PO,
We|eta= min w
gem,®) K Q, 0 >

1d|IS — F * Q|
> P EtallS—Fx*Ql*

SLKPF*x0—-0),S-F=*x0>,
(applying Young's inequality),

< IS = Fx Q12+ = F 0 - OI2

-2 F"2n F

and we deduce from the previous equation

(4.24)

Here n is a strictly positive real number which will be chosen later on. We
now must derive estimates for | F « Q — Q|| r. From the direct integration of
(4.17), we get

PO =1d—e¢ " (Ud—-PQy).

Therefore,

dF Q-0 _

- A —F)*(Id — e (I1d — PQy)),

Comp. Appl. Math., Vol. 26, N. 1, 2007



JEAN-PAUL CHEHAB

(F*0-0)@) = (Fx0—0)0
+ ft(l — F)x(Id —e ™ (Id —PQq))ds, (4.25)
0

= / 1 — F)xe*P(Id —PQyp)ds, (4.26)
0
= 1-F)=* / e (I1d —PQy) ds, (4.27)
0
= 1—-F)«P (e —1d) (Id — PQo). (4.28)

We then can write

I(F*Q—O)Olr < 1A—F)«P Y rlle™ —Id| | I1d — PQoll
Substituting this last inequality in (4.24), we get

1d|IS - F* QI
2 dt

+allS—F* QI < J1S - F* QI
+%ﬂﬂ—jﬁ*FﬂﬁW”P—hﬂﬂwd—PQﬂ%
Now we choose n = « and we integrate this inequality:
IS = F* QWIF < IS —F % Q)(O)5e™
+£%M1—JU*PJﬂﬂwd—PQdﬁljeﬂ’”WAP—IMﬁd&
Finally, summing thislast estimate with ||(F * Q — Q)(t)||% we obtain

IS — QI < 2(IS— F % QlI% + I F x 0 — QI%)
= 2x {1 = )« P21 — 1d)2)1d — POl

1 - ' —a(t—s)| ,—S
4o 0= ) PRI = PQol? [ e — 1l as)
0

We conclude this section with an important remark. The error bounds that we
derive do not insure that the sparse preconditioner S(z) isinvertible for all r and
at least for r > ry. However, in practice, the numerical implementations of time

marching schemes for computing S(z), ¢ large, produce invertible matrices.
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5 Numerical illustrations
5.1 Inverse matrix approximation

Consider the problem

0 0
—Au+alx, y) = +b(x, )= = f inQ=]0, 12 (5.29)
ax dy
u=20 on 9<2 (5.30)

We discretize this problem by second order finite differencesonan x n grid and
we define P as the underlying matrix. The numerical results we present were
obtained by using Matlab 6 on a cluster of Bi-processor 800 (Pentium I11) at
Université Paris XI, Orsay, France.

5.1.1 Integration of finite time inverse matrix differential equation
Wefirst consider the problem with
a(x,y) = 30e° " b(x,y) = 508n(72x (1 — x)y) * Sn(3ry), n = 30

(the matrix is of size 900 x 900) and a Chebyshev Mesh in both directions.
In Figure 2 we have compared the preconditioners obtained with 2 iterations
of Euler (Euler(2)), of Adams-Bashforth (AB(2)), of Fourth order Runge Kutta
(RK4(2)). We observethat the more accurate istheintegration method, the more
concentrated is the spectrum of the preconditioned matrix.

5.1.2 Sparse inverse preconditioner case

We consider here the sparse approximation of theinverse of thefinite differences
discretization matrix of the operator

— A + 5000, + 200,

on the domain 10, 1[?> with homogeneous Dirichlet boundary conditions, on a
regular grid. Here the sparsity pattern is defined by the n? x n? symmetric
mask-matrix F asfollows

Fij=1ifli—jl<2orif |i — j£n| <1F;; = 0intheother cases.
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Condition number vs iterations Spectrum of P
150
1o \
50
0 n n n n n n n
1 1.2 1.4 1.6 1.8 2 0 0.5 1 1.5 2
Spectrum of P*Q, Euler(2) Spectrum of P*Q, AB2(2)
0.2 0.2
0r 0
0.2 0.2
0 0.5 1 1.5 2 0 0.5 1 1.5 2
Spectrum of P*Q, RK4(2) Spectrum of P*Q, ILU
0.2 0.2
of - e 0 '
-0.2 -0.2
0 0.5 1 1.5 2 0 0.5 1 1.5 2

Figure 2 — Spectrum of P, Euler (2)P, AB2(2)P, RK4(2)P and ILUP.

In Figure 3 we have represented approximations of the inverse matrix that are
obtained by atresholding of the coefficient at the level ¢, for different values of
€. This shows that a sparse approximation can be considered in this case.

Aswe can seein Figure 4, very few iterations are needed to obtain the conver-
gence. Of course the residual do not converge to 0 because the approximation
of the inverse is sparse. This is agree with error estimates of the continuous
equations. asaturation isexpected. In Figure 5, we have plotted the spectrum of
the preconditioned matrix. We observe that the inverse preconditioner provides
a concentration of the spectrum.
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0 0
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400 400
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800 N
0 500 0 500
nz = 13305 nz = 49981
60 . . ; . —
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0 n n n n n n PR | n n n n n n PR

10° 10" 10°

Figure 3 — Coefficients of P~ greater (in modulus) than ¢ = 0.5 (fig. (8)), ¢ = 0.4
(fig. (b)), e = 0.25(fig. (c)), e = 0.15(fig. (d)), norm of the error for thefiltered inverse
matrix vse, (€).

5.2 Preconditioned descent methods

The reduction of the condition number as well as the concentration of the spec-
trum of the preconditioned matrix allowsfaster convergence of descent methods.

Asanillustration, we apply the explicit preconditioner computed above to the
numerical solution of the convection diffusion problem. To this end, we use the
preconditioned BiCgstab method [21].

The discretization matrix is the same as above. The discrete problem to solve
reads

Px=05»

We prepare the system by diagonal preconditioning, and we consider the equiv-
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15
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10107 i

0 I I I I I I I

0 5 10 15 20 25 30 35 40

10

Figure 4 — Computation of sparseinverse preconditioner: Residual vsiterations (above)
and condition number vsiterations (below).

alent problem
diag(P)"*Px = diag(P) .

The exact solution x, is arandom vector and » = Px,.

In Figure 6 we have represented the residual (respectively the error) versusthe
iteration when using Bicgstab and various preconditioned versions; the explicit
preconditioners Q were here generated by, in the one hand, with two iterations
of Euler, of AB2 and of RK4, and, in the other hand, with an ILU factorization
with ¢ = 1072 astolerance. The Euler and the AB2 preconditioners improve
the convergence of the unpreconditioned method, with respective rates 2 and 3.
The RK4 preconditioner is comparable to the ILU one.

In Figure 6, we have illustrated the improvement of the convergence carried
by the sparse inverse preconditioner computed on the previous subsection.

Comp. Appl. Math., Vol. 26, N. 1, 2007



124 MATRIX DIFFERENTIAL EQUATIONS AND INVERSE PRECONDITIONERS

05 x10* Spectrum of the original matrix P in the complex plane
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2.5 T T T T

0.5

i I

25 I I I I I I
0.85 0.9 0.95 1 1.05 11 1.15 1.2 1.25 1.3

Figure 5 — Spectrum of the original matrix (top), (the fly) Spectrum the preconditioned
matrix (bottom), in the complex plane.
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Bicgstab and Prec. Bicgstab (ILU,EULER2,AB2,RK4): Residual vs iterations
10 T T T T T T T T

10 | | | | | | | |
0 10 20 30 40 50 60 70 80 90

Bicgstab and Prec. Bicgstab (ILU,EULER2,AB2,RK4) : Error vs iterations
10 T T T T T T T T

1 0'15 L L L L L L L L
0 10 20 30 40 50 60 70 80 90

Figure 6 — Comparison of the preconditioners: Euler(2), AB(2), RK4(2) and ILU, Size
of the system: 961 x 961, @) Residual vsiterations, b) error vsiterations.

6 Concluding remarks

The approach we have developed here is simple, rather general and seems to
apply to alarge class of matrices. The advantage of this technique is to study
the underlying approximations with ssimple analysis tools; we recover in addi-
tion particular sequences of inverse preconditioners ([4, 10, 9]) and introduce
new ones. The iterative schemes we introduced in this article are all based on
approximation of the inverse by a proper polynomial: they can be considered as
polynomia preconditionersin spitethey are not automatically related to the ones
proposed (e.g.) by [1], the point of view being here different. This suggests as
afeature to analyze them by using an approach coming from the approximation
theory.

The masked matrix differential equation approach allows to build simply effi-
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Figure 7 — Sparse inverse preconditionning for convection-diffusion problem. a)

Residual vsiterations; b) Error vsiterations.

cients sparse inverse preconditioners for afixed sparsity pattern. A natural next
feature would be to develop dropping strategies for improving the method.

We have applied here a dynamica modeling approach to the construction of
inverse preconditioners. A similar approach can be developed for the solution
of linear aswell asnon linear systems of equations, deriving numerical schemes

from special dynamical systems.

The exampleswe give are coming out from PDE’ s discretization and are rather
academic, but isit afirst step to be considered before developing and applying

the schemes to large scales problems.
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