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Abstract. Travelling wave solution for Ibragimov-Shabat equation, is obtained by using an
improved sine-cosine method and the Wu’s elimination method. An infinite number of conserved

quantities for the above equation are also obtained by solving a set of coupled Riccati equations.
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1 Introduction

Sine-cosine method and the Wu’s elimination method have been useful in the
calculation of soliton solutions of certain nonlinear evolution equations (NLEEs)
of physical significance [1-6] restricted to one space variable x and a time co-
ordinate 7.

Khater et al. [7, 8] used the notion of a differential equation (DE) for a
function u(x, ¢) that describes a pseudo-spherical surface (pss), and they derived
some Bécklund transformations and conservation laws for NLEEs which are
integrability condition of s/(2, R)-valued linear problems [9-18].

It is well-known [19-23] that a DE for a real-valued function u(x, t) or a
differential system for a two-vector valued function u(x, ¢), is said to describe
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306 EXACT SOLUTIONS FOR IBRAGIMOV-SHABAT EQUATION

pss if it is the necessary and sufficient condition for the existence of smooth real
functions f;;, 1 <i <3, 1 < j < 2, depending only on u and a finite number
of its derivatives, such that the one-forms

w; = firdx + fpdt, 1=<i <3, (1)

satisfying the structure equations of a surface of constant Gaussian curvature
K=-1,

dw; = w3/, dwy = wiAws, dw; = 0w Aw;. )

The inverse scattering method (ISM) was introduced first for the Korteweg-de
Vries equation (KAVE) [24]. Later it was extended by Zakharov and Shabat [25]
to a 2 x 2 scattering problem for the nonlinear Schrodinger equation (NLSE)
and that was subsequently generalized by Ablowitz, Kaup, Newell and Segur
(AKNS) [26] to include a variety of NLEEs. Khater et al. [7] generalized the
results of Konno and Wadati [27] by considering v as a three component vector
and Q as a traceless 3 x 3 matrix one-form. The above definition of a DE
is equivalent to saying that the DE for u is the integrability condition for the
problem

Vi
dv=Qv, v=| v |, 3)
V3

where v is a vector and the 3 x 3 matrix (2,1, j = 1, 2, 3) is traceless
trQ =0, 4)

and consists of a one-paramter (1), family of one-forms in the independent
variables (x, ¢), the dependent variable u# and its derivatives.
Khater et al. [7] introduced the inverse scattering problem (ISP):

Viy = f31v2 — f11v3,  Vay = — f31v1 — nvs, vy = —fuvi —nva,  (5)

Vir = f32V2 - flzvs, Vo = —f32U1 - f22U3, V3r = —flzvl - fzzvz- (6)
The integrability condition for Eq. (3) is given by
dQ—QAQ =0, )
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or in component form

S12.x = fie = fa1f22 — nf32, (3
Sox = fuufs2 — fufa, ©
S32x — S0 = fuf2 —nfi2 (10)

By various choices of the coefficients f;;, it can be shown that the conditions
(8)-(10) are equivalent to a large class of NLEEs. The procedure is clarified in

the following example:

(a) The Ibragimov-Shabat equation (ISE)

Uy = Uy + 30Uy 4 uu® + 3utu,, (11)
0 C -4
Q=| -¢;, 0 -B |, (12)
-4, -B, 0

where

A, = (u—x + u2> dx + (Lt’ﬂ + u® + 8uZ + Suuy, + 9u3ux> dt,
u u

B, = ndx +1 (”— Fut 4uux> dt, (13)
u
Uyx 4
C, = —ndx—n( +u +4uux)dt.
u

The essence of the first step of the ISM is summarized as follows [7]. Find nine
one-forms a)l’ ,i=1,2,3, j =1,2, 3 consisting of independent and dependent
variables and their derivatives, such that the NLEE is given by

o) of o
O=dQ - QA2 =0, Q=] o} &} o |. TrQ=0. (14)
1 2 3

w3 w3 W3

It should be noted that the solution of these equations are of very special kind.
In general, Eq. (14) gives three different equations, which cannot be satisfied
simultaneously by one dependent variable . It has been pointed out [7, 28]
that ©2 can be interpreted as a connection one-form for the principle SL(3, R)
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bundle on R3 and ® as its curvature two form. The geometrical explanation of
the SL (3, R) structure is given in section 2.

The main aim of this paper is to extend the fundamental equations of pseudo-
spherical surfaces in reference [28] by considering v as a three component vector
and Q as a traceless 3 x 3 matrix one-form. In the present paper we use sine-
cosine method and the Wu’s elimination method derived in [1-6] in the construc-
tion of exact soliton solution for ISE describing pss. We also obtain an infinite
number of conserved charges by solving a set of coupled Riccati equations and
apply the geometrical method to ISE which describe pss.

The paper is organized as follows. In section 2 the geometry of pss is described
and the correspondence between the soliton equations and their families of pss
are established. In section 3 the sine-cosine method and the Wu’s elimination
method is used to obtain travelling wave solutions for the ISE. Section 4 con-
tains the derivation of an infinite number of conserved charges from the Riccati
equations. Finally, we give some conclusions in section 5.

2 On equations describing pss

In this section we shall show that the fundamental equations of pss, can be written
in the form of Eq. (14). Let us start with the general description of a three-
dimensional Riemannian manifold S following reference [28]. An orthonormal
basis is

lei}, 1=1,2,3, e.e; =24, (15)

with respect to the Riemannian metric introduced on the tangent plane 7, at each
point p € S. Then the structure equations for S read

dp=a),~e,~, i = 1,2,3 (16)
3 .
dei =3 wle;, (17)
Jj=1

where w; are one forms dual to {¢;} and a){ , (i, j = 1,2, 3) are called the con-

nection one form. The integrability conditions are obtained by differentiating
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Eq. (16) and using (17). These conditions are

3
doy =Y wire], (18)
j=1
3
da){ = Zwl]‘/\a)i (19)
k=1

To sum up, a set of one forms (w;, a)l] ) satisfying Eqgs. (18) and (19) describes
a pss locally through the structure Eqs. (16) and (17). It is easy to show that
Egs. (18) and (19) can be written in the form of Eq. (14) by choosing

Q= —w3 0 —w) s (20)

from Egs. (14) and (20) we obtain this relations

o =w?=w=0, 0 =—w =—ol,

1 2 3 1 3 @1
— 3 — 2 2

W) = —w; = —wj, w3 = 0] = —w,.

Let M? be a two — dimensional differentiable manifold parametrized by co-
ordinates x, f. We consider a metric on M? defined by w;, w,. The first two
equations in (2) are the structure equations which determine the connection form
w3, and the last equation in (2), the Gauss equation, determines that the Gaussian
curvature of M2 is —1,1i.e. M?is apss. Moreover, an evolution equation must be
satisfied for the existence of forms (1) satisfying (2). This justifies the definition
of a DE which describes a pss that we considered in the introduction.

It has been known, for a long time, that the sine-Gordon equation describes
a pss. KAdVE and mKdVE, were also shown to describe such surfaces [26].
Here we show that ISE equation also describe pss as well. The latter equation
proved to be of great importance in many physical applications [7-14, 29, 30].
The procedure is clarified in the following example: Let M? be a differentiable

surface, parametrized by coordinates x, ¢.
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(a) The ISE
Consider
3 1 Ux 2 Uxxx 6 2 3
W] = w3 = —(—+u )dx— (—+u + 8uy + Suuyxy + u ux>dt,
u u
a)% = a)g = —ndx — 7 (u% +ut + 4uux> dt, (22)

! = —w) = —ndx — (u% +u* + 4uux) dt.

Then M? is a pss iff u satisfies ISE (11).

3 Exact solution for ISE
Now we shall find a travelling wave solution u(x, ¢) for ISE
Uy = Uy + 302Uy + 9uui + 3utu,. (23)

Wang [1] has found some exact solutions for compound KdV-Burgers equa-
tions by using the homogenous balance method. In this section we obtain travel-
ling wave solution class for IES by using an improved sine-cosine method [4, 5]
and Wu’s elimination method [2]. The main idea of the algorithm is as follows.
Given a partial differential equation (PDE) of the form

f(uvl'thut»uxxvuxl"utt’"'):07 (24)
where f is a polynomial. By assuming travelling wave solutions of the form
u(x,t):(/)(p), p:)\(x—kt-l—c), (25)

where &, n are constant parameters to be determined, and c¢ is an arbitrary con-
stant, from the two Eqgs. (24) and (25) we obtain an ordinary differential equation
(ODE)

f(o'.¢".¢". ) =0, (26)

d
where ¢’ = d_¢ According to the sine-cosine method [1-6], we suppose that

Eq. (26) has the following formal travelling wave solution
¢(p) =Y sin' ' (B;siny + 4; cos ) + A, (27)
i=1
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and

d_z// =siny or d—w = cos v, (28)
dp dp
where 4, ---, 4, and B,,---, B, are constants to be determined. Then we
proceed as follows:

(i) Equating the highest order nonlinear term and highest order linear partial
derivative in (26), yield the value of .

(i) Substituting Egs. (27), (28) into (26), we obtain a polynomial equation in-
volving cos v sin’ v/, sin/ i for j = 0, 1,2, ..., n, (with n being positive
integer).

(iii) Setting the constant term and coefficients of sin ¥, cos ¥, sin i cos v,
sin? ¢, . .., in the equation obtained in (ii) to zero, we obtain a system
of algebraic equations about the unknown numbers k, A, 4, 4;, B; for
i=1,2,...,n.

(iv) Using the Mathematica and the Wu’s elimination methods, the algebraic
equations in (iii) can be solved.

These yield the solitary wave solutions for the system (26). We remark that
the above method yield solutions that includes terms sechp or tanh p, as well as
their combinations. There are different forms of those obtained by other methods,
such as the homogenous balance method [1-6]. We assume formal solutions of
the form

ux,t) =¢(), p=rlx—kt+o), (29)

where k, 1 are constant parameters to be determined later, and c is an arbitrary
constant. Substituting from (29) and (23), we obtain an ODE

ko' +319%¢" + 9009 + 3¢9 + 229" = 0. (30)

(i) We suppose that equation (30) has the following formal solutions

¢(p) = A, + Bysinyy + A; cos ¢, (31)
and J
av = sin . (32)
dp
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(i1) From two Egs. (31) and (32), we get

kd' +310°¢" + 92p¢'” + 307 + 229"
= [1241 By A3 + 1243 B Ag + 31.B1 A3 + 3043 B ] siny

+[3B148 + 1843 B1 A% +341B) + (k +2H) By
+ 6141 By Ag|sin cosyr + [ — 341 Ag + 364, B} 43 — 1843 43
+ 1243 BF — 347 — (k+ 42241 + 6387 Ay — 124943
+9AB} Ag]sin® Y + [12B7 43 — 124343 + 3643 B3 4o + 6341 B}
— 124047 — 6141 4] — 6143 + 9141 B ] cos ¢ sin® ¥
+ [~ 244, B\ A3 + 364, B} Ay + 3AB;} — 6040 B A3 — 6)B1 4]
— 21043 By +9AB; — 1847 By | sin® y + [18B; 43 + 1847 B} (33)
— 5443B1 A% — 1847 B) — 6A2B| — 241B1 41 4o
— 18341 By dg | cos yrsin® ¢ + [124) B} — 544, B} 43 + 1843 43
— 4243 B} + 647 + 63741 — 12087 Ay + 1243 4 — 92 A B}
+ 9043 o] sin* v + [12B 49 — 7243 B3 A + 1249 A}
— 183,41 B? 4 6143 — 273.41 B? 4 9143 ] cos ¢ sin* y
+ [ — 484, B} A + 4843 B1 Ay — 6AB; + 18142 B — 93B3
+ 27042 By]sin’ ¢ + [3B; — 3042 B3 + 1581 47] cos v sin® ¥
+[3043B7 — 347 — 154, B}]sin®y = 0.

(iii) Setting the coefficients of sin’ ¥ cos’ ¢ fori = 0,1 and j = 1 to 6,
we have the following set of over determined equations in the unknowns
A,, B, A1, A and k:

1241 43 + 1243 Ag + 3045 + 3147 = 0,
3AY+ 184 A% + 34T + (k+22) + 6241 49 =0,
4 2 42 342 3p2 5
— 341 4§ +364, B3 43 — 1843 43 + 1243 B} — 343
— (k+421)4) + 6LBF 4g — 1249 A% + 0BT 49 = 0,
12B2 43 — 124343 + 3643 BF Ao + 6141 B} — 12404}
— 6341 4% — 6343 + 9241 B =0,
— 244143 + 3641 B? Ag + 3187 — 6049 AT — 6343 — 21343
+9%B? — 18042 =0,
2 42 2p2 2 42 4 2
18B7 A3 + 1843 B} — 5443 43 — 1847 — 61
— 243,41 49 — 18341 A9 = 0,

(34a)
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1241 B} — 544, B} A3 + 1843 45 — 4243 B} + 643
+ 62241 — 12.B3 Ay + 1245 49 — 91 A9 B} + 924349 = 0,
128} 4g — 7243 B} Ay + 1249 AT — 18141 B} + 6043
—270A) B} + 9243 =0,
— 4841 B} Ao + 4843 B) Ay — 61B; + 18347 B,
— 9B} +27043B) =0,
3B} — 3043 B7 + 1547 = 0,
304282 — 341 — 158} =0.

(34b)

(iv) We now solve the above set of equations by using Mathematica and the
Wu’s elimination method, and obtain the following solution:

—A
A = —=
44,
5o
' T 1231064, (35)
y [ — (532 + 8k) £ 402 + 42 (W2 + k)'12]'*
0= —

23 ’

by integrating (32) and taking the integration constant equal zero, we

obtain
sin Y = sechp, cosy = £tanhp. (36)
Substituting (35) and (36) into (31), we obtain
u(x,t) =4, + #ﬁ@)sechp + 4_—14):) tanh p, (37)
where
g [ — (532 + 8k) £ 402 + 40202 + ']

233 '
o =Alx —kt +c).

4 Infinite number of conserved charges for ISE

It will be found that the Riccati form of ISM is sometimes useful. Introducing

the variables [31-33]
v v
M=-— Ty=-—, (38)
V3 %]
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which are related to the conserved charges ass3(x, ¢, n) in the following way,
from Eq. (5)

Inasz(n) =Ilnvy = /oo(nl"z — fmldx. (39)
Egs. (5) and (6) can be rewritten as -
Fie = ful2+ a2+ flf = fin, (40)
szz—f31f‘1+ﬁ11_‘11_‘2+77rg—77’ (41)
and
T = fula+ fuliTa + fil T = fi, (42)
To = —ful1 + filiTa + foul'5 — fo. (43)

The set of coupled NLPDEs for I'y and I'; in (40)-(43) are known as Riccati
equations. It is obvious from (39) that the solutions of Riccati equations even-
tually determine the conserved quantities. Now in order to solve (40)-(43), we
assume a series solutions for I'y and I'; as

Ti,t,m) =Y ¢, 0On™",  Talx,6,m) =Y ¢ate,n™".  (44)
n=0 n=0

Substituting (44) into (40) and (41), the following recursion relations are

obtained:
do=¢1=0, ¢5=1, o = fii— fa,
1 2 1 2 (45)
o, = (f11 — f3)x, ¢2=§(f11—f31) ,
k+1 k
Bie = L1B+ D OB + D S, k=12, (46)
m=0 m=0
k+1 k
B = —Su0h + Y GRB + D Sudhdi . k=12, (47
m=0 m=0

The infinite number of Hamiltonians (conserved quantities) may explicitly be
determined in terms of smooth real functions f;; and their derivatives by ex-
panding a33(x, ¢, 1) in the form

Inass(m) = ) Hpm™' (48)
=0
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and thus comparing (48) with (39) and (44), H; becomes
H;:/(ndbf—f“qb})dx, 1=0,1,2,.... (49)

The explicit expressions of the first few order Hamiltonians are
H():T]X, Hl :—/Z(QF +q2)dx,

H, = / [—2(r +q)gx + ng] dx,

Hy = 2f(r + a2 + 7 +2) — gu]dx. (50)

Hy = f [n4° 2 —r —3q) —nqqsx — r + @) (2q3: — 4°9gx + 1)

—4qq.(r + 4))]dx,

where
Su— fii=2q, fu+ fz=2r

24 = fn, 2B = fiu — fx, 2C = fi2 + fa,
such that the functions », ¢, 4, B and C satisfy the equations [7]

Ay, =qC—rB, ¢q,—249q—B,+nB =0, C,=r+24r—nC. (51

This section ends with the following example:

(a) The ISE
For any solution u of the ISE (11), we consider the functions
1 1
r=—(&+u2—n>, q=—<u—x+u2+n),
2 \u 2\u

A= i (uﬁ+u4+4uux>,
u

[(“xﬂ + u® + 8u? + Suu,, + 9u3ux)
u

+n (uﬂ +ut + 4uux)] , (52)
u

1 XXX
C = 3 [(u_ +u®+ 8u§ + Suu,, + 9u3ux)
u

—n (uﬁ +ut + 4uux)] .
u
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Eq. (49) implies that the first few order Hamiltonians are determined by the
relation

= [ s G o
I R (A

Whenever u(x,¢) is a solution (37) of the ISE. This Hamiltonians relations
yields a sequence of conserved charges given by the coefficients of the series

n n

o
e+ Y H . (54)
=1

5 Conclusions

In this paper, the fundamental equations of pseudo-spherical surfaces in refer-
ence [28] may be rewritten by considering v as a three component vector and €2
as a traceless 3 x 3 matrix one-form [7]. The latter yields directly the curvature
condition (Gaussian curvature equal to —1, corresponding to pseudo-spherical
surfaces). This geometrical method is considered for the ISE.

We obtain travelling wave solution for ISE by using an improved sine-cosine
method and Wu’s elimination method. This geometrical method allows some
further generalization of the work on conserved charges given by Wadati, Sanuki
and Konno [34]. An infinite number of conserved charges for ISE mentioned
above are derived in this way.
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