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Abstract. In this work, we establish new exact solutions for the Hirota-Satsuma equations.
New approach for the tanh is used and extended tanh methods to construct traveling wave solutions
in terms of a hyperbolic tangent functions. New families of solitary wave solutions and periodic
solutions are also obtained for Hirota-Satsuma equations. Our approach is reduce the size of
the computational adopted in other techniques without any conditions to apply on any system of

partial differential equations.
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1 Introduction

The world around us is inherently nonlinear. The Hirota-Satsuma equations are
widely used as models to describe complex physical phenomena in various fields
of science, especially in fluid mechanics, solid stat physics, plasma physics. Var-
ious methods have been used to explore different kinds of solutions of physical
models described by nonlinear PDEs. One of the basic physical problems for
those models is obtaining their traveling wave solutions. Concepts like solitons,
peakons, kinks, breathers, cusps and compacton are now being thoroughly
investigated in the scientific literature [1-3]. During the past decades, quite a

#750/08. Received: 28/1/08. Accepted: 11/V1/08.



2 NEW APPROACH FOR TANH AND EXTENDED-TANH METHODS

few methods for obtaining explicit traveling and solitary wave solutions of the
Hirota-Satsuma equations have led to a variety of powerfull methods, such as
inverse scattering method [4], bilinear transformation [5], the tanh-sech method
[6], Backlund and Darboux transform [7], Hirota [8], tanh-function method [9-
10]. Moreover these methods, extended tanh-function method [11-12], modified
extended tanh-function method [13-14] and homogeneous balance method [15].

The extended tanh-function method and the modified extended tanh-function
method belong to a class of methods called sub-equation method for which these
appears few basic relationships among the complicated NLPDEs in the study
and some simple and solvable nonlinear ordinary equations.

In this work, we introduce a matrix spectral problem with three potentials
and propose a corresponding hierarchy of nonlinear evaluation equations. An
interesting equation in the hierarchy is a generalization of the Hirota-Satsuma
coupled kdv equations:

1
u, = Euxxx—?ﬁuux—l—?a(vw)x, )]
UV = _vxxx+3uvxa (2)
W, = —Wyxx + 3UW,. (3)

2 Tanh method

In this section, we will try to search for a new analytical solutions for system
(1)-(3), by using tanh method [12, 16]. This technique has been proven to
be very powerful in finding travelling-wave solutions. We represent the tanh
method for the problems (1)-(3) which is a workable and universal solution
method that can be used to find exact as well as approximate solutions. This
technique is based on the fact that in many cases traveling-wave solutions can
be written in terms of a hyperbolic tangents.
Let the boundary conditions be

u(x,t) — 0, v(x,t) — 0; X — —00 “4)

v(x,1) = Vso, w(x,t) — 0; X — 00 ®)]

To find possible travelling-wave solution, first we introduce the independent
variable £ = c(x — vt), then, substituting £ = c¢(x — v¢) into Egs. (1)-(3),
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we get:
d3U aw dv
d§§$)+ V) s(S)Jr W) d;é)
6
“eue) YO |, V0 ©
d§ g 7
>V (&) avé)  dvé)
2 _ _ —
g IO v =0, ™)
W (§) dawE)  dwé)
2 —
A R ®)

where the constants (¢ and v) represent (positive) wave number and (posi-
tive) velocity of the travelling-wave, u(x,t) = U(§), v(x,t) = V(£) and

w(x, 1) = W(E).
Secondly, substituting ¥ = tanh & into Egs. (6)-(8) gives:

d3U(Y) d*Uu(y) dUu(y)
2 _ 2 . el B )
c [(1 Y ——— a7 6Y(1—Y") e 2(1 —37?) 7 ]
+6V(Y)d (Y)+6W(Y)dV(Y) 6U (Y )dU(Y) )
dU(Y) B
Ty =0
2
[(1 B Yz)zd V(Y) —o6r( —Yz)d V(Y) —2(1 —3Y2)dZ;Y)}
(10)
av(y) dv{y)
—3U() v "V gy =0,
3 2
d [(l L R LA T _3Y2)dW(Y)}
dy3 dY2 an

dwy)  dwy)
v U ay

where U(€) — U(Y), V(&) — V(Y) and W(&) — W(Y).

Consequently, the boundary conditions reduce to the conditions with respect

—3U(Y)

to the variable with respect to the variable Y:
uy)— 0, V(Y)— 0; Y - —1 (12)
V(YY) = Ve, W) — 0; Y —>1 (13)
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To find an exact solution,we consider a finite expansion of Y in the following

form:

M N H
UY)=> a,Y", V()=) bY'. WX)=> ¥ (14
m=0 n=0 h=0

Substitution of Eq. (14) into Egs. (9)-(11) and balancing the highest order deriva-
tive terms with the nonlinear terms, gives

M=N=H=2.

Taking account of Eq. (15) with Eq. (14), we obtain

UY) = ap+a1Y +ayY?,
V(Y) = b+ b Y +bY?,
W) = co+c Y +c Y2

By using Egs. (12) and (13) into Egs. (16)-(18), we get:

Uuy — -1
aj

u(y)

Uw)

VY — —1)
b

V(YY)

V(YY)

Wy — 1)
1

W(Y)
W)

ao—a1+a2=O
ap + ar

ap+ (ao + a)Y + ax¥Y? = (1 + Y)(ap + a2 Y)

a
A0+ +BY); Ai=ap, B = a—2
1
bo—b;+b,=0
by + by
b() =+ (b() +b2)Y+b2y2 = (1 + Y)(b() +b2Y)
b
A+ V(A4 ByY): Ay=by By= >
1

Co+01+02=0
—Cop —
co—(co+ )Y +cy*=(1—Y)(co—rY)

A1 =Y)(1 = BsY); Ay =co, By = =,

C1

where A4, By, A», By, A3z and Bs are constants and can be determined.
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After substitution of Eqs. (19)-(21) into Egs. (6)-(8), and eliminating terms
having equal power in Y, we get the following:

347 +3A41B) — 342A3By + 34, A43B3 + Aic* + A, By

+ 4w —A;Bjv=0 (22)
347 + 64245 + 1247 B) + 343 B} + 64243 B, B;

+84,B1c* —24,Bjv =0 (23)
3A2B) + 34387 +34243By — 3424385 — A1c* — A1 Bic* =0 (24)
AIB} —24,A43B,B; —24,B;c* =0 (25)
— 3414y —3A4,42B, — 2A45¢* —2A4,B>¢* — Ayv — A,B =0 (26)
— 34,4, —3A4,4,B, —9A4,4>B, —3A4,4,B, B,

—164,B>¢* —24,B,0 =0 27)
—3A4,42B) —64,4,B, — 94,4, BBy + 64,¢* + 642B,¢* =0 (28)
—6A4,4,B1 B, +244,B5¢* =0 (29)
34145 +3A4,A43By 4+ 2A5¢* + 2A43B3¢* + Asv + A3B3v =0 (30)
341 A5 +3A4,A3B) —3A4,A3B3 + 34,43 B, B;

— 16A43B3¢* —2A45B3v =0 (31)
34,A3B, — 6A4,A3B3 — 34, A3B B3 — 6A3¢*> — 643B3¢> = 0 (32)
— 6A4,1A43B B; +2443B3¢* =0 (33)

In order to obtain A4y, B;, A, B, A3, B3, we can solve Egs. (22)-(33). Conse-
quently we get

_ 2 B—— _At L0 v
A]— 2C, B]— 1, AZ—A s BQ—O, B3—0, v =4c”.
3

Substituting the above solution into Egs. (19)-(21), we have the following ana-

(34

lytical solutions:

Uy) =220 -Y)1+7Y), (35)
4c4

V() = —(1+7Y), (36)
A3

W(Y) = As(1 = Y); v=4c*> with Y = tanh[c(x — v1)]. (37)

where A5 = 2¢%.
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Figure 1 — The graph shows the solution for u(x, t).

To find the wave number (c), we use the boundary condition

VY - 1) = Ve,
1
ﬁcz = ZVOCM (38)
— v = V.

It is well known that (wave-number) ¢ = 109737.3
Voo = 4.816910004516 x 10'°, v = 4.816910004516 x 10

Then, Egs.(1)-(3) have the following analytical solutions:

u(x, 1) = ;Vm[l — tanh[c(x — v)]][1 + tanh[c(x — vD)]],  (39)
v(x, 1) = %Voo[l + tanh[c(x — v1)]], (40)
w(x, 1) = %Voo[l — tanh[c(x — v0)]], (41)

with ¢, v, Vo, are given.

3 Extended tanh method

In this section, we solve the Hirota-Satsuma coupled KdV equations by extended
tanh method. This method is used to derive explicit travelling-wave solutions.
New families of solitary wave solutions and periodic solutions are formally ob-
tained for these equations. The method is used to reduce the computational size
compared to the other techniques [ 16-20] without any conditions to apply on any
system of partial differential equations.
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Figure 2 — The graph shows the solution for v(x, 7).

Using the wave variable £ = x — ct, Egs. (1)-(3) reduce to ODEs in the
following form:

1
—eU' = JU" =3UU 30V WY, (42)
—cV = —V"+3UV, (43)
—cW = —W"+3UW, (44)

where u(x,t) > U(&), v(x,t) = V(&) and w(x,t) — W(E).
Integrating Eq. (41) with respect to (§), we get:
—cU = %U”—%U2+3(VW), (45)
where the constant of integration is equal to zero.
The solution of the reduced equations can be expressed as a finite power series
in Y in the form:

M
u(x,t) = Si(Y) = ZamY’",
=0

N
v(x. ) = SHY) =) b,Y", (46)
n=0
H
w. ) = $X) =) ¢
h=0
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Figure 3 — The graph shows the solution for w(x, ¢).

where M, N and H can be determined. By balancing between the highest
derivative with the nonlinear terms, in Egs. (42)-(44) gives

M=N=H=2 (47)

Substituting Eq. (46) into Egs. (45), we find that:

ux,t) = Si(y) = ag+a¥ +aY?, (48)
v(x,t) = S(y) = by+b Y +bY?, (49)
wx, 1) = S3(0) = co+c1¥ + Y7 (50)

Substituting ¥ = tanh(u&) in Eqs. (42)-(44), with the aid of Eqgs. (47)-(49),
and equating the coefficients of each power of Y to zero, we obtain a system of

algebraic equations of the parameters ay, a1, az, by, b1, bz, ¢, c1, ¢, namely:

—3a§ + 2agc 4 6boco + 2au* = 0, (51)
—6apa; + 2aic + 6bico + 6bocy — 2a 11> =0, (52)
—3a? — 6apay + 2arc + 6bycy + 6bic + 6bocy — 8ayu® =0, (53)
—6aia, + 6bycy + 6b1cy + 2a1u2 =0, (54)
—3a3 4 6bycy + 6ayu* =0, (55)
—3agh; — bic —2biu* =0, (56)
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—3a1b; — 6aghy — 2byc — 16b,u* = 0, (57)
—3ayb; — 6a,by + 6b u* =0, (58)
—6ayb, + 24b,p* =0, (59)
—3agc) — ccy — 2c1u? =0, (60)
—3ay¢; — 6agcy — 2ccy — 16¢c,u% = 0, (61)
—3ayc, — 6ajcy + 6c1u® = 0, (62)
—6asycy + 24cu% = 0. (63)

Using symbolic software Mathematica to solve the algebraic equations (50)-(62),
we obtain the following set of distinct solutions of parameters. The set is given

the following cases:

Case 1:
a, = ¢ = b1 =0
4 4
a = 41, b, = A
(&)
b 1 /A+B 1 (A+ B)
= — , cp = —— c
* T3\ ¢ T ouA :
¢ = —3ay — 8u?
where

A = agu® +24p*, B = Jou? \/(15a(2)+80a0;ﬂ+104u4)

and ag, ¢, are arbitrary constants. In this case, the soliton solutions take
the form:

u(x,t) = ag+ 4’ tanh? [u(x + Bag + 8u2)t)],

1 (A£B\ 4p* 5
v(x,t) = 3 - + Z tanh [M(x + (Bag + 8u )t)], (64)

A+ B
w(x,t) = ¢ <TM4 + tanh? [M(x + (Bag + 8M2)t)]) .

where ag, ¢, are arbitrary constants.
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Figs. (4)-(6) represent the soliton solutions for Eq. (63), by taking different

values for constants, for example ag = —1, u = 0.5, ¢c; = —1.

Figure 5 — The soliton solution for v(x, ¢) in Case 1 whenay = —1, u = 0.5, ¢, = —1.
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Figure 6 — The soliton solution for w(x, ) in Case 1 whenag = —1, u = 0.5, ¢, = —1.
Case 2:
a = by = ¢ =0,
a = 2u%,
aoi + u? 4 (ag + p2
by — i[M} p = M@t 1)
ClB C1
c1 A
C = :Fl—, c = —3610—2M2,
uB
where

A= \/—9a§u2 —daou? +4pt, B = /24a¢ + 24u?
and ay, c; are arbitrary constants. Thus, the soliton solutions take the form:
_ 2 2 2
u(x,t) = ap+2u” tanh® [u(x + Bag + 2u*)1)],

2
o) = @ [i% + 4p2 tanh [(x + Gap + 2#2)0]] . (65)

ClA 2
wix, ) = F g to tanh [ (x + (3ao 4 21%)1)],
where ag, ¢; are arbitrary constants.
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12

Figs. (7)-(9) represent the soliton solutions for Eq. (64) as taking different

—1.

values for constants, for example ay = —2.5, u = 0.5, ¢;

—1.

Figure 7 — The soliton solution for u(x, ¢) in Case 2 whenag = —1.5, u = 0.5, 1

SRARSANA
SR,

: Sy S
o s L Ll SEad
e R o e oo -t
T e e

.1ﬂ*ﬂﬂ.ﬂﬁ%‘ﬁ%ﬂﬂ*ﬂa

e K

_ SRR o
A
s ’
IO

—1.

Figure 8 — The soliton solution for v(x, ¢) in Case 2 whenag = —1.5, u = 0.5, ¢|
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Figure 9 — The soliton solution for w(x, ¢) in Case 2 whenag = —1.5, 4 = 0.5,¢; = —1.

Acknowledgement. The author would like to thank the referee for his sugges-
tions and comments on this article.

REFERENCES
[1] M. Wadati, Introduction to solitons. Pramana: J. Phys., §7(5-6) (2001), 841-7.
[2] M. Wadati, J. Phys. Soc. Jpn., 32 (1972), 1681.
[3] M. Wadati, J. Phys. Soc. Jpn., 34 (1973), 1289.

[4] M. Ablowitz and P.A. Clarkson, Soliton, Nonlinear Evolution Equations and Inverse Scatter-
ing. Cambridge Univ. Press, New York (1991).

[5] R. Hirota, Direct method of finding exact solutions of nonlinear evolution equations. In:
R. Bullough and P. Caudrey (Editors). Backlund transformations. Berlin, Springer (1980).
p. 1157-75.

6] W. Malfliet and W.Hereman, Phys Sprica, 54 (1996), 569-75.

7] M. Wadati, H. Sanuki and K. Konno, Prog. Theor. Phys., 53 (1975), 419.
8] R. Hirota, Phys. Rev. Lett., 27 (1971), 1192.

9] E.J. Parkes and B.R. Dufty, Comput. Phys. Commun., 98 (1996), 288.
10] Z.B. Li and Y.P. Liu, Comput. Phys. Commun., 148 (2002), 526.

11] E.G. Fan, Phys. Lett., A277 (2000), 212.

[12] B. Li, Y. Chen and H.Q. Zhang, Chaos, Soliton and Fractals, 15 (2003), 647.

[
[
[
[
[
[

Comp. Appl. Math., Vol. 28, N. 1, 2009



14 NEW APPROACH FOR TANH AND EXTENDED-TANH METHODS

[13] E. Yomba, Chaos, Soliton and Fractals, 20 (2004), 1135.

[14] E. Yomba, Chaos, Soliton and Fractals, 22 (2004), 321.

[15] E. Fan and H. Zhang, Phys. Lett., A246 (1998), 403.

[16] A.M. Wazwaz, Chaos, Solitons and Fract., 28 (2006), 1005.

[17] AM. Wazwaz, Comm. in Nonlinear Science and Numerical Simulation, 11 (2006), 376.
[18] A.M. Wazwaz, Math. and Comput. Modelling, 43 (2006), 802.

[19] A.M. Wazwaz, Chaos, Solitons and Fract., 28 (2006), 454.

[20] J. Weiss, M. Tabor and G. Carnevale, J. Math. Phys., 24 (1983), 522.

Comp. Appl. Math., Vol. 28, N. 1, 2009



