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1 Introduction

This paper deals with the stability and boundedness of solution of the delay

differential equation

x"(@) +h(x"()x" (@) + g&x" (¢ —r () + f(x(t —r(@)))
=pt,x(@),x" (), x(t —r@),x'(t —r@),x" (1))
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330 STABILITY AND BOUNDEDNESS OF THIRD-ORDER DELAY EQUATIONS

or its equivalent system

/

X =y,
V= z,
t
2= —h()z—g() — f) + f ¢ ((6)z(s)ds (12)
t—r(t)
[ P e)re)ds + plt,x yox(t — ). ¥t — F(0). ),

t—r(t)

where 0 < r(¢t) < y,7’(t) < B,0 < B8 < 1, B and y are some positive
constants, y will be determined later, f(x), g(v), h(y), p(t,x, y, x(t — r(t)),
y(t —r(t)), z) are continuous in their respective arguments. Besides, it is sup-
posed that the derivatives f”(x), g’(y) are continuous for all x, y with f(0) =
2(0) = 0. In addition, it is also assumed that the functions f(x(¢ — r(¢))),
gyt —r@)))and p(t, x, y,x(t —r(t)), y(t —r(t)), z) satisfy a Lipschitz con-
dition in x, y, x(t — r(t)), y(t — r(¢)) and z; throughout the paper x(¢), y(¢)
and z(¢) are, respectively, abbreviated as x, y and z. Then the solution is unique.
(See [5, pp. 14])).

In recent year, many books and papers dealt with the delay differential equa-
tion and obtained many good results, for example, [1, 2, 3, 18, 19, 21], etc. In
many references, the authors dealt with the problems by considering Lyapunov
functions or functionals and obtained the criteria for the stability and bounded-
ness. (See [1-21]).

In particular, recently, Tung [15], obtained sufficient conditions which ensure
the stability and the boundedness of systems

x" +ax" + fHL(x' & —r@)) +azx =0
and
X" +ax"+ L&' —r@®) +azx = pt,x,x', x(t —r (), x'(t —r(t)),x"),

where r(¢) is as defined above, a; and a3 are some positive constants.

Our objective in this paper is to establish some sufficient conditions for the
stability and for the boundedness of solutions of (1.1) in the cases p = 0,
p # 0, respectively.
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2 Stability

First, we will give the stability criteria for the general autonomous delay differ-
ential system. We consider

X'=f(x), xy=x({t+0), —r<60=<0,¢>0, 2.1)

where f: Cy — R”" is a continuous mapping, f(0) = 0, Cy = {¢ €
(C[—=r, 01, R"): |¢|l < H} and for H; < H, there exists L(H;) > 0, with
|/ (@)l = L(H)) when o] < H,.

Definition 2.1. An element v € C is in the w-limit set of ¢, say Q(¢), if
x(t, 0, ¢) is defined on [0, co) and there is a sequence {¢,}, t, —> 00, asn —>
0o, with |lx,, (¢) — ¥ || — 0 as n — oo where x;,(¢p) = x(t, + 6,0, ¢) for

—r<6<0.

Definition 2.2 (See [17]). A set QO C Cpg is an invariant set if for any
¢ € Q, the solution of (2.1), x(¢, 0, ¢), is defined on [0, c0), and x,(¢p) € O
for ¢t € [0, 00).

Lemma 2.1 (See [13]). If ¢ € Cy is such that the solution x,(0) of (2.1)
with xo(¢) = ¢ is defined on [0, 00) and ||x;(p)|| < H; < H fort € [0, 00),

then Q2(¢) is a nonempty, compact, invariant set and

dist(x;(¢), 2(¢p)) — 0, as t —> o©

Lemma 2.2 (See [13]). Let V(¢): Cy —> R be a continuous functional
satisfying a local Lipschitz condition. V (0) = 0 and such that

@) Wi 0))) < V(p) < Wa(lgll) where Wy (r), Wa(r) are wedges.
(i) V5.)(9) <0, for ¢ < Cp.

The the zero solution of (2.1) is uniformly stable. If we define Z = {¢ €
Cy: V,(2,1)(¢) = 0}, then the zero solution of (2.1) is asymptotically stable,
provided that the largest invariant set in Z is Q = {0}.

The following will be our main stability result for (1.1).
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Theorem 2.1. Consider system (1.2) with

p(t9 X, Y, x(t - I"(t)), )’(t - r(t))a Z) = 05 f(x)a f/(x)’ g(y)» g,(y)v h()’)
continuous in their respective arguments. Suppose further that

(i) forsome a > 0,€y > 0,h(y) > a+ ¢ forall y;
(i) for some b > 0, % > b forall y # 0;

S x) .
(i) for some co, == > ¢q forall x # 0;

(iv) forsome ¢ > 0, f'(x) < ¢ forall x, where ab — ¢ > 0;

(v) for some constants L, M, |f'(x)| < L,|g'(y)| < M, forall x, y.

Then the zero solution of (1.2) is asymptotically stable, provided that

2¢0(1 — B) 2(ab —c)(1 — B) }
L+MA=-B+A+a)M al(L+MA -8+ +a)l]]"

y<min{

Proof. Using the equivalent system form (1.2), our main tool is the following
Lyapunov functional ¥ (x;, y;, z;) defined as

x y
Vv z) = / F(6)de + / vh(v)dv
0 0

Y 1
+a! / gu)du + Ea_lz2 +yz4+al f(x)y (2.2)
0

0 t 0 t
+ A / / y2(0)dOds + 8 / z2(0)d0Ods,
—r(t) Jit+s —r(t) Jt+s

where X\ and § are positive constants which will be determined later.
The Lyapunov functional V' = V (x;, y;, z;) defined in (2.2) can be arranged
in the form

1 1 y
V(i yi20) = - (ay +2)? + PTAAGY + by)? + fo [h(v) — alvdv

—i—l/y [@—b} vdv—i—ifx[ab—f’(s)]f(s)ds
0 ab Jo

a

v

0 t 0 t

+ A / y2(0)dbds + 8 / Z2(9)d0ds.
—r(t) Jt+s —r(t) Jt+s
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On using (1), (ii), (iii) and (iv) of Theorem (2.1), we obtain

1 1
V(X yi.ze) = —(ay +2)* + —(f(x) + by)?
2a 2ab

1 0 t
+ e + 2 (ab — c)x? + A / / y2(0)dbds
2 2ab —r(t) J1+s

0 t
+36 / / 2% (0)dods.
—r(t) Jt+s
Since the integrals

0 t 0 t
A / / y2(0)dods and § / / 22(0)d6ds
—r(t) Jt+s —r(t) Jt+s

are non-negative,

W%%J0>iﬁw+ﬂAPi%ﬂﬂ+@¥+l%ﬁ+jlmbww?
— 2a 2ab 2 2ab

Thus, we can find a positive constant Dy, small enough such that
V(X yioz) = Di(x* + y* + 25). (2.3)

Next, our target is to show that V' (x;, y;, z;) satisfies the conditions of Lem-
ma 2.2. First, by (1.2) and (2.2), we obtain

d 1 1
;w%%%>=——mw—m£——egﬁ—f@0f
t a a ¥y
1 t
+ (y + —Z) {/ g (s)z(s)ds
a t—r (1)
+ f’(x(s))y(s)ds} + kyzr(t) +82%r (1)
t—r(t)
— A1 =7 (1)) y2(0)do — 8(1 — 7' (1))

t—r(t)

t
x / z22(0)do
t—r(t)
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By (v) and using 2uv < u® + v?, we obtain

d 1 1
d—V(xt,yt,Zz) < ——(h(y) —a)z’ — - (ag(—y) - f’(x)) »?
t a a y

1 1
+ Z—(L + M 4 2a8)z%r(t) + E(L + M 4 2a))y*r (1)
a

+£ 1+ —2@(1—,8) /Z 2(s)d
Za 4 L [_r(t)y S s

LM [1 va 2% 5)] /t 2()d
— a—2—(1 - z°(s)ds,
261 M t—r (1)

sincer’(t) < B,0 < B < 1.

If we choose A = 2(%—“_)/]3“) > 0,and § = 2:1—“_)% > 0, and using (i), (ii), (iv)

and (t) < y, we obtain

d 1 L+M(1-8+U+a)M
TV vz < _5{260—)/(( )((1f)ﬂ)( a) )}2

1 al(L + M)A =)+ 1 +a)L] 2
_Z{Z(Gb_c)_y< (1—p) )}y
choosing
. [ 2e0(1 — B) 2(1 = p)ab—c) }
y < min , ,
L+MA-BH+A+a)M alL+M)1—-8)+ A +a)l]
we have J
EV(xt,yt,z,) < —K(y2 +z%) forsome K > 0. 2.4)

Finally, it follows that <V (x,, y,,z) = 0 if and only if y, = z, = 0,
%V(qb) < 0for¢ # 0and V() > u(|¢(0)]) = 0. Thus, in view of (2.3),
(2.4) and the last discussion, it is seen that all the conditions of Lemma 2.2
are satisfied. This shows that the trivial solution of Eq. (1.1) is asymptotically

stable. Hence the proof of Theorem 2.1 is complete.

Remark 2.1. IfA4(x") = a in (1.1), then Theorem 2.1 reduces to Theorem 1 of
[13] and a result of [1].
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Remark 2.2. IfAh(x’) =a, f(x(t —r(t))) = cx(¢) in (1.1), then Theorem 2.1
reduces to Theorem 2 of [15].

Example 1.1. Consider the third order nonlinear delay differential equation

X" (@) + [x2@) + X0 + 2] X" (@) + 4t — (1))
Xt —r@®) _, (2.5)

+sinx'(t —r(t)) + )

or its equivalent system form

X =Y,
y =z
2 = — [P +y+2]0) — [4y +siny] - — (2.6)
1 + x2
4 1 —x%(s)

+ / (4 + cos y(s))z(s)ds + f (s)ds

P VRS 4
—r (1) —rn (1 +x2(s5))?

where we suppose that 0 < »(¢) < y,r'(¢t) < B, 8 and y are positive constants,
y will be determined later, ¢ € [0, 00). It is obvious that

sin y 2
3<4+—= forall y,(y #0), 1l <y"+y+2 forall y.
Y

Our main tool is the Lyapunov functional

1 , 1 x :
V(xi,yi,2:) = 5()""2) ‘f‘g 1+ x2 +3y

y y 1
+/ [(v2+v+2)—1]vdv+f (1+w)vdv
0 0 v

@.7)
1 1 1-¢& &
+§/o <3_ <1+52>2) i+ %

0 t 0 t
+A / / y2(0)dods + & / 22(0)dOds
—r(t) Jt+s —r(t) Jt+s

where A and § are some positive constants which will be determined later.
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It is clear that the functional V(x;, y;, z;) is positive definite. Hence it is
evident from the terms contained in (2.7), that there exist sufficiently small
positive constant §;, (i = 1, 2, 3) such that

0 t
V(X V10 20) = 81x7 4 829% + 8327 + x/ f 2 (0)dods
—r(t) Jt+s

0 t
+5/ / 22(0)dOds > 81x% + 8,07 + 832 = 84(x* + y* + %)
—r(t) Jt+s

where §4 = min{é;, &>, 83}.
Now, the time derivative of the functional V (x;, y;, z;) in (2.7) with respect to

the system (2.6) can be calculated as follows:

%V(xtvytvzt) = - [(1 +y +y2) - 5”(t)]22
sin y 1 —x? ’
[(4+55) - e )
e +z>[ | @t cosy()=(0)ds 28)

t 1— 2
+/ ) ﬁy(s)ds] a1 = @)

t t
X / Y2(s)ds — 8(1 —r' (1)) Z2(0)d6.
t—r(t) t—r(t)

Making use of the fact that
1 —x?
(14 x2)?

0<r()<y,r@t)<B,0<B<l

|4 +cosy(s)| <5, <1,

— ’

‘siny‘ -1

and the inequality 2|uv| < u? + v?, we obtain the following inequalities for all

terms contained in the inequality (2.8), respectively:

—[A+y+yH) =8r)]22 < —(1 —8y)z*;

sin y 1 —x? 2 2.
_[<4+ . )_(1+x2)2—kr(t)i|y = —Q =)y
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y+2) {/ (4 + cosy(s)z(s) + f

! 1 —x2(s) }
—r () —ry (1 +x

2(S))zy(s)a’s

IA

(§+1) () 2(z)+(§+1) 0z (1)
2 T )Y 2 7o) E

+(1+1)ft 2(s)d +(5+5>/t 2(s)d
-+ = yo(s)as -+ = zo(s)ds
2 2 t—r(t) 2 2 t—r(t)

t t
<3yy*(t) +3y22(t) + / Y2 (s)ds + 5/ 22(s)ds
t—r(t)

t—r(t)
and
t t
—8(1 —r'(1) 22(s)ds < —8(1 — B) Z2(s)ds.
t—r(t) t—r(t)

Gathering all these inequalities into (2.8), we have
d
SV Goynz) = —(1 =@+ = Q= G+3)y)’

-1 =B -5 2% (s)ds

t—r(t)
-1 =B -1 ¥ (0)db.
t—r(t)

Let us choose § = ﬁ and A = ﬁ

d N A VA A e AT
dtV(xtayt’Zt)S (1 (l—ﬁ)y>z (2 (l—ﬁ)y)y' (2.9

Now, in view of (2.9), one can conclude for some positive constants v and p that

Then, it is easy to see that

d 2 2
EV(xz,yz,Zt) < —vy  —pz (2.10)
provided
) 1=-8 200-p)
y < min , )
8—38 4-38

It is also easy to see that %V(x,,y,,z,) = 0 if and only if z; = y; = 0,
%V(qﬁ) < Ofor¢ # 0and V(¢) > u(|¢(0)]) > 0. Thus, all the conditions of
Lemma 2.2 are satisfied. This shows that the trivial solution of (2.5) is globally
asymptotically stable.
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3 The boundedness of solutions
Now, we shall state and prove our main result on boundedness of (1.1) with

P, x(0), x' (1), x(t —r @), x'(t —r(®)),x"(t)) # 0.

Theorem 3.1 Let all the conditions of Theorem 2.1 be satisfied, in addition
assume that there are positive constants H and H| such that the following con-

ditions are satisfied for every x, y and z in
Q:={(x,y,2) e R: |x| < Hy, |y| < Hy, |z| < Hi, Hl < H}.

@) [p(t, x(@), y(0), xt —r (), y(t —r(®),z())| = q(),

where max q(t) < oo and ¢ € L'(0,00) the space of integrable Lebesgue
functions.

Then, there exists a finite positive constant K| such that the solution x(t) of
(1.1) defined by the initial functions

x() =), xXO=9¢'®), x"(1)=¢"(
satisfies the inequalities
x(O) < K1, X' <K, 'Ol <K

forallt > ty, where ¢ € C*([ty — 1, to], R), provided that

2¢o(1 = B) 2(ab—o)(1 = B) }
(L+MA -+ A+a)M al(L +M)(1—B)+(+a)Ll]

y<min{

Proof. As in Theorem 2.1, the proof of this theorem also depends on the
scaler differentiable Lyapunov functional V' = V(x;, )y, z;) defined in (2.2).
Now, since p(¢, x(t), y(t), x( —r(t)), y(t —r(t)), z(¢)) #% 0,in view of (2.2),
(1.2) and (2.4), it can be easily followed that the derivative of the functional
V(x;, y:, z;) along (1.2) satisfies the following inequality,

A

i _ 2 2 -1
dtV(xt’ylaZt) = K(y +Z)+|y+a z|

Ip(t, x (1), y(2), x(t — (1)), y(t —r (1)), z(1))]
—KO?+2) + 1y +a'zlg@).

IN X
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Hence it follows that

d
EV(xt,yt,Zt) < =K +2) + Da(lyl + 1zD)g ()
< Dy(Iyl+1zDg(®)

for a constant D, > 0, where D, = max{l,a"'}.

A

Making use of the inequalities [y| < 1 + y? and |z| < 1 + 22, it is clear that

d
EV(xt»yt» z) < D22+ y* +29)q (D).

By (2.3), we have
2+ 2 +20) < D7V (xs, 1y 20)

hence J

2V Gy £ Do+ DUV (e, i 20)q (0.
Now, integrating the last inequality from 0 to ¢, using the assumption ¢ €
L (0, co) and Gronwall-Reid-Bellman inequality, we obtain

t
V(xtvyl‘vzt) S V(XO,YO»ZO)+2D2A+D2D1]/ (V(xsayS,Zs))‘I(s)dS
0

IA

(V (x0, Y0, 20) + 2D A) exp <D2D1‘/ q(s)ds) (3.1)
0

A

(V (x0, ¥0. z0) +2DrA) exp (D, D' 4) = K, < o0,

where K, > 0 is a constant, K» = (¥ (xo, Yo, zo) + 2D>4) exp (D, D; ' 4) and
A= /Ooq(s)ds.
Now(j the inequalities (2.3) and (3.1) together yield that

4y 22 < DIV i,y z) < K,
where K3 = K>, Dl_l. Thus, we conclude that

Xl < K3, [yl = K3, [z()] = K3
for all ¢+ > t,. That is

x| < K35, YOI K, X' =K

for all £ > ¢,.

The proof of the theorem is now complete.
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Example 3.1. Consider the third order nonlinear delay differential equation

X" () + [x?@) + x'(¢) + 21 x" () + 4x'(t — r(2))

x(t —r())
1 +x2(t —r(@)) (3.2)

+sinx'(t —r(t)) +

2
T 2 2200 + x2(0) + 22 — (1) + 12 —r(0) + x2(1)

or its equivalent system form

X = y,
y =z
/ 2 . X
= — 2]z — [4 —
z [yv"+y+2]z—[4y + sin y] Iy N,
+/t (4—|—cos())()—i—ft 12X 6 .
y(s))z(s ———————y(s)ds
t—r(t) t—r(t) (1 +x2(s))2
. 2
L4+2 4+ x24 2422t —r @) + Y2t —r@) +22(t)°
Observe that
2 2
2 2 2 2 2 7 = 7 =40
I+t2+x>+y*+x2@—r@) +y*@t —r@) +z 1+1¢

forall 1 € RT, x, y,x(t —r()), y(t —r(t)),z and

o0 o0 2
/ q(s)ds :/ ds =7 < oo, thatis ¢ € L'(0, 00).
0 0 1+S2

To show the boundedness of solutions we use as a main tool the Lyapunov
functional (2.7). Now, in view of (2.10), the time derivative of the functional
V (x;, y:, z;) with respect to the system (3.3) can be revised as follows:

d
EV(xtv Vi,z) <

y+alz
L+2+x24+ 2+ x2(0 —r@) + 2@ —r@) + 2%

—vy2 — ,oz2 +
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Making use of the fact

1 1
<
1+224+x24+ 24+ x2(t—r@) + > —r@) +2> — 14122

we get
d 2|y +a"'z|
—V (X Y zi) < —vy? — pt 4+ e
dt(tytzt)_ y Pz 112
Hence it is obvious that

2w+ﬂ<ﬂﬂ+b

d
—V(xt, yi,20) =

<
dt 142 = 1412
2 2 2 2
- 22 +y +Z): 4 2(y° +z9) (3.4)
- 1+1¢2 1+¢2 14122
4 2D/}
< 1+t2+mV(xtaytaZt)-

Now, integrating (3.4) from 0 to ¢, using the fact

3 e L'(0,00) and
Gronwall-Reid-Bellman inequality, it can be easily concluded the bounded-
ness of all solutions of (3.2).
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