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Abstract. We develop the impulsive inequality and the classical lower and upper solutions, and

establish the comparison principles. By using these results and the monotone iterative technique,

we obtain the existence of solutions of periodic boundary value problems for a class of impulsive

neutral differential equations with multi-deviation arguments. An example is given to demonstrate

our main results.
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1 Introduction

Impulsive differential equations have become more important in recent years

in some mathematical models of real phenomena, especially in control, bio-

logical or medical domains (see, for example, [1-5]). As to periodic boundary

value problems for impulsive differential equations, many authors have obtained
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excellent existence results; see, for instance, [7-11] for impulsive differential

equations, [15-18] for impulsive neutral functional differential equations, [19]

for abstract impulsive neutral functional differential equations. In [15-19], the

characters of their neutral types are

d
dt [x(t)− g(t, xt)], d

dt (u(t)+ g(t, ut)),
d
dt (u(t)+ F(t, ut)),

d
dt

[
x(t)− g

(
t, xt ,

t∫

0
a(t, s, xs)ds

)]
and d2

dt2 (x(t)− g(t, xt)),

respectively. In this paper, however, the character of its neutral type is

(u(θ(t)))′. The character is different from the previous ones. Consider the

following periodic boundary value problems for impulsive neutral differential

equations with multi-deviation arguments of the form





(u(θ(t)))′ = f (t, u(t), u(ϕ1(t)), . . . , u(ϕq(t))),

t ∈ J = [0, T ], t 6= ζk,

1u(tk) = Ik(u(tk)), k = 1, . . . , p,

u(0) = u(T ),

(1.1)

where 0 = t0 < t1 < ∙ ∙ ∙ < tp < tp+1 = T ; θ ∈ C1(J,R), θ is mono-

tone increasing with 0 ≤ θ(t) ≤ t (t ∈ J ), θ(0) = 0, θ(T ) = T , and set

θ(ζk) = tk (k = 1, . . . , p), J0 = J \{t1, . . . , tp}, J1 = J \{ζ1, . . . , ζp}; f : J ×

Rq+1 → R is continuous almost everywhere, and ϕi : J → R continuous

with ϕi (J ) ⊆ J (i = 1, . . . , q); and Ik ∈ C(R,R), 1u(tk) = u(t+
k ) −

u(tk). Denote by PC(X, Y ), where X ⊂ R, Y ⊂ R, the set of all func-

tions u : X → Y which are piecewise continuous in X with points of dis-

continuity of the first kind at the points tk ∈ X , i.e., there exist the limits

u(t+
k ) < ∞ and u(t−

k ) = u(tk) < ∞. PC1(X, Y ) denotes the set of all func-

tions u ∈ PC(X, Y ), that are continuously differentiate for t ∈ X, t 6= tk . Let

� = PC([0, T ],R)
⋂

PC1([0, T ],R).

Definition. We say that the functions α, β ∈ � are lower and upper solutions

of (1.1), respectively, if there exist M > 0 and 0 ≤ Lk < 1 such that
{
(α(θ(t)))′ ≤ f (t, α(t), α(ϕ1(t)), . . . , α(ϕq(t)))− a(t), t ∈ J1,

1α(tk) ≤ Ik(α(tk))− Lkak, k = 1, . . . , p,
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where

a(t) =






0, α(0) ≤ α(T ),

θ ′(t)+Mt+
q∑

i=1
Niϕi (t)

T (α(0)− α(T )), α(0) > α(T ),

(1.2)

ak =






0, α(0) ≤ α(T ),

tk
T (α(0)− α(T )), α(0) > α(T ),

(1.3)

and





(β(θ(t)))′ ≥ f (t, β(t), β(ϕ1(t)), . . . , β(ϕq(t)))+ b(t), t ∈ J1,

1β(tk) ≥ Ik(β(tk))+ Lkbk, k = 1, . . . , p,

where

b(t) =






0, β(0) ≥ β(T ),

θ ′(t)+Mt+
q∑

i=1
Niϕi (t)

T (β(T )− β(0)), β(0) < β(T ),

(1.4)

bk =






0, β(0) ≥ β(T ),

tk
T (β(T )− β(0)), β(0) < β(T ).

(1.5)

The definitions of classical lower and upper solutions make reference to the

case α(0) ≤ α(T ) and β(0) ≥ β(T ).

2 Preliminaries

Lemma 1. Let s ∈ [0, T ], ck ≥ 0, αk, k = 1, . . . , p be constants, p, q ∈

PC(J,R), x ∈ PC1(J,R) and θ be set by (1.1). If
{
(x(θ(t)))′ ≤ p(t)x(θ(t))+ q(t), t ∈ [s, T ), t 6= ζk,

x(t+
k ) ≤ ck x(tk)+ αk, tk ∈ [s, T ),

then for t ∈ [s, T ],

x(θ(t)) ≤ x(θ(s+))

(
∏

s<ζk<t
ck

)

exp
( t∫

s
p(u)du

)
+

t∫

s

(
∏

u<ζk<t
ck

)

× exp
( t∫

u
p(τ )dτ

)
q(u)du +

∑

s<ζk<t

(
∏

ζk<ζi<t
ci

)

exp

(
t∫

ζk

p(τ )dτ

)

αk .
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This proof is similar to the one of [1], here we omit it.

Lemma 2. Let u ∈ �, M > 0, Ni ≥ 0 (i = 1, . . . , q), 0 ≤ Lk < 1 and θ

be set by (1.1), such that

(A1) (u(θ(t)))′ + Mu(t)+
q∑

i=1
Ni u(ϕi (t)) ≤ 0, t ∈ J1;

(A2) 1u(tk) ≤ −Lku(tk), k = 1, . . . , p;

(A3) u(0) ≤ u(T );

(A4)
(

M +
q∑

i=1
Ni

) T∫

0

∏

s<ζk<T
(1 − Lk)ds ≤

p∏

k=1
(1 − Lk)

2.

Then u ≤ 0 on J .

Proof. By (A1) and (A2), we have

(u(θ(t)))′ ≤ −Mu(t)−
q∑

i=1

Ni u(ϕi (t)), t ∈ J1, (2.1)

du(τ )

dτ
∙

dτ

dt
≤ −Mu(t)−

q∑

i=1

Ni u(ϕi (t)), t ∈ J1, τ = θ(t), (2.2)

u
(
t+
k

)
≤ (1 − Lk)u(tk), k = 1, . . . , p. (2.3)

To prove u(t) ≤ 0 on J , we shall consider the following two cases.

Case 1. u(t) ≥ 0 for all t ∈ J . In this case, by (2.2) and (2.3) and the

properties of θ , we get u′(t) ≤ 0 on J0 and u(t+
k ) ≤ u(tk), k = 1, . . . , p.

Therefore u(t) is a non-increasing function on J . Then u(0) ≥ u(T ). Since

u(0) ≤ u(T ), u(t) ≡ c on J (c is a non-negative constant), and u′ = 0 on J0.

This and (A1) imply
(
M +

q∑

i=1
Ni

)
c ≤ 0. Then u ≡ 0 on J .

Case 2. There exists t∗ ∈ J such that u(t∗) > 0 and u(t) can take negative

values in J . Let θ(ζ ∗) = t∗. Again let ζ̄ = min{t ∈ J, infs∈J u(θ(s)) =

u(θ(t)) = −λ, λ > 0}. Since (A3), ζ̄ ∈ [0, T ). Without loss of generality,

let ζ̄ 6= ζk, ζ
+
k , k = 1, . . . , p (If ζ̄ = ζk or ζ+

k , the proof is similar, here we

omit.). In this case, we consider two subcases.
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Subcase 1. u(T ) > 0. From (2.1), we have

(u(θ(t)))′ ≤ λ

(
M +

q∑

i=1
Ni

)
, t ∈ J1. (2.4)

In view of (2.4), (2.3), and Lemma 1, we can get for t ∈ [ζ̄ , T ],

u(θ(t)) ≤ u(θ(ζ̄ ))
∏

ζ̄<ζk<t

(1 − Lk)+
t∫

ζ̄

∏

s<ζk<t
(1 − Lk)λ

(
M +

q∑

i=1
Ni

)
ds

= −λ
∏

ζ̄<ζk<t

(1 − Lk)+ λ

(
M +

q∑

i=1
Ni

) t∫

ζ̄

∏

s<ζk<t
(1 − Lk)ds.

Let t = T . Then we have

u(θ(T )) ≤ −λ
∏

ζ̄<ζk<T

(1 − Lk)+ λ

(
M +

q∑

i=1
Ni

) T∫

ζ̄

∏

s<ζk<T
(1 − Lk)ds,

(2.5)

u(T ) ≤ λ

[(
M +

q∑

i=1
Ni

) T∫

0

∏

s<ζk<T
(1 − Lk)ds −

p∏

k=1
(1 − Lk)

]

.

Since u(T ) > 0, we get

p∏

k=1
(1 − Lk) <

(
M +

q∑

i=1
Ni

) T∫

0

∏

s<ζk<T
(1 − Lk)ds,

p∏

k=1
(1 − Lk)

2 <

(
M +

q∑

i=1
Ni

) T∫

0

∏

s<ζk<T
(1 − Lk)ds,

which is contradictory to (A4).

Subcase 2. u(T ) ≤ 0. In this subcase, then ζ̄ < ζ ∗ or ζ̄ > ζ ∗.

(i) ζ̄ < ζ ∗. According to the same arguments as (2.5), we get

u(θ(ζ ∗)) ≤ −λ
∏

ζ̄<ζk<ζ
∗

(1 − Lk)+ λ

(
M +

q∑

i=1
Ni

)

×
ζ ∗∫

ζ̄

∏

s<ζk<ζ
∗
(1 − Lk)ds.
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Multiplying both sides of the above inequality by
∏
ζ ∗≤ζk<T (1 − Lk)

(If ζ ∗ > ζp, this reduction is not needed.), we obtain

u(θ(ζ ∗))
∏

ζ ∗≤ζk<T
(1 − Lk)

≤ −λ
∏

ζ̄<ζk<T

(1 − Lk)+ λ

(
M +

q∑

i=1
Ni

)
ζ ∗∫

ζ̄

∏

s<ζk<T
(1 − Lk)ds

≤ −λ
p∏

k=1
(1 − Lk)+ λ

(
M +

q∑

i=1
Ni

) T∫

0

∏

s<ζk<T
(1 − Lk)ds

= λ

[(
M +

q∑

i=1
Ni

) T∫

0

∏

s<ζk<T
(1 − Lk)ds −

p∏

k=1
(1 − Lk)

]

.

Since u(θ(ζ ∗)) > 0, we have

p∏

k=1
(1 − Lk) <

(
M +

q∑

i=1
Ni

) T∫

0

∏

s<ζk<T
(1 − Lk)ds,

p∏

k=1
(1 − Lk)

2 <

(
M +

q∑

i=1
Ni

) T∫

0

∏

s<ζk<T
(1 − Lk)ds,

which is contradictory to (A4).

(ii) ζ̄ > ζ ∗. By (A3), we have u(0) ≤ 0. This and the properties of θ imply

0 < ζ ∗. According to the same arguments as (2.5), we get

u(θ(ζ ∗)) ≤ u(θ(0))
∏

0<ζk<ζ
∗
(1 − Lk)

+ λ

(
M +

q∑

i=1
Ni

)
ζ ∗∫

0

∏

s<ζk<ζ
∗
(1 − Lk),

u(θ(ζ ∗)) ≤ u(T )
∏

0<ζk<ζ
∗
(1 − Lk)

+ λ

(
M +

q∑

i=1
Ni

)
ζ ∗∫

0

∏

s<ζk<ζ
∗
(1 − Lk)ds.

Since u(θ(ζ ∗)) > 0, we have

u(T )
∏

0<ζk<ζ
∗
(1 − Lk) ≥ −λ

(
M +

q∑

i=1
Ni

)
ζ ∗∫

0

∏

s<ζk<ζ
∗
(1 − Lk)ds. (2.6)
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By (2.5) and (2.6), we obtain

∏

0<ζk<ζ
∗
(1 − Lk)

∏

ζ̄<ζk<T

(1 − Lk) ≤
(

M +
q∑

i=1
Ni

)

×
[
ζ ∗∫

0

∏

s<ζk<ζ
∗
(1 − Lk)ds +

∏

0<ζk<ζ
∗
(1 − Lk)

T∫

ζ̄

∏

s<ζk<T
(1 − Lk)ds

]
.

Multiplying both sides of the above inequality by
∏
ζ ∗≤ζk<T (1 − Lk) (If

ζ ∗ > ζp, this reduction is not needed.), we get

∏

0<ζk<T
(1 − Lk)

∏

ζ̄<ζk<T

(1 − Lk)

≤
(

M +
q∑

i=1
Ni

)[
∏

ζ ∗≤ζk<T
(1 − Lk)

ζ ∗∫

0

∏

s<ζk<ζ
∗
(1 − Lk)ds

+
∏

0<ζk<T
(1 − Lk)

T∫

ζ̄

∏

s<ζk<T
(1 − Lk)ds

]
,

p∏

k=1
(1 − Lk)

∏

ζ̄<ζk<T

(1 − Lk)

≤
(

M +
q∑

i=1
Ni

)[
ζ ∗∫

0

∏

s<ζk<T
(1 − Lk)ds +

T∫

ζ̄

∏

s<ζk<T
(1 − Lk)ds

]
,

p∏

k=1
(1 − Lk)

∏

ζ̄<ζk<T

(1 − Lk) <

(
M +

q∑

i=1
Ni

) T∫

0

∏

s<ζk<T
(1 − Lk)ds,

p∏

k=1
(1 − Lk)

2 <

(
M +

q∑

i=1
Ni

) T∫

0

∏

s<ζk<T
(1 − Lk)ds,

which is contradictory to (A4).

Thus, in either case u ≤ 0 on J . Therefore the proof of the Lemma is

complete.

Lemma 3. Let u ∈ �, M > 0, Ni ≥ 0 (i = 1, . . . , q), 0 ≤ Lk < 1 and θ be

set by (1.1), such that
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(B1) (u(θ(t)))′ + Mu(t)+
q∑

i=1
Ni u(ϕi (t))+

θ ′(t)+Mt+
q∑

i=1
Niϕi (t)

T [u(0)− u(T )] ≤

0, t ∈ J1;

(B2) 1u(tk) ≤ −Lku(tk)− Lk × tk
T [u(0)− u(T )], k = 1, . . . , p;

(B3) u(0) > u(T ).

Also assume that (A4) holds. Then u ≤ 0 on J .

Proof. Set m(t) = u(t) + t/T ∙ [u(0) − u(T )]. Clearly, m(0) = m(T ). It

follows that for t ∈ J0,

(m(θ(t)))′ + Mm(t)+
q∑

i=1
Ni m(ϕi (t)) = (u(θ(t)))′ + Mu(t)

+
q∑

i=1
Ni u(ϕi (t))+

θ ′(t)+Mt+
q∑

i=1
Niϕi (t)

T [u(0)− u(T )] ≤ 0,

and for t = tk ,

1m(tk) = 1u(tk) ≤ −Lku(tk)− Lk × tk/T ∙ [u(0)− u(T )] = −Lkm(tk).

By Lemma 2, we obtain m(t) ≤ 0 on J , and so u(t) ≤ 0 on J . Thus, we have

completed the proof of the Lemma.

3 Existence for linear problem

In this section, we consider the linear problem of (1.1)






(u(θ(t)))′ + Mu(t)+
q∑

i=1
Ni u(ϕi (t)) = σ(t), t ∈ J1,

1u(tk) = −Lku(tk)+ γk, k = 1, . . . , p,

u(0) = u(T ),

(3.1)

where σ(t) ∈ PC(J,R), γk ∈ R, k = 1, . . . , p, M > 0, Ni ≥ 0 (i =

1, . . . , q), 0 ≤ Lk < 1 and θ is set by (1.1). For α, β ∈ �, set [α, β] =

{u|α(t) ≤ u(t) ≤ β(t), t ∈ J }.
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Theorem 1. Suppose that there exist α, β ∈ � such that

(C1) α ≤ β on J ;

(C2) (α(θ(t)))′ + Mα(t)+
q∑

i=1
Niα(ϕi (t)) ≤ σ(t)− a(t), t ∈ J1,

1α(tk) ≤ −Lkα(tk)+ γk − ak, k = 1, . . . , p;

(β(θ(t)))′ + Mβ(t)+
q∑

i=1
Niβ(ϕi (t)) ≥ σ(t)+ b(t), t ∈ J1,

1β(tk) ≥ −Lkβ(tk)+ γk + bk, k = 1, . . . , p,

where a(t), b(t), ak, bk are defined by (1.2)-(1.5). Also assume that (A4) holds.

Then there exists a unique solution u for (3.1) with u ∈ [α, β].

Proof. We shall prove the Theorem in the following three steps.

Step 1. If u1, u2 are solutions of (3.1), set v1 = u1 −u2 and v2 = u2 −u1, then





(v1(θ(t)))′ + Mv1(t)+
q∑

i=1
Niv1(ϕi (t)) = 0, t ∈ J1,

1v1(tk) = −Lkv1(tk), k = 1, . . . , p,

v1(0) = v1(T ),

and 




(v2(θ(t)))′ + Mv2(t)+
q∑

i=1
Niv2(ϕi (t)) = 0, t ∈ J1,

1v2(tk) = −Lkv2(tk), k = 1, . . . , p,

v2(0) = v2(T ).

By Lemma 2, we obtain v1 = u1 −u2 ≤ 0 and v2 = u2 −u1 ≤ 0. Thus u1 = u2.

Then there exists a unique solution u for (3.1).

Step 2. We prove that if ω, γ are classical lower and upper solutions, respec-

tively, for (3.1) with ω ≤ γ , then (3.1) has a solution u ∈ [ω, γ ].

Let u(∙, a) denote the unique solution of the following equation





(u(θ(t)))′ + Mu(t)+
q∑

i=1
Ni u(ϕi (t)) = σ(t), t ∈ J1,

1u(tk) = −Lku(tk)+ γk, k = 1, . . . , p,

u(0) = a.

(3.2)

Comp. Appl. Math., Vol. 29, N. 3, 2010
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Firstly, we show ω(0) ≤ u(T, ω(0)) and γ (0) ≥ u(T, γ (0)). Assume

ω(0) > u(T, ω(0)). Let v(t) = ω(t)− u(t, ω(0)). Then the function v satisfies





(v(θ(t)))′ + Mv(t)+
q∑

i=1
Niv(ϕi (t)) ≤ 0, t ∈ J1,

1v(tk) = −Lkv(tk), k = 1, . . . , p,

v(0) = ω(0)− ω(0) < ω(T )− u(T, ω(0)) = v(T ).

By Lemma 2, we have v(t) ≤ 0 on J . This implies v(T ) = ω(T )−u(T, ω(0)) ≤

0. Thus ω(0) ≤ ω(T ) ≤ u(T, ω(0)), which is contradictory to the above

assumption. Then ω(0) ≤ u(T, ω(0)). Similarly, we have γ (0) ≥ u(T, γ (0)).

Next, we prove that there exists c ∈ [ω(0), γ (0)] such that u(0, c) = u(T, c).

Now, we consider two cases.

Case 1. ω(0) = γ (0). In this case, we getω(0) ≤ u(T, γ (0)) ≤ γ (0) = ω(0).

Thus u(T, γ (0)) = ω(0). Then we choose c = ω(0), and so u = u(∙, c) is a

solution of (3.1).

Case 2. ω(0) < γ (0). In this case, we define the map F : [ω(0), γ (0)] → R

by F(s) = s−u(T, s). Clearly F is continuous. Since F(ω(0)) ≤ 0 ≤ F(γ (0)),

there must exist one point c ∈ [ω(0), γ (0)] such that F(c) = 0. Then u = u(∙, c)

is a solution of (3.1).

Finally, we claim u ∈ [ω, γ ]. Let m1(t) = ω(t) − u(t, c) and m2(t) =

u(t, c)− γ (t). It is evident that m1,m2 ∈ �, and





(m1(θ(t)))′ + Mm1(t)+
q∑

i=1
Ni m1(ϕi (t)) ≤ 0, t ∈ J1,

1m1(tk) ≤ −Lkm1(tk), k = 1, . . . , p,

m1(0) = ω(0)− u(0, c) ≤ ω(T )− u(T, c) = m1(T ),

and 




(m2(θ(t)))′ + Mm2(t)+
q∑

i=1
Ni m2(ϕi (t)) ≤ 0, t ∈ J1,

1m2(tk) ≤ −Lkm2(tk), k = 1, . . . , p,

m2(0) = u(0, c)− γ (0) ≤ u(T, c)− γ (T ) = m(T ).

Using Lemma 2, we obtain m1 ≤ 0 and m2 ≤ 0 on J . Thus ω ≤ u(∙, c) ≤ γ

on J .
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Step 3. We prove that ᾱ(t), β̄(t) are classical lower and upper solutions, re-

spectively, for (3.1) with ᾱ ≤ β̄, moreover [ᾱ, β̄] ⊆ [α, β], where

ᾱ(t) =

{
α(t), α(0) ≤ α(T ),

α(t)+ t/T ∙ [α(0)− α(T )], α(0) > α(T ),
(3.3)

and

β̄(t) =

{
β(t), β(0) ≥ β(T ),

β(t)− t/T ∙ [β(T )− β(0)], β(0) < β(T ).
(3.4)

It is evident that α ≤ ᾱ and β̄ ≤ β on J . Thus ᾱ(0) = α(0) ≤ ᾱ(T ) and

β̄(0) = β(0) ≥ β̄(T ).

(i) If α(0) ≤ α(T ), then

(ᾱ(θ(t)))′ + M ᾱ +
q∑

i=1
Ni ᾱ(ϕi (t)) = (α(θ(t)))′

+ Mα(t)+
q∑

i=1
Niα(ϕi (t)) ≤ σ(t), t ∈ J1,

1ᾱ(tk) = 1α(tk) ≤ −Lkα(tk)+ γk − ak ≤ −Lkα(tk)+ γk − Lkak

= −Lk[α(tk)+ ak] + γk = −Lk ᾱ(tk)+ γk, k = 1, . . . , p,

and add to ᾱ(0) ≤ ᾱ(T ).

(ii) If α(0) > α(T ), then

(ᾱ(θ(t)))′ + M ᾱ(t)+
q∑

i=1
Ni ᾱ(ϕi (t)) = (α(θ(t)))′ + Mα(t)

+
q∑

i=1
Niα(ϕi (t))+

θ ′(t)+Mt+
q∑

i=1
Niϕi (t)

T (α(0)− α(T ))

≤ σ(t), t ∈ J1,

1ᾱ(tk) = 1α(tk) ≤ −Lk ᾱ(tk)+ γk, k = 1, . . . , p,

and add to ᾱ(0) ≤ ᾱ(T ).

Thus, in either case, ᾱ is a classical lower solution for (3.1). The same argu-

ments show that β̄ is a classical upper solution for (3.1).
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Now, we consider the function m = ᾱ − β̄.

(m(θ(t)))′ + Mm(t)+
q∑

i=1
Ni m(ϕi (t))

=
[
(ᾱ(θ(t)))′ + M ᾱ(t)+

q∑

i=1
Ni ᾱ(ϕi (t))

]

−
[
(β̄(θ(t)))′ + M β̄(t)+

q∑

i=1
Ni β̄(ϕi (t))

]

≤ σ(t)− σ(t) = 0, t ∈ J1,

1m(tk) = 1ᾱ(tk)−1β̄(tk) ≤ [−Lk ᾱ(tk)+ γk] − [−Lk β̄(tk)+ γk]

= −Lkm(tk), k = 1, . . . , p,

m(0) = ᾱ(0)− β̄(0) ≤ ᾱ(T )− β̄(T ) = m(T ).

Using Lemma 2, we get m ≤ 0 on J , i.e., ᾱ ≤ β̄ on J .

Thus, we have completed the proof of Theorem 1.

4 Existence for nonlinear problem

In this section, we establish the existence criteria for solutions of (1.1) by the

lower and upper solutions and the monotone iterative technique.

Theorem 2. Suppose that there exist α, β ∈ � such that

(D1) α and β are lower and upper solutions for (1.1) with α ≤ β;

(D2) f (t, x2, y12, . . . , yq2)− f (t, x1, y11, . . . , yq1) ≥ −M(x2 − x1)

−
q∑

i=1
Ni (yi2 − yi1) for every t ∈ J1, α ≤ x1 ≤ x2 ≤ β,

α(ϕi (t)) ≤ yi1(ϕi (t)) ≤ yi2(ϕi (t)) ≤ β(ϕi (t)) (i = 1, . . . , q);

(D3) Ik(x)− Ik(y) ≥ −Lk(x − y) for α(tk) ≤ y(tk) ≤ x(tk) ≤ β(tk),

k = 1, . . . , p.

Also assume that (A4) holds. Then there exist monotone sequence {ᾱn(t)},

{β̄n(t)} with ᾱ0 = ᾱ, β̄0 = β̄, where ᾱ, β̄ are defined by (3.3) and (3.4), such

that limn→∞ ᾱn(t) = ρ(t) and limn→∞ β̄n(t) = ψ(t) uniformly hold on J ,

where ρ(t), ψ(t) are minimal and maximal solutions of (1.1), respectively.
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Proof. We shall prove the Theorem in the following three steps.

Step 1. It is evident that α ≤ ᾱ and β ≤ β̄ on J . Thus α(0) = ᾱ(0) ≤ ᾱ(T )

and β̄(0) = β(0) ≥ β̄(T ).

Let the function m = ᾱ − β̄, then m(0) = ᾱ(0) − β̄(0) ≤ ᾱ(T ) − β̄(T ) =

m(T ). Next, we consider two cases.

Case 1. α(0) > α(T ) and β(0) < β(T ).

Firstly, by (D2), we get

(m(θ(t)))′ + Mm(t)+
q∑

i=1
Ni m(ϕi (t))

=




(α(θ(t)))′ + Mα(t)+

q∑

i=1
Niα(ϕi (t))+

θ ′(t)+Mt+
q∑

i=1
Niϕi (t)

T (α(0)− α(T ))






−




(β(θ(t)))′ + Mβ(t)+

q∑

i=1
Niβ(ϕi (t))−

θ ′(t)+Mt+
q∑

i=1
Niϕi (t)

T (β(T )− β(0))






≤
[

f (t, α(t), α(ϕ1(t)), . . . , α(ϕq(t)))− f (t, β(t), β(ϕ1(t)), . . . , β(ϕq(t)))
]

−
[

M(β(t)− α(t))+
q∑

i=1
Ni (β(ϕi (t))− α(ϕi (t)))

]

≤ 0, t ∈ J1.

Again, by (D3), we obtain

1m(tk) = 1ᾱ(tk)−1β̄(tk) = 1α(tk)−1β(tk)

≤ [Ik(α(tk))− Lkak] − [Ik(β(tk))+ Lkbk]

≤ −Lk[α(tk)− β(tk)] − Lkak − Lkbk ≤ −Lkm(tk), k = 1, . . . , p.

Finally, add to m(0) ≤ m(T ). Using Lemma 2, m(t) ≤ 0 on J , i.e., ᾱ ≤ β̄

on J .

It follows that

(ᾱ(θ(t)))′ = (α(θ(t)))′ + θ ′(t)
T [α(0)− α(T )]

≤ f (t, α(t), α(ϕ1(t)), . . . , α(ϕq(t)))−
Mt+

q∑

i=1
Niϕi (t)

T [α(0)− α(T )].
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Since α ≤ ᾱ ≤ β, by (D2), we get

f (t, ᾱ(t), ᾱ(ϕ1(t)), . . . , ᾱ(ϕq(t)))− f (t, α(t), α(ϕ1(t)), . . . , α(ϕq(t)))

≥ −M[ᾱ(t)− α(t)] −
q∑

i=1
Ni [ᾱ(ϕi (t))− α(ϕi (t))].

Then

(ᾱ(θ(t)))′ ≤ f (t, ᾱ(t), ᾱ(ϕ1(t)), . . . , ᾱ(ϕq(t)))+ M[ᾱ(t)− α(t)]

+
q∑

i=1
Ni [ᾱ(ϕi (t))− α(ϕi (t))] −

Mt+
q∑

i=1
Niϕi (t)

T [α(0)− α(T )]

= f (t, ᾱ(t), ᾱ(ϕ1(t)), . . . , ᾱ(ϕq(t)))

+
Mt+

q∑

i=1
Niϕi (t)

T [α(0)− α(T )] −
Mt+

q∑

i=1
Niϕi (t)

T [α(0)− α(T )]

= f (t, ᾱ(t), ᾱ(ϕ1(t)), . . . , ᾱ(ϕq(t))).

(4.1)

From (D3), we get

1ᾱ(tk) = 1α(tk) ≤ Ik(α(tk))− Lk tk
T [α(0)− α(T )]

≤ Ik(ᾱ(tk))+ Lk[ᾱ(tk)− α(tk)] − Lk tk
T [α(0)− α(T )] (4.2)

= Ik(ᾱ(tk)).

Case 2. α(0) ≤ α(T ) and β(0) ≥ β(T ). In this case, it is trivial that we get

(4.1) and (4.2).

Thus, in either case, ᾱ is a classical lower solution. Similarly, β̄ is a classical

upper solution. Moreover [ᾱ, β̄] ⊆ [α, β].

Step 2. For any η ∈ [ᾱ, β̄], we consider





(u(θ(t)))′ + Mu(t)+
q∑

i=1
Ni u(ϕi (t)) = Mη(t)+

q∑

i=1
Niη(ϕi (t))

+ f (t, η(t), η(ϕ1(t)), . . . , η(ϕq(t))), t ∈ J1,

1u(tk)+ Lku(tk) = Ik(η(tk))+ Lkη(tk), k = 1, . . . , p,

u(0) = u(T ).

(4.3)
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Then, by Theorem 1, (4.3) has a unique solution u ∈ �.

Define operator A by u = Aη. Then A possesses the following properties:

(E1) ᾱ ≤ Aᾱ, β̄ ≥ Aβ̄;

(E2) Aη1 ≤ Aη2 for η1, η2 ∈ [ᾱ, β̄] with η1 ≤ η2.

Firstly, let m = ᾱ − ᾱ1, where ᾱ1 = Aᾱ. Then we get

(m(θ(t)))′ = (ᾱ(θ(t)))′ − (ᾱ1(θ(t)))′

≤ f (t, ᾱ(t), ᾱ(ϕ1(t)), . . . , ᾱ(ϕq(t)))+ M ᾱ1(t)+
q∑

i=1
Ni ᾱ1(ϕi (t))

− M ᾱ(t)−
q∑

i=1
Ni ᾱ(ϕi (t))− f (t, ᾱ(t), ᾱ(ϕ1(t)), . . . , ᾱ(ϕq(t)))

= −M[ᾱ(t)− ᾱ1(t)] −
q∑

i=1
Ni [ᾱ1(ϕi (t))− ᾱ(ϕi (t))]

= −Mm(t)−
q∑

i=1
Ni m(ϕi (t)), t ∈ J1,

1m(tk) = 1ᾱ(tk)−1ᾱ1(tk)

≤ Ik(ᾱ(tk))− Ik(ᾱ(tk))− Lk ᾱ(tk)+ Lk ᾱ1(tk)

= −Lkm(tk), k = 1, . . . , p,

m(0) = ᾱ(0)− ᾱ1(0) ≤ ᾱ(T )− ᾱ1(T ) = m(T ).

By Lemma 2, we have m(t) ≤ 0 on J , i.e., ᾱ ≤ Aᾱ. Similarly, we get β̄ ≥ Aβ̄.

Next, set v1 = Aη1 and v2 = Aη2, where η1, η2 ∈ [ᾱ, β̄] with η1 ≤ η2. Let

m = v1 − v2. By (D2), (D3) and (4.3), we get

(m(θ(t)))′ = (v1(θ(t)))′ − (v2(θ(t)))′

=
[

− Mv1(t)−
q∑

i=1
Niv1(ϕi (t))+ f (t, η1(t), η1(ϕ1(t)), . . . , η1(ϕq(t)))

+ Mη1(t)+
q∑

i=1
Niη1(ϕi (t))

]
−

[
− Mv2(t)−

q∑

i=1
Niv2(ϕi (t))

+ f (t, η2(t), η2(ϕ1(t)), . . . , η2(ϕq(t)))+ Mη2(t)+
q∑

i=1
Niη2(ϕi (t))

]

= −Mm(t)−
q∑

i=1
Ni m(ϕi (t))+ [ f (t, η1(t), η1(ϕ1(t)), . . . , η1(ϕq(t)))

− f (t, η2(t), η2(ϕ1(t)), . . . , η2(ϕq(t)))]

−
[

M(η2(t)− η1(t))+
q∑

i=1
Ni (η2(ϕi (t))− η1(ϕi (t)))

]
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≤ −Mm(t)−
q∑

i=1
Ni m(ϕi (t)), t ∈ J1,

1m(tk) = 1v1(tk)−1v2(tk)

= [−Lkv1(tk)+ Ik(η1(tk))+ Lkη1(tk)]

− [−Lkv2(tk)+ Ik(η2(tk))+ Lkη2(tk)]

≤ −Lkm(tk), k = 1, . . . , p,

m(0) = m(T ).

By Lemma 2, we get m(t) ≤ 0 on J , i.e., v1 ≤ v2 on J . Then Aη1 ≤ Aη2 for

η1, η2 ∈ [ᾱ, β̄] with η1 ≤ η2.

Step 3. Define the sequence {ᾱn(t)}, {β̄n(t)} by ᾱn+1 = Aᾱn , β̄n+1 = Aβ̄n ,

ᾱ0 = ᾱ, β̄0 = β̄. From (E1) and (E2), we get

ᾱ0 ≤ ᾱ1 ≤ . . . ≤ ᾱn ≤ β̄n ≤ . . . ≤ β̄1 = β̄0, ∀n ∈ N .

Thus it is immediate to verify that

lim
n→∞

ᾱn(t) = ρ(t) and lim
n→∞

β̄n(t) = ψ(t)

uniformly hold on J .

We consider the equation





(ᾱn+1(θ(t)))′ + M ᾱn+1(t)+
q∑

i=1
Ni ᾱn+1(ϕi (t)) = M ᾱn(t)

+
q∑

i=1
Ni ᾱn(ϕi (t))+ f (t, ᾱn(t), ᾱn(ϕ1(t)), . . . , ᾱn(ϕq(t))), t ∈ J1,

1ᾱn+1(tk)+ Lk ᾱn+1(tk) = Ik(ᾱn(tk))+ Lk ᾱn(tk), k = 1, . . . , p,

ᾱn+1(0) = ᾱn+1(T ),

and pass to the limit when n tends to ∞. Thus we obtain that ρ is a solution of

(1.1). Analogously, ψ is also a solution of (1.1).

Finally, let u be any solution of (1.1) on [ᾱ, β̄]. Clearly ᾱ0 ≤ u. Assume

ᾱn ≤ u. We get that ᾱn+1 ≤ u by considering the function m = u − ᾱn+1 and

using Lemma 3 again. Then by passing to the limit, we conclude ρ ≤ u on J .

Similarly, u ≤ ψ on J . Then ρ(t), ψ(t) are minimal and maximal solutions of

(1.1), respectively. Thus, we have completed the proof of Theorem 2.
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5 An example

Now we consider the equation






(u(t2))′ = − 1
24 u2(t)− 1

36

[
u

(
1
3 t

)
+ u(

√
t)+ u

(
2
3 t

)]

+ 1
24 t, t ∈ [0, 1], t 6= ζ1 = 1

2 ,

1u(t1) = − 1
2 u(t1), t1 = 1

4 ,

u(0) = u(1).

(5.1)

Firstly, it is obvious that α = 0 is a classical lower solution for (5.1). Certainly

α = 0 is a lower solution. Similarly β = 1 is an upper solution. Moreover

α ≤ β on J = [0, 1]. Next,

f (t, x2, y12, y22, y32)− f (t, x1, y11, y21, y31)

= − 1
24(x

2
2 − x2

1)− 1
36

3∑

i=1
(yi2 − yi1)

= − 1
24(x2 + x1)(x2 − x1)− 1

36

3∑

i=1
(yi2 − yi1)

≥ − 1
12 (x2 − x1)− 1

36

3∑

i=1
(yi2 − yi1),

for α ≤ x1 ≤ x2 ≤ β, α
(

1
3 t

)
≤ y11

(
1
3 t

)
≤ y12

(
1
3 t

)
≤ β

(
1
3 t

)
, α

(√
t) ≤

y21(
√

t) ≤ y22(
√

t) ≤ β(
√

t), α
(

2
3 t

)
≤ y31

(
2
3 t

)
≤ y32

(
2
3 t

)
≤ β

(
2
3 t

)
, where

M = 1
12 , N1 = N2 = N3 = 1

36 . Further, I1(x) − I1(y) = − 1
2 x + 1

2 y ≥

− 1
2 (x − y), for α

(
1
4

)
≤ y

(
1
4

)
≤ x

(
1
4

)
≤ β

(
1
4

)
, where 0 ≤ L1 = 1

2 < 1. Finally,

(
M +

3∑

i=1
Ni

) T∫

0

∏

s<ζk<T
(1 − Lk)ds = 1

6

1∫

0

∏

s<ζk<T
(1 − Lk)ds

= 1
6

[
1/2∫

0

1
2 ds +

1∫

1/2
ds

]

= 1
8 ≤ 1

4 =
p∏

k=1
(1 − Lk)

2.

Then all the conditions of Theorem 2 are satisfied. Thus (5.1) has minimal and

maximal solutions in [α, β].

In addition, we consider β1(t) = t
100 + 99

100 , t ∈ [0, 1]. Clearly β1(0) < β1(1),

then b(t) = t
1200 + 1

3600

(
1
3 t +

√
t + 2

3 t
)

+ t
50 and b1 = 1

400 . We still take
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M = 1
12 , N1 = N2 = N3 = 1

36 . From

0 ≥ − 1
24

[(
t−1
100

)2
+ 9800

1002 +
(

99
50 − t

)]

= − 1
24

[(
t

100

)2
− t

50 × 1
100 + 1

1002 + 9800
1002 − t + 2 × 99

100

]

= − 1
24

[(
t

100

)2
+ t

50 × 99
100 +

(
99

100

)2
− t − t

50 + 2 × 99
100

]

= − 1
24

(
1

100 t + 99
100

)2
− 1

36 × 3 × 99
100 + 1

24 t + t
1200 ,

t
50 ≥ − 1

24β
2
1 (t)− 1

36

[(
1

100 × 1
3 t + 99

100

)
+

(
1

100 ×
√

t + 99
100

)

+
(

1
100 × 2

3 t + 99
100

)]
+ 1

24 t +
[

t
1200 + 1

3600

(
1
3 t +

√
t + 2

3 t
)

+ t
50

]
,

we have (β1(t2))′ ≥ − 1
24β

2
1 (t)− 1

36

[
β1

(
1
3 t

)
+ β1(

√
t)+ β1

(
2
3 t

)]
+ 1

24 t + b(t).

From 0 ≥ − 1
2

(
1

100 × 1
4 + 99

100

)
+ 1

2 × 1
400 , we get 1β1

(
1
4

)
≥ I1

(
β1

(
1
4

))
+ L1b1.

These show that β1(t) is an upper solution for (5.1). Moreover α ≤ β1 on

J . Similarly, we get the existence of monotone sequence that approximate the

extremal solutions for (5.1) in [α, β1].
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