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Abstract. The classic interpolation problem asks for polynomials to fit a set of given data.
In this paper, quasi-polynomials are considered as interpolating functions passing through a set
of spatial points. Existence and uniqueness is obtained by means of generalized Vandermonde
determinants. By means of several estimates related to these determinants, we are also able to
find closed balls for any given centers that enclose the approximating curves. By choosing proper
centers based on the observed spatial points, these balls may lead us to applications such as satellite

tracking and control.
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1 Introduction

Given a set of m + 1 points (x;, y;),i = 0, ..., m, where xg, X1, ..., X, are
mutually distinct, the classical interpolation problem asks for a polynomial
p = p(x) of degree at most m such that

px)=y, i=0,1,2,...,m.

The polynomial that does the job exists and is unique, and is called the Lagrange

interpolating polynomial. Together with this existence and uniqueness theorem,
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544 CLOSED BALLS FOR INTERPOLATING QUASI-POLYNOMIALS

there is now a fairly complete theory (see e.g. Davies [10]) associating the Van-
dermonde matrices, divided differences, error bounds, etc. with the classical
interpolation problem.

In view of the many applications of the concept of interpolation, it is of
interest to consider different types of interpolation functions. Among many
others, in [5], “quasi-polynomials” as candidates of interpolating functions are
considered. More specifically, let R and C be the set of real and complex
numbers respectively. Let by, by, ..., b, € C, @, @, ...,a, € R such that
0=o; <ay <--- <ay. The function f : [0, co) — C defined by

f(u) =bu® +bu®*> +---+bu®, uel0,00), (1)
is called a (ay, ay, . . ., a,)-polynomial’. It is shown that given a set of data pairs
(X1, ¥, (x2,¥2), ..., (X, ¥u) Where 0 < x; < x < -++ < x, andyy, ...,
y. € C, there then is a unique (o1, oz, . .., &,)-polynomial f that satisfies

fx) =y, i=12,...,n ()

Once existence is shown, it is then important to investigate the properties of the
interpolating polynomial. Several properties are obtained in [5]. In particular, a
bound for |f(u)|, where u € [x1, x,,], is obtained in [5].

In this paper, we will be interested in approximation of a spatial curve (de-
scribed by a vector function) by (¢, ay, ..., a,)-polynomials, and their ‘dis-
tances’ from a reference point. More specifically, given a space curve in R”
described by a vector function g : [x, x,] — R™. If g is unknown, but the set
of data pairs (x1,y1), (x2,¥2), ..., (x4, ¥u), Where 0 < x; < x < -+ < X,
and y; = g(x1),...,y, = g(x,) € R™, are available, we are interested in the
existence of a function f : [0, c0) — R” of the form

f(u) = diu™ + dyu®> + - - + d,u*, u € [0, 00)
where d;, d,, ..., d, € R” such that the condition

fx;))=y;,i=1,2,...,n,

Ut is called a generalized polynomial in [5], but it is better to avoid this term since there are

many generalizations of polynomials.
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is satisfied, as well as upper bounds for ||f(u) — y||, where || - || is the Euclidean
norm for R” and y is a given vector in R”.

We plan to do the following. In the next section, we will take care of the
existence and uniqueness of the desired function by introducing generalized
Vandermonde determinants. Then we will state the main theorem of our paper.
In Section 3, we will derive several preparatory results. Then in Section 4, our
main theorem is proved. The final section is devoted to additional remarks and

illustrative examples.

2 Preliminary results

To facilitate discussions, we recall several definitions and results. Throughout
the rest of our discussions, we assume that » > 2 (to avoid trivial cases). Let R”

be the standard set of real n-vectors endowed with the usual linear structure and

the Euclidean norm. An n-vector in R” is indicated by x, a, b, ¢, @, 8, ... etc.
Given an n-vector, say X, its components are indicated by x1, x,, ..., x,, so that
il
X = (Xl,Xz, ---,xn) 5

where the dagger indicates transposition. The difference vector Ax is defined
by

AX = ((Ax)l, (AX)y, ..., (Ax),,_l)T = (xz — X1, X3 — X2, ..., Xy — xn_l)T.

For the sake of convenience, we also denote the i-th component (Ax); of Ax by
the forward difference Ax;.
Several subsets of R” will be used extensively. For this reason, we will set
(cf. [1-9])
R} =1[0,00)", R} =(0,00)",

Q" ={(x1,....x) ERO<x; <x) < <x,},

and
Q' ={0 . w) ERN0O=x <x < <3,

Another convenient notation has to do with the substitution of a component of

a vector X = (xi, ..., x,)". Suppose the j-th component of x is replaced by u,
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xP () = (xl, ..

v,(x) = det (x’i_1

J

)an

we will denote the subsequent vector by x/)(x), that is,

¥
.,xj_l,u,xj+1,...,xn).

Given x € R”, recall that the Vandermonde determinant in x is defined by

1 1 1 1
X1 X2 X3 Xn
2 2 2 2
= X1 X2 X3 Xno | = l_[ (x, x,)
1<i<j<n
n—1 n—1 n—1 n—1
X 29 X3 Xn

Given x € R” and @ € R”, we may extend the definition of Vandermonde

determinant as follows:

V,(x,a) := det (x?")

nxn

o] o] o] . o]
xphoxst Xy x8

%) %) %) o
X2 x37 X, X8

an an ap a
X7 Xy X3 Xy"

In the above we need to make sure that each entry of the determinant is well
defined. Such is the case when x; > 0 and «; > 0, where 00 =1.
By means of these notations, given d,, ...,d, € R” and @ € Q', a general-

ized a-polynomial is a function f : [0, co) — R™ defined by

fu) =) du®, ue[0,00), (3)
j=1
where we have employed the fact that 0° = 1. Given x € " and y,,
Y2,..., ¥, € R™, if we try to find a generalized o-polynomial, where o e,
that satisfies
f(x))=y;,, i=1,2,...,n, 4)
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then we are led to a linear system of equations in the variables di, ..., d,.

Solving this system of vector equations, we easily see that
Vo(x, a)f (u) = Z Vo (x9(u), @)

Since V,(x,a) > O forx €Q" and @ € Q" (see [3, p. 212, Theorem 1]), we
see further that the desired o-polynomial satisfying (4) can be expressed as

n v, (@) ,
fw =Y :%yﬁ u € [0, 00). )
j=1 ’

Now that the existence and uniqueness of the desired interpolating poly-

nomial is out of the way, the main theorem to be shown will be the following.

Theorem 1. Given x € Q" and a € Q' as well as Yi,...,yY, € R". The
generalized interpolating a-polynomial £ in (5) will satisfy

[=4][]
If@) =¥l = |1+ (n_l) ij

=0

e bl =)
v,, T(x n
x > ly; =l (6)
Vn (xinv a) j=1

forany u € [x1,x,] and anyy € R™, where 6 = min;<;<,—1 Ac;.

nn—1)
2

=
| |
=
|
—_

~. | —

1

J

In the above and later discussions, we employ the greatest integer function [-].

3 Preparatory lemmas

We first recall the following result, which was already used in deriving the «-
interpolating polynomial.

Lemma 1. ([3, p. 212, Theorem 1]). Let x €Q" and « € Q. Then
V,(x, ) > 0.
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Lemma 2. ([5,p. 1047, Lemma 2.2]). Letx,«a € Q" and = (B1, B2y - - -, Pn—1)
where B; = a; —ay—1jfor j=1,2,...,n—1. Then

o]
n

) = ([]x ] [T -a)
j=1

J j=2 (7)
X2 X3 Xn
x/ dt1/ dtz---/ dty 1 Vyr (1, B),
X1 X2 Xp—1
wheret = (1, b, ..., t,—1).

Lemma 3. Letx,a € Q,. If Aa; > 1 for j =1,2,...,n—1, then

1 z'/l=l ozj7271n(n71)
n—1 ’

xdil+xd” n
L) < | 171 w@u (== . ®)
j=1

where d, = max{l, o, — o, — 1}.
Proof. When n = 2, we may see from (7) that
X2 :
Va(x, ) = (x1x2)* (o — 0l1)/ 127N d. )
X1

If0 < ay —a; — 1 < 1, then d, = 1 and the function ¢(¢) = 2 4~ is
concave over the interval [x1, x,]. In view of the Hadamard’s inequality (see

e.g. [2]) and the A-G inequality, we see that

x2
Nnx,a) = (xlxz)"‘l(az—ozl)/ fflz_al_ldfl
x1

N X +x C{z—ﬂt]—l
< (rx2) (o —ap)(x2 —X1)< 1 2)

2
201 ar—ay—1
< il (a2 —ap)(x2 — x1) il
2 2
p d ay+ay—1
x% +x b) d
= n(@)vy(x) (%)
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Ifay —ay — 1 > 1, thend, = a» — ; — 1 and the function g (z) = r©~1~!
is convex over the interval [x;, x;]. Again, from the Hadamard’s inequality and
the A-G inequality,

X2
Nnx,a) = (x1x2)a1(012_a1)/ fflz_a]_ldtl
X1

d d>
o X" +x
< (x)™ (@2 — o) (x2 — xl)sz
20(1
dp d\ & ) d)
X" +x X" +x
< |/ @—-a)—x)=—=*
2 2
p 4 al+a271
x4 x® d
= v(a)va(x) (%)

These show that (8) is valid for n = 2.

We now assume by induction that (8) holds when # is replaced by n — 1 (where
n — 1> 2). By our assumption that Ao; > 1 for j =1,2,...,n — 1, we see
that
0<pBi<po<-<PBu,

ﬂj+1—ﬁj:aj+2—06j+121, j:1,2,...,l’l—2,
d¥ . = maxil,B,_1 — By —1
n—1 { ’B 1 ’B 2 } (10)

= max{l,ozn — Oy — 1} =d,,
and

n—1
D @ == 1) =27 = D —2)
j=1
n—1 J

= ) |:Z(Olr+1 —a) = 1} ~27' =1 -2)
j=1 Lr=1
n—1

> Y (G-D-2"n-DHn-2)=0. (11)
j=1
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Hence,

Va-1(t, B)
" g2 i)
j=1

—1 = @@
n—2 *2 o dr_y dy
< J' vnm1(B)up—i () ”—
Jj=1
n—1
Y ;-2 lo-D@-2)
- y =
n—2 dn21+tdn 1 ay_
= (11! [T B —B|var (o 225
j=1 I<i<j<n-—1
X E;lﬁj—z—‘(n—l)(n—z)
1 j=
n—2 ) td,12 i td,,l dn
= J! [T (@ —aip) | v (0) (552
j=1 1<i<j<n-1
Furthermore, if x; <t; < x4 forj=1,2,...,n— 1, then
-1
n—2
Vn—l(t’ :8) = 1_[]‘ l_[ (O(j —C(l')
j=1 2<i<j<n
.ilﬁj—Z_l(n—])(n—Z)
j=
dy d, dn
X +x
n—1 n
X v, (t) (T) : (12)

Next, if we takea = (0, 1,2, ..., n — 1) in (7), we see that

n X2 X3 Xn
Uy (X) = 1_[(] - 1) / dtl / dtZ T f dtn—lvn—l(t)y
j=2 X1 x2 Xn—1

and hence

X2 X3 Xn
/ dtl/ dtz"'/ dt,_1v,-1(t)
x1 x2 Xp—1

1 1
- (n—l)!vn(x):(n_1)| 1_[ (rj = x;). (13)

: 1<i<j<n
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With the above information at hand, we may now see that

Va(x, a)
o -
n n X2 X3 Xn
= | [lx;) |l —an) | [fdn fde-- [ dt,1Vy(t, B)
Jj=1 | /=2 jES x2 Xne1
o) -
n n X2 X3 Xn
= Xj [T —a) || [fdn [dty-- [ dt,yv,1(t)
Jj=1 _j:2 BRES X2 Xn—1
n—1
Y -2 a—1-2)
n—2 - b\
: X, A" "
x| IT /! [T (o —a) (—12 )
Jj=1 2<i<j=n
—1 o
n—2 n 1
= )\ I [T (@ —a) |l =D
Jj=1 j=1 1<i<j<n

n—1
¥ =2 D2
=1

n—1 1
> Bj—27" (n=1)(n-2)

-1 o Jj=1
n—1 ] n xdn1+x;‘,[n dn
= 1_[]' l_[xj Un(Ol)Un(X) )HT
j=1 j=1
that is,
Va(x, @)

n—1 1
> Bj—27 (n=D(n-2)
o Jj=1

dn d
Xn—1 + xn"

1
< I/ /]:[lx,- Vn (@)U () | ————

Since x € 2" and d,, > 1, we also have

dn

1
dy dy \
Xn—1 + xnn

Ci=1.2....n—1,
2 J "

X <

dy d,
Xn—1 + xnn
2

Xp—1Xp <

Comp. Appl. Math., Vol. 30, N. 3, 2011

551

(14)
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and

1 n—2

* 4 W/ d & 1" 4 W
n n d, n n d, n n d, n
Hx' < Xn—1 +xnn Xn—1 +xnn _ Xn—1 +xnn
1 J = -5 I —
]:

Thus from (14), we may further assert that

V,(x, )

n—1 1
> (Dtj+1 —ap)—2""n(n—1)
=

—1 o
n—1 n dp dn dn
. X, X,
]') <l_[ xj) Un (@), (X) < - 12 )
; =1

e
> (g 7a|)72’1n(n—1)
Jj=1

! -1 ney

n— dn dn dn dn dp dn
. X,_11tXn Xp—1H¥n

(Hy) (— ; ) 02 (@)v, (%) (— ;

j=

n
Y a;—27"ln@-1)
Jj=1

n—1 ! R D S
= [T/! v, (@) v, (X) ("_IT">
j=1

The proof is complete.

IA
PSS
Il

IA

Lemma 4. ([5, p. 1050, Lemma 2.4]). Let x € R". Then

yoETE oY ’ ii. Axy. (15)

— i
I<i<j<n J k=1

Lemma 5. ([5, p. 1051, Lemma 2.5]). Let

k=1 n—k 1
)\'k:=2 . .’k=1’29 5n_1
im0 j=1 " +J
Then 1
n
nn—1)
k= 5 (16)
k=1
and

AM<Ap<--- < )"[n+l]_1 = )\'|:n+lj| = )\'|:n+l:|+l > > A2 = Ayl = AL (17)
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Lemma 6. Let x € Q". Then foru € [xy,x,]andr € {1,2,...,n},

nn—1)

n—1 ) I ! 1y :
@) < | [T/ |1+ == -y =
j=1 nin =1\ 3 P A
nn—1)
2
X <1 max | Axi) . (18)
Proof. Since u € [x,x,], thereiss € {1,2,...,n — 1} suchthat x; < u <

Xs41. Let us move the r-th column of the determinant v, (x"’(x)) and ‘insert’
it between the s-th and the (s + 1)-th column of v,(x")(x)). The resulting
determinant will be denoted by v, (x*")(x)), where

X*(r)(u) — (xf(r)(u), x;(?)(u)’ L x:(”)(u))T

1 .
(-xlv"'7xr—1vxr+17"'axsvu’x.Y+17"'9xn) ’ SZ’”+1a

+
xlv"'vxr—lvu’xr-i-l»"'7xn) ’ S:V—l,l";

Il
—

+
(xl,...,xs,u,xsﬂ,...,x,_l,xr+1,...,xn) , S<r-—2.

Then v, (x*” (1)) > 0. Furthermore, in view of the A-G inequality [6-9]
and (15),

@) = v, W)
= I (x;(r)(u)—xf(r)(u)>
I<i<j<n
x;f(r) (u)—xl.*(r) (u)

= 1_[ (=1 1_[ =i

I<i<j<n I<i<j<n
= () @ et
j=1" ) izi<jzn I
~ (1) (19)
n—1 #(r) *(r)
o 2 X]. (”)_-xl‘ (M)
= (I f‘) = J
j=1 I<i<j<n
— n(n—1)
n—1 5 n—1 [k—=1n—k X ) 2
] (n—1) i J
j=1 | k=1 \i=0 j=1
nn—1)
n—1 B ) n—1 ()
< 1_[1 VA Ny kzl e AX] (u)] ,
j= L =

Comp. Appl. Math., Vol. 30, N. 3, 2011
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where A is defined in Lemma 5. Next we assert that

(15t

— n(n—1) EE By
ZAkAxZ(r)(u) < — + — — — | max Ax;. (20)
oy P 1+ o J | Isizn—1
Indeed, if s =» — 1 ors = r, then
O () = x (u).
If2 <r <n—1, then from Lemma 5,
n—1
Z)LkAx*(r)(u)
= > M Ax ) + A AxD () + 2 AxD ()
ke{l,..n—1]\{fr—1.r}
= D MM A = ) A (g — 1)
ke{l,..n—1)\{r—1.r}
< > A Axy + max{A,_1, A} — x,_1)
ke{l,....n—1}\{r—1,r}
+ max{)\r—ly )\r}(xr—&-l - u)
— Y bt max{hop ) (o —Xo0)
ke{l,....n—1\{r—1,r}
< Z A max Ax; +2max{\._;, A} max Ax;
1<i<n—1 1<i<n—1
ke{l,....n—1}\{r—1,r}
= Z A +2max{A,_1, A} | max Ax;
kell,..on—1\{r—1,r} 1=sizn—1
n—1
= Z)‘k—i_ max {A._i, A} — min {A._i, A, }) max Ax;
1<i<n—1 1<i<n—1 1<i<n—1
k=1
< Zkk 4+ max {};} — min {A }) max Ax;
1<i<n—1 1<i<n— 1<i<n-—1

Comp. Appl. Math., Vol. 30, N. 3, 2011
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B 2
Ifr =1, then
n—1
Z)\kAx;(r)(u) =
k=1
<
<
If » = n, then
n—1
ZkkAx,f(r)(u) =
k=1
=<

n—1
D kit Mngy — M)
k=1

JIAJIN WEN and SUI SUN CHENG

max Ax;
1<i<n—1
el n—1
+ max Ax;.
Z I<i<n-—1 !
i=0 j=I ]:1
Z )\kAx,EI)(u) + )\lefl)(u)
2<k<n-—1
D A+ A — )
2<k<n-—1
Z A max Ax; +A; max Ax;
1<i<n—1 1<i<n—1
2<k<n—1
nin—1
¥ max Ax;
2 1<i<n—1
7] -
nm—1 e 1
T—i— - - — - | max Ax;
P 147 e J | 1=isn—1
Z )»kAxk")(u)—i—)»n 1Ax(") (u)
1<k<n-2
Z A AXg + Ap1 (U — Xp—1)
1<k<n-2
Z Ay max Ax; +A,—1 max Ax;
I<i<n—1 1<i<n—1
1<k<n-2
nn—1
¥ max Ax;
2 l<i<n—1
el -1
nin—1) LR | — 1
—+ —— - —| max Ax
i=0 j=I l+] j=I J Isizn—l

Comp. Appl. Math., Vol. 30, N. 3, 2011
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Next, supposes <r —2ors >r + 1. Let

and q =

. r—1, ifs>r+1 s—1, ifs>r—+1
p= r, if s<r-—2 S, ifs<r-—2

Sincel <r <nandl <s <n-—1,wehavel <g <n-2 If2 <r <

n—1,then1 < p <n — 1, and hence by Lemma 5,

— > A () + 2y Ax 3O W) + hg AT (1)
ke{l,...n—1}\{p,q,q+1}

+ A1 Ax) ) ()
= Z A Axg +)‘p(xr+l — Xr—1) +)"q(u — Xy)
ke{l,...n—=1}\{p,q,q+1}

+ )‘q—&-l (X541 —u)

= Z A Axy + )\p(xr—H - xr—l)
ke{l,...n—=1N\{p,q.q+1}
+ max{kq, )\-qul}(strl — Xg)
=< Z Ar max Ax; +2A, max Ax;
1<i<n—1 1<l<n 1

ke{l,...n—1\{p.q.q+1}

+ max{i,, Ay41} max  Ax;
1<i<n—1

= E Ak + 20, + max{A,, Ay41} | max Ax;
1< 1
kell,...n—1\{p.qg.qg+1} ===

Z)‘k + A, min l{kq, )\.q+]}) max < Ax;

1<i<n— 1<i<n—1

£
|

;1
n(n—l) &

— max Ax;.
. I+ ; I<i<n—1

(Z)‘k—i_ max {X}— mm {A }) max Ax;

(=]

1

J
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Ifr =1orr = n, from Lemma 5,

n—1
Z )LkAx,f(r)(u)
k=1
= Z AkAxZ(r)(u) + Ay Ax;‘(”)(u) + Agr1Ax

ke{l,...n—11\{g.q+1}

= Z A AXxy + )hq (u —x5) + )‘q+l(xs+1 —u)

kefl,...n=11\{g.q+1}

< Z McAxg +max{Ag, Agi1} (X541 — Xs)
kefl,....n—11\{g,qg+1}
< Ar max {Ax; max{i,, A max Ax;
=< Z kliiinx_l{ x;} + max{i, 614—1}151_5'1"_1 Xi
kefl,....n—1\{g,q+1}
n—1
= Zkk—min{kq,)»q+1} max Ax;
1<i<n—1
k=1
n—1
< A — min {A; max Ax;
- Z k lgign—l{ l}) I<i<n—1 !
k=1
n—1
= ZAk—kl) max Ax;
I<i<n—1
k=1
B s n—1
nn-—1 1 1
< % + Z — — - | max Ax;.
| pr e l+] = J | Isisn—1

The inequality (20) is thus proved.
By combining (19) and (20), we see that

nn—1)
2

|, (7 ()|

A

n—1 n—1
(112) [ Eimesivo]
J: =

IA

X ( max Ax,-)
The proof of (18) is complete.
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Lemma 7. Let x, « € Q" such that Aa; > 1 for j =1,2,...,n— 1. Then for
anyu € [x1,x,)and j € {1,2,...,n},

. . nn—1)
[*5-11"%51 n—1

- _
. 1
VaxV (), )| < -
| | n(n — 1) 120: ]21: i +j ; J
max Ax; .
X Uy L X (21)
Xn
Proof. Since x; < u < x,,thereiss € {1,2,...,n — 1} suchthat 0 < x, <

u < X,11. Let us move the j-th column of the determinant V, (x"”(u), «) and
‘insert’ it between the s-th and the (s + 1)-th columns of V,(x") (1), «). The
resulting determinant will be denoted by ¥, (x**” (1), o) where

XOw) = (9w, W), ..., x2 D w)'

il .
(xla“‘7xj—1’xj+l7""xsau’xs+1""1xn) ) SZ]+19
_ t i1
= (%1 X U X X)) s=j—1,],
T .
(xl,...,xs,u,xsﬂ,...,xj_l,xjH,...,x,,) , §<j-—2.

Since
0<x <xVw) <x}Vw) < <) < x,,

by Lemma 1, we see that V,(x*“)(u), ) > 0. Furthermore, in view of the

following simple fact,

1
*(/)dn *(j)dy &
u) + xp u .
( “ 5 ( )> <xu) < x,, (22)

we may see that

I N

j=1

> Z(j—n—@:o. (23)
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Thus, by (22), (23), (8) and (18), we have

[V, (W), )| = V,(x*P (), @)

Tt

u/~7271n()171)
1 j

n— *(/)dn *(j)dy &
[Tt] w@ua@w) ( Wi (”))
j=1

-1

U (@) 0, (XD ()

A

n—1
—27"h(n—=1)

IA
I ;[

j=1
1 1 n(n b
Ealey n—1
2 1 1
< v | 1T+ —— =
nn—D\ = Zit; I
nn—1)

2 S aj—2"ln@m—-1)
=1
x | max Ax; x 7
1<i<n—1

=Ny =1
= 14+ _ -
n(l’l o 1) ; j=1 j=1 J

maxi<j<,—1 Ax; Y
XV | ———————a ) x,
X,

nn-—1)
2

nn—1)
| n—1 2

2 1 1
= | (L LT

peri i Al

maxj<j<p—1 AX; o)
X v, | ——a ) x, )
Xn

The proof is complete.

4 Proof of Theorem 1

First we point out that the generalized o-polynomial in Theorem 1 satisfies

5= 2": V,(x(u), o)

P = V.(x. )

(y; =y, uel0,00), (24)
j=1
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for any y € R™. Indeed, the case where n = 2 is easy. Suppose n > 3. Since

o€ ﬁn, we see that

1 u* u* u*n
o) oy
1ox{" x? - X
1 X' x2 - x| =0.
o] [2%) . Q,
I x x X

By Laplace expansion, we then have
Val(x, o) = XN’<WMa

Hence

. . i Vo (x9 (u), )
"V, (x9w), . "V, (xD ), — _
Z (x(u), &) (0, -7) = Z (x4 (), ) A .

V,(x, Q) B

Vxa) VX, @)

j=1 j=1

= f(u) -
We consider two cases:

0= min Ag; =1 and 6= min Aa; #1.

1<i<n—1 1<i<n—1

In the former case, Aa; > 1 for j = 1,2,...,n — 1. Therefore, by (24)
and (21),

~ Vo (xPw), @)

I () — ¥l 2 nma>(”_@
"V x D (), @) N
< ; RN ¥, -y

Xn: Vo (x ), )|

v (x.) ly, =¥l

J=l1
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max Ax;
l<i<n—1 ' Yo
n pn Up Xn | Xn

- o
< ; ) ly;, — ¥l
v (1<Iin<a:i(1Axi 0() x2;=1a/’
n Xn n n
_— AR ; ly; — ¥l

max Ax;
1<i<n-1
Uy ( )
Z ly; —¥lI,

where

1
= n(n—l) ZZHLJ — j

i=0 j=I1 J

In the latter case, we have

Ot (0%
mn (———)=1
1<i<n—1 0 0
Let
0 6 .0 o\ T
X :(xl,xz, ,xn),
and
0(j 0 6 0 0 6 A
x(J)(u):(xl,xz,...,xj_l,u ,xjH,...,xn) , j=1,2,...,n.
Then

NACON)

Ifw) =yl = (v, —9)
6 «
=y (x. §)
| max_ {5t} .
Un x4 0 n
< P - > iy =Vl
vo(= « ,
G -
n
| max (<t}
Un 0x9 o n
= - > ly; =l
Va <;, Ol) =1
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where

nn—1)

)

[n 1][n21]

Pn = 1) ;;z+1_;

Our Theorem is thus proved.

1
J

As an immediate consequence of our Theorem and the inequality |[f(u)| <
Iyl + [If(u) — ¥||, we have the following

Corollary 1. Under the assumptions of Theorem 1, we have

nmn—=1)
-2

Ife)ll = Iyll+ |1+

2
nn—1) |\ 4 5
) )
(1<f}13,§1 {xi+1_xi }
v, | =———«

0x¢

x >y, =yl (25)
V}’l ( XZ ) C() j=1

Xn

We remark that Example 5.2 in [5, p. 1058] shows that the equality sign in
(6) may hold.
5 Remarks and Examples

In Theorem 1, the number § = min;<;<,—; Aw; can be an arbitrary positive
number. However, in the case when the powers «, oy, . . ., &, are nonnegative

integers,
0 :min{ajH —ajlj = 1,2,...,n—1} > 1

In particular, if there are two consecutive powers «; and «;y; such that

;1 —a; = 1, then & = 1. Such a choice can simplify matters since

6 0

max 1{x;,, — X; max Ax;

151’5;171{ Fr =7 l<i<n—1
Ox? Xn
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In another direction, the number 6 may be an arbitrary positive number but

the sequence {x?, x¥, ..., x?} in Theorem 1 of this paper may be uniform in the

sense that

where / is a constant.
In [5, p. 1047, Theorem 1.1], we obtained the following result: If y € C”,

xeQ"and o € ﬁn, then for u € [x1, x,,], we have
nn—1) n
) 1 e (S S

nn—1) =5 5 i) Va (1,0!)

n

N‘
N‘

@)l < (26)

J

Now we prove the inequality (6) is strengthening of the inequality (26) in

casen =5orn z7andxl. xe h, i=1,2,...,n— 1. To see this, take

y =0and

max {x?+1 - xf}

nax 0 _ .0
(n— 1)y, [ Bt o =vn(ua>. 27)

0 0
Ox? Ox?

in (25), then

n(n—1)
2

ol = e —o |\ & &

=
xg—x‘) "
v (Srte) 2 v
" Jj=1
( 1 nn—1) X :
n—1)"2V, o
Thus it suffices to show that whenn = 5orn > 7,

=00

"1 2
Zi+j_zf S v @

i=0 j=1 j=1 i=0 j=1

=}
~
Il
-
~
Il
-

X

2
nin—1)

1+

Indeed, note first (from [5, p. 1053, Lemma 2.8]) that
n—1 n—1
[ZHZ] ( [n_l}ﬂ) |

IS S N A

i=0 j=1 J
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Therefore, it suffices to show (28) by showing

[%} n—1
_2(n—2) n—1 1 2 1 29
@n._n(n_l)<2[ 5 :|+1>Z[nz_l]+j+n(n—l);j>l (29)

J=1

whenn = 5orn > 7. The cases n = 5,7, 8,9 can be proved by evaluating
D5, D7, Dg, Dy directly (&5 >~ 1.0833, &; ~ 1.4444, &g ~ 1.0176, Oy =~
1.1859). As for the cases where n > 10, let us first note that the number

n—1 n
m= >—-—1
2 2

Then by the well known fact that ¢+ > In(1 4 ¢) for ¢t € (—1, 400)\{0}, we
see that

1 |
J— 1 1 I
[,,2;1 ; Zm ]>;n( +m+]>

j=1 J+J =t
2m—|—1 ( 1 )
= In =In
m + 2m + 1
[ s =m0
> = In(2-— .
+1 n—1
Hence
® 2(n —2) (2|:n—1i|+1)[§] 1
n > T,_11 .
w2 1) =
- 2(”_2)(2["_1}“)111(2— ! )
nn—1) 2 n—1
N G —l)ln(Z— ! ):2(1—%)ln<2— ! )
nn—1) n—1 n n—1
(1=36)m (- )
> 21— —)In(2-— = 1.01758 > 1
10 10 —1
as desired.
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We remark that (26) has been shown in [5] when n > 2 and the sequence
{x0.x4,...,x0} is not necessary uniform. However, the data points yi,
Y2, ..., ¥, were assumed to be complex numbers only and that the reference
vector y is assumed to be 0.

While it is important to estimate the size of the interpolating «-polynomial
If ()] in reference to the origin, in applications it is also important to find
upper bounds for ||f(x) — y|| where the reference point y is an important land-
mark. For instance, given n vectors yi, ..., y, in R”, the Fermat point relative

to these vectors is the vector y such that

> lyi =yl
i=1

is minimized. In view of its definition, the Fermat point is clearly of practical
importance. We will illustrate our result by an example in which the Fermat point
is used as our reference vector.

Letm = 3,

pr() = 20[In(1 +w)]*",
() = —20(2tanu — 2sinu)"",
psw) = (" —1)",

and p(u) = p1(u) + pa(u) + ps(u), for u € [0, 1]. Let
g(u) = (u, pw), 3u*")", u € 10,11,

Take 6 data pairs

+

12

(0,0,0,0)",

~ (0.2,0.2,0.46124,0.10216)"
~ (0.4,0.4,1.0338,0.43797)",

~ (0.6,0.6,0.30170, 1.02622)",
~ (0.8,0.8, —2.36573, 1.87763)",
~ (1,1,—1.821068,3)".

(x s (xl)

I
(22, g(x2) '

x3, g(x3) '

x4, g(xg)"

X5, g(xs) f

)
")
(x5, 8(x3)")
(xs g0ea)")
(x5, g(xs)")
(x6, g(x6)")
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Since

tim 2% _ 50 fim pz—(”3) — 20, lim W _

u—s0t u2l u—0t u3 u—0t U>-

1,

we will try to find the interpolating function in the form

aj a as ay as
f(u) = bl u—+ bz l/lz'] + b3 M3'3 + b4 144'3 + bs u5'4,
cl &) c3 C4 e

where the exponent 4.3 is chosen so that 6 = 1 (see the beginning remark in this
section). By (5), we see that

u
f(u) ~ (1.98663u —3.59230u*! + 67.28831u3 — 164.27164u*3 + 96.76793u5~4)
3u2.l

for ¢t € [0, 1]. See Figure 1.

Figure 1 — Phase portraits of g in (a), f in (b), and g and f in (c).
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Next, the Fermat pointy = (p,q, )" relative to the vectors g(xy), g(xz),
g(x3), g(x4), g(xs) and g(xe) is found by minimizing

6
H(p.q.r)=Y_ {[g(xj) —(p.q. r)*]z}l/z.
j=1

By using the computing tool Mathematica,
min H(p, q,r) >~ H (0.48629, 0.36004, 0.55964) ~ 7.81586,

we see that
(p,q, M~ (0.48629, 0.36004, 0.55964)T .

Finally, the true bound is given by

— T ~
max lg@) — (p.q.m'|| ~4.25302,

and

— | ~
max If@) — (p.q. 1| ~4.06571,

with 4.25302 — 4.06571 = 0.18731.

The above example shows that Theorem 1 offers a closed ball with center y
that contains the approximating curve described by f over the interval [x;, x,].
By properly chosen y as a reference point, tracking or control of spatial flying
objects may then be feasible.

We close our investigation by remarking that results similar to Theorem 1 can
be established if R™ is replaced by more general linear spaces endowed with
appropriate algebraic operations and compatible norms, and many methods and
techniques related to the mathematical inequalities used in this article can be
found in [1-3, 5-9].
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