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Abstract. In this paper a filled function method is suggested for solving nonlinear systems
of equalities and inequalities. Firstly, the original problem is reformulated into an equivalent
constrained global optimization problem. Subsequently, a new filled function with one parameter
is constructed based on the special characteristics of the reformulated optimization problem.
Some properties of the filled function are studied and discussed. Finally, an algorithm based
on the proposed filled function for solving nonlinear systems of equalities and inequalities is
presented. The objective function value can be reduced by half in each iteration of our filled
function algorithm. The implementation of the algorithm on several test problems is reported

with numerical results.
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1 Introduction

In this paper, we consider the following systems of nonlinear equalities and
inequalities (for short, (SNEI)) defined by
ci(x)=0, i€k,

(SNEI) .
ci(x) <0, iel,

#CAM-410/11. Received: 10/IX/11. Accepted: 03/X/11.
*This work was supported by the Natural Science Foundation of China (No.71171150).
**Corresponding author.



392 A FILLED FUNCTION METHOD FOR SNEI

where the functions ¢; : R" — R are continuously differentiable, / U £ =
{1,...,m}and I N E = (. The systems of nonlinear equalities and inequalities
have found myriad applications in various industrial and economic areas.

If n = m and I = §, the system (SNEI) reduces into a system of nonlinear
equations, one classical problem in mathematics, for which there are many well-
known methods, such as Newton-type methods, secant methods, and trust-region
methods (see [3, 4, 5, 11] etc.). Similarly, in recent years these methods are also
proposed to solve the system (SNEI) (see [6, 7, 15, 16, 17, 18, 19, 22, 26] etc.).

A typical way of solving the system (SNEI) is to reformulate it into the fol-
lowing constrained optimization problem (for short, (COP))

f(x) = min 3 {Z q(x)z} :
(COP) vekn T lick

s.t. ¢;(x) <0,i el

Some well-developed optimization methods are used to solve problem (COP).
It is clear that global optimal solutions of problem (COP) with the zero objective
function value correspond to the solutions of the system (SNEI). Therefore,
efficient global optimization methods are crucial for successfully solving the
system (SNEI).

As one of the main global optimization methods to solve general unconstrained
global optimization problems without special structural property, the filled func-
tion method has attracted much attention. The filled function algorithm is an
efficient deterministic global optimization algorithm, and it has been used to
solve plenty of optimization problems, such as unconstrained global optimiza-
tion problems [9, 10], constrained global optimization problems [25], nonlinear
equations [13, 14, 24], constrained nonlinear equations [1], nonlinear comple-
mentarity problems [27] and so on. The main idea of filled function method
is to construct an auxiliary function called filled function via the current lo-
cal minimizer of the original optimization problem, with the property that the
current local minimizer is a local maximizer of the constructed filled function
and a better initial point of the primal optimization problem can be obtained by
searching the constructed filled function locally. From both the theoretical and
the algorithmic points of view, the filled function method is competitive with the
other existing global optimization methods, such as tunneling function methods
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[2, 12] and stochastic methods [20, 21]. Bai [1] proposed a filled function with
three parameters for solving constrained nonlinear equations. However, in [1],
vpr,c,q,x* (X) - - %
tivated by these considerations, a novel filled function only with one parameter

depends on x — x*, which is not desirable. Mo-

is constructed by employing the idea of penalty function in constrained opti-
mization problem which is reformulated from the system (SNEI). Moreover, the
gradient of the new filled function is not affected by || x — x*||. The obtained nu-
merical experiments show that the novel filled function method is of superiority
over that in [1].

Outline. The rest of the paper is organized as follows. In section 2, a filled
function is constructed for the reformulated constrained global optimization
problem (COP). The corresponding filled function algorithm is presented in
Section 3. Several numerical examples are reported in Section 4. and finally,
some concluding remarks are made in section 5.

2 Filled function for problem (COP)

In this section, The following problem (COP) is considered

min f(x) = 1 {Z cl-(x)z} :
(copy *<F ick

s.t.ci(x) <0, i€l

Let
S={xeR"ckx)<0,iell}

S°={xeR"ci(x) <0, iel}.

Note that S° is not necessarily identical to the interior of S.
Throughout the rest of the paper, we always assume that the following assump-
tions for problem (COP) hold.

Assumption 2.1. 7 # (.

Assumption 2.2. The system of nonlinear equalities and inequalities has at

least one solution.

Comp. Appl. Math., Vol. 31, N. 2, 2012



394 A FILLED FUNCTION METHOD FOR SNEI

Assumption 2.3. S° # 0 and cIS° = S, where clA denotes the closure of
set A.

By Assumption 2.3, we can see that for any xy € S, there exists a sequence
{x;} C S°, such that lim;_, o, x; = xo.

It is easy to see that x* is a solution of the system (SNEI) if and only if it is
a global minimizer of problem (COP) and satisfies that f(x*) = 0.

Foragiven x* € S with f(x*) > 0, the definition of the filled function is given
as follows.

Definition 2.4. A continuously differentiable function p(x, x*) is called a filled
function of problem (COP) at x* with f(x*) > 0, if it satisfies the following

conditions
(1) x* is a strict local maximizer of p(x, x*) on R";

(2) any x € S\{x*} with Vp(x, x*) = 0 implies f(x) < f(;*);

3) any local minimizer x of p(x, x*) on R" satisfies f(x) < LD andx € S°;
y p 2

(4) any local minimizer x of problem (COP) with f(x) < f(f) andx € S°is

a local minimizer of p(x, x*) on R".

Remark 2.5. With the definition above, we know that if p(x, x*) is a filled
function of problem (COP) at x* with f(x*) > 0, i.e. x* is not a solution to the
system (SNEI), any local minimizer x of p(x, x*) on R" satisfies the inequality
f&@) < L% and ¥ € 5°.

In the following, a one-parameter filled function satisfying Definition 2.4 is
introduced. To begin with, we design a continuously differentiable function
H, ,(¢) with the following properties: it equals to a positive constant ¢ when
t > 0, and it equals to 0 when ¢ < —r.

More specifically, for any given » > 0 and a > 0, we construct H, ,(¢) as

follows
a, t >0,
Heo(t) =1 alog (=20 +r) +3r@t+r)?+1), —r<t<0, (1)
0, t<—r.
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Note that the requirement for continuous differentiability of H, ,(¢) justifies the
use of log function and cubic polynomial. The function H, ,(¢) differs from

h,4(¢) in [1], which we can get information from the figures below.

r=1,a=1 r=2,a=1
1 T 1
JE—) — H

0.9 hin(11{ o9f ——hin[1] 1
0.8 1 08
07 i o7t
06 1 06
05 1 05
0.4 1 04
0.3 1 03f
0.2 1 02
01 1 O1f

0 : 0

-1 -0.8 -0.6 -0.4 -0.2 0 -2 -1.5 -1 -0.5 0

r=0.5,a=1 r=0.2,a=1
1 T 1 v
—_—H —H

091 hin[1]|1 0.9 hin[1]
0.8 1 08f
0.7 1 07r
06 1 06
0.5+ 1 05f
0.4} 0.4
031 1 03
02 0.2
01t 1 o4k

0 L " L " 0 . . "

-0.5 -0.4 -0.3 -0.2 -0.1 0 -02 -0.15 -0.1 -0.05 0

Figure 1 — The graphs of the functions H and 4.

From the figures above, it can be seen that when » > 1, H, ,(¢) increases
faster than 4, ,(¢) from —r to 0, while when 0 < » < 1, the function H, ,(¢) is
increasingly close to 4, ,(¢) as r is getting smaller and smaller.

It is not difficult to check that H, ,(¢) is continuously differentiable and
increasing on R. Obviously, we have

O, tZO’

/ _ —6a(t+r)2+6ra(t+r)
H,,(1) = (2@ 43r (t+r)2+1) In(143)°

—r<t<0, 2)
0, t<-—r.
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396 A FILLED FUNCTION METHOD FOR SNEI

Given an x* € § with f(x*) > 0, the following filled function with one
parameter is constructed
F(x,x*,q)=—|x —x*| +qu(%*)’1
S(x") S &) 3)
x(Hn e (f(x) =) Y Hie (@) = 25
iel

where the only parameter ¢ > 0 and x* is the current local minimizer of problem
(COP). Clearly, F(x, x*, q) is continuously differentiable on R".

Remark 2.6. Note that F'(x, x*, g) includes ) |

Hf(x
. . . q
term to penalize unfeasible points.

ier Hiom o (ci(x)) asapenalty

The following theorems show that F'(x, x*, ¢) satisfies Definition 2.4 when
the positive parameter ¢ is sufficiently large.

Theorem 2.7. Let f(x*) > 0, g > 0. Then x* is a strict local maximizer of
F(x,x* gq)on R".

Proof. Since x* is a local minimizer of f(x), there exists a neighborhood
N(x*,0) of x* with 0 > 0 such that f(x) > f(x*) forallx € N(x*,0) =
{x|llx —x*|| < o}. Then forany x € N(x*,0), x # x*, ¢ > 0,and 0 <
H,. ,(t) < a, we have

F(x,x* q) <q=Fx* x*q).
Thus, x* is a strict local maximizer of F'(x, x*, g) on R". O
Theorem 2.7 reveals that the proposed new filled function satisfies condition

(1) of Definition 2.4.

Theorem 2.8. Let f(x*) > 0, ¢ > 0. Then any point x € S\{x*} with
VF(%,x* q) = 0 implies f(¥) < 1§,

Proof. Assume that f(x) > f(%*) Then for any point x € S\{x*}, we have

_ . —(x — x%)
VF(x,x*,q) = ——— #0
X — x|l
which is a contradiction. Thus, any point x € S\{x*} with VF(x,x*,q) =0

implies f(¥) < L3 O
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Theorem 2.8 reveals that the proposed new filled function satisfies condition
(2) of Definition 2.4.

Theorem 2.9. Let f(x*) > 0, g > 0. Then any local minimizer x of F'(x, x*, q)
on R" satisfies f(x) < f(%*) and x € S°.

Proof. Let x be a local minimizer of F'(x, x*, ¢) on R", then VF(x,x*, q) =
0 and x # x* (since x* is a strict local maximizer of F(x, x*,g) on R").
By contradiction, suppose that x is neither a point satisfying f(x) < f(%*)
nor x € S°. Then _ .
VFGx g =) g
llx — x|
This is a contradiction. Therefore, if x is a local minimizer of F'(x, x*, ¢) on

R", we have f(x) < f(%*) and x € S°. ]

Theorem 2.9 reveals that the proposed new filled function satisfies condition
(3) of Definition 2.4.

Theorem 2.10. Let f(x*) > 0, g > 0. Suppose that (SNEI) satisfies Assumption
2.2. Then there exists qo > 0 such that when q > qo, any local minimizer x of
problem (COP) with f(x) < f(f) andx € S°is alocal minimizer (ifF(x, x*,q)
on R". Furthermore, the number of point X € S° with f(x) < % is infinite.

Proof. Let x be a local minimizer of problem (COP) on §° with f(x) <
@. Then ¢;(x) < 0, i € I and there exists a small enough number ¢ > 0
such that f(x) < ﬂTx*) and f(x) > f(x) forall x € SN N(x,o0), where

N(ix,0) = {x € R"||lx —x|| < o}. Thus, there exists go > 0 such that

ci(¥) < —L89 i € I It follows that F(%, x*, ¢) = — ||¥ — x*|| when g > qo.
Since F(x,x*,q) > —||lx —x*|| for any x € R", x is a global minimizer of

F(x,x* g) on R". Therefore, x is a local minimizer of F(x, x*, g) on R". Let

X be a solution of (SNEI). Then we have that x # x*. By ¢/S° = S, there exists

a sequence {x;} C § such that x; # x; fori # j and klim x; = x. Hence,
—00

there exists a positive integer number kq such that when k& > kg, f(x;) < %*)
Therefore the number of point X € S° with f(X) < @ is infinite. 0
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Theorems 2.10 show that, for all ¢ > qo, F(x, x*, q) satisfies condition (4)
of Definition 2.4. The following theorem shows that function F'(x, x*, g) has
an interesting property.

Theorem 2.11. Let x;, x, € S and the following conditions hold:
(@) min{/Cer), £} = 3 /(e
(i) [lx2 = x*[ > llx; — x*|.
Then, the inequality F(x1,x*, q) > F(x3,x*, q) holds for all ¢ > 0.

Proof. Since min{ f(x1), f(x2)} > %f(X*), F(xi,x*,q) = — |lx; —x*| +gq,
i = 1, 2. Therefore, for all ¢ > 0, F(x1,x*, g) > F(xz,x*, q) holds. O

3 Filled function algorithm

In this section, a global optimization method for solving problem (COP) is
presented based on the constructed filled function (3), which leads to a solu-
tion or an approximate solution to (SNEI).

Suppose that (SNEI) has at least one solution. The general idea of the global
optimization method is as follows.

Let xo € S be a given initial point. Starting from this initial point, a local
minimizer x; of problem (COP) is obtained with a local minimization method.
The main task is to find deeper local minimizers of problem (COP) if x; is not
a global minimizer.

Consider the following filled function problem (for short, (FFP))

(FFP) - min F(x, x;, ).

where F(x, x}, q) is given by (3).

Let x§ be a obtained local minimizer of problem (FFP) on R”", then by Theo-
Sxg)
20
we can obtain a local minimizer x| of problem (COP). If x| is a global minimizer

rem 2.9, we have f(xj) < and x; € S°. Starting from this initial point x,

(namely f(x{) = 0), x{ is the solution of the system (SNEI); otherwise locally
solve problem (FFP). Let x| be the obtained local minimizer, then we have that

Comp. Appl. Math., Vol. 31, N. 2, 2012



ZHONGPING WAN, LIUYANG YUAN and JIAWEI CHEN 399

S < u ( 0) and x; € S°. Repeating this process, we can finally obtain a

solution of the system (SNEI) or a sequence {x;} C S§° with f(x}) < A (2)20 ,
k =1,2,.... For such a sequence {x;}, k = 1,2, ..., when £ is sufficiently

large, x; can be regarded as an approximate solution of the system (SNEI).

Let x* € Sand € > 0, x* is called a e-approximate solution of the system
(SNEI) if x* € S and f(x*) <e.

The corresponding filled function algorithm for the global optimization prob-
lem (COP) is described as follows. The algorithm is referred as FFCOP (the
filled function method for problem (COP)).

Algorithm FFCOP

Step 0: Choose small positive numbers ¢, A, a large positive number ¢¥, and an
initial value ¢ for the parameters g. (e.g. € = 1075, A = 1073, ¢V = 10°
and go = 100). Choose a positive integer number K (e.g. K = 2n) and
directions ¢;, i = 1,..., K, are the coordinate directions. Choose an
initial point xo € S. Set k := 0.

If f(x0) < €, then let x; := x( and go to Step 6; otherwise, let ¢ := go
and go to Step 1.

Step 1: Find alocal minimizer x; of the problem (COP) by local search methods
starting from x;. If f(x;) < €, go to Step 6.

Step 2: Let
Feeoxig) == |x = x| + aHpp |
i
[0 fey @
H o — ok H o i (X)) —
G (f(x) 3 )+ L ) = )

where H, ,(¢) is defined by (1). Set / =1 and u = 1.

Step 3: (a) If! > K, set g := 10g, go to Step 5; otherwise, go to (b).

(b) If u > A, set y,lc = x; + uey, go to (c); otherwise, set / := 1 + 1,
u =1, goto(a).

(c) If y,lc € §, go to (d); otherwise, set u := {5, go to (b).
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400 A FILLED FUNCTION METHOD FOR SNEI

(d) If f(y,lc) < f(ng), then set x5 = y,lc, k:=k+ 1, goto Step 1;

otherwise, go to Step 4.

Step 4: Search for a local minimizer of the following filled function problem
starting from y,lC
min F(x, x;, q). (5)
XER"
S&p
2
searching, set x;41 := y;, k := k+1 and go to Step 1; otherwise continue

Once a point y; € S° with f(y)) < is obtained in the process of

the process. Let x; be an obtained local minimizer of problem (5). If

f(;") and x; € §°, then set x;4y = X}, k :=k + 1

and go to Step 1; otherwise, set u := {5, and go to Step (3b).

x; satisfies f(x) <

Step 5: If g < gV, go to Step 2.
Step 6: Let x; = x; and stop.

From Theorems 2.7-2.10, it can be seen that if A is small enough, ¢Y is large
enough, and the direction set {ey, ..., ex} is large enough, x; can be obtained
from Algorithm FFCOP within finite steps.

4 Numerical experiment

In this section, several sets of numerical experiments are presented to illustrate
the efficiency of Algorithm FFCOP. All the numerical experiments are imple-
mented in Matlab2010b. In our programs, the local minimizers of problem (FFP)
and problem (COP) are respectively obtained by the Quasi-Newton method and
the SQP method. ||V £(x)|| < 1073 is used as the terminate condition.

The data of the problems is shown in Table 1. The number of the problem is
shown in column 1, the source of the problem in column 2 and the number of
the set of equalities (mg), the set of inequalities (m;) and variables (n) in the
last column.

Initial points are the same as in the cited references.

The number of problems (column 1), the number of iterations (Iter, column 2),
the approximation solution to (SNEI) (x.,s, column 4) and the final functional
values obtained ( f'(x.,4), column 5) are shown in Table 2-4.
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The first three problems are nonlinear inequalities, Problem 4 is square in-
equalities and the last six problems are linear inequalities. From Table 2-3, it
can be seen that the number of iterations of problem 1, 2, 3 is respectively 1, 1,
3, while the number of iterations of the same problems are 4, 11, 8 in [1]. More-
over, from Table 4, it can be see that our filled function method is also effective
to solve those problems which have square inequalities and linear inequalities.

Prob.# | Test problem, source
Problem 32 in [23]
Problem 93 in [23]
Problem 128 in [23]
Problem 5.1 in [22]
Test 14.1.1 in [8]
Test 14.1.2 in [8]
Test 14.1.3 in [8]
Test 14.1.4 in [8]
Test 14.1.5 in [8]
Test 14.1.6 in [8]

3
=
3
~

—_

O 0 3 N L A W N

[c IV, (I S RV I S R . T S )
—
(e

0 L DN WL AN R B DNDS

—_
(=

Table 1 — Data of the problems.

Prob.# | Iter Xend J (Xend)

1 1 1.3741e — 007 8.9533¢ — 014
1.0781e — 008

—8.6675¢ — 001
2 1 —8.6675¢ — 001 8.1019¢ — 016
—8.6675¢ — 001

—8.6675¢ — 001
9.8934¢ — 001
3 3 9-7979¢ — 001 1.0047¢ — 010
9.9814¢ — 001

9.9858e — 001

Table 2 — Numerical results for the problems 1-3.
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402 A FILLED FUNCTION METHOD FOR SNEI

Prob.# | Iter Xend S (Xend)

1| 4 >-9333¢ = 007 1.0915¢ — 011
—~3.0155¢ — 006
—8.6675¢ — 001

2 | || TROOTem00L Y haage 012
—~8.6675¢ — 001
—8.6674¢ — 001
—3.139%4¢ — 002

30| 8 0.1660 2.5058¢ — 009
—~3.1269% — 002

0.1843

Table 3 — Numerical results of Algorithm 3.1 in [1].

5 Conclusions

In this paper, the filled function F'(x, x*, ¢) with one parameter is constructed for
solving nonlinear systems of equalities and inequalities and it has been proved
that it satisfies the basic characteristics of the filled function definition. Promising
computation results have been observed from our numerical experiments. In the
future, the filled function method can be used to solve other problems such as
nonlinear feasibility problems with expensive functions and so on.
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