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ABSTRACT: The moment of inertia parameters play a critical role in assuring the spacecraft mission throughout its lifetime.
However, determination of the moment of inertia is a key challenge in operating satellites. During satellite mission, those
parameters can change in orbit for many reasons such as sloshing, fuel consumption, etc. Therefore, the inertia matrix should
be estimated in orbit to enhance the attitude estimation and control accuracy. This paper investigates the use of gyroscope to
estimate the attitude rate and inertia matrix for low earth orbit satellite via extended Kalman filter. Simulation results show the
effectiveness and advantages of the proposed algorithm in estimating these parameters without knowing the nominal inertia. The
robustness of the proposed algorithm has been validated using the Monte-Carlo method. The obtained results demonstrate that
the accuracy of the estimated inertia and angular velocity parameters is satisfactory for satellite with coarse accuracy mission
requirements. The proposed method can be used for different types of satellites.
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INTRODUCTION

Spacecraft inertia parameters are prone to unpredictable changes throughout a mission due to many reasons such as fuel
consumption, fuel sloshing, deployment failures, collision with unexpected object, damage, connection with other parts, deorbiting,
structure changes or any events which substantially influence the inertia matrix (Kim et al. 2010; 2016; Manchester and Peck 2017).
Knowledge of the correct inertia parameters of a spacecraft is vital to its control system.

In-orbit estimation of the spacecraft’s inertia parameters is more efficient than calculating these parameters on-ground before
launch because the precision of the latter is limited. Several researches and engineering projects have been proposed to estimate full
components of inertia matrix, which consist of moment of inertia (MOI) and product of inertia (POI) elements.

Least squares algorithms have been considered in various research works for identifying satellite inertia parameters. Tanygin
and Williams (1997) utilize a standard least square; this method allows determination of both the inertia matrix and the position
of the center of mass. In Bordany et al. (2000), a recursive least square (RLS) procedure is proposed to identify satellite inertia
matrix and thruster parameters in orbit for mini-satellite UoSAT-12 built by Surrey Satellite Technology Ltd. In Psiaki (2005), an
algorithm is developed using the inner and outer least-squares optimizations to estimate the dynamic model parameters. Keim
et al. (2006) have presented an inertia estimation technique based on a constraint least squares minimization problem with LMIs
(linear matrix inequalities). Most of these algorithms require integrals or derivatives of measured spacecraft state variables as
input, necessitating prefiltering that introduces additional complexity and numerical error.

Many researches using Kalman filter for estimating spacecraft’s inertia parameters were proposed in the literature. However,

extended Kalman filter (EKF) is more suitable for nonlinear systems. Kutlu ef al. (2007) have combined Kalman Filter algorithms for
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attitude determination part using gyroscopes, magnetometer and a sun sensor, and for parameter identification part using a Least
Square estimation algorithm. Schwartz and Hall (2003) have presented a comparison and analyses for estimating simultaneously
the states and parameters using EKF and unscented Kalman Filter (UKF). In (Kim et al. 2010) the filtered data of angular rates
are obtained using the EKF and they are used to the batch method for estimating inertia properties of STSAT-3; then Savitzky-
Golay filter (SGF) was proposed in (Kim et al. 2014) to estimate full inertia properties and recently this filter was combined with
the extended Kalman filter (EKF) using a gyroscope measurements (Kim et al. 2016). In Inamori ef al. (2011) an EKF is proposed
for the estimation and compensation of a low frequency residual magnetic moment of micro-astronomy satellite Nano-JASMINE
developed at the University of Tokyo. This method was recently used by S6ken and Hajiyev (2014) for estimation of pico-satellite
attitude dynamics and external torques via unscented Kalman filter.

The aim of this paper is to estimate the spacecraft’s inertia components, MOI and PO, of the inertia matrix based on EKF
using the algorithm proposed in (Inamori et al. 2011; Soken and Hajiyev 2014). The proposed estimator does not use any nominal
inertia matrix and the initialization will be random. The advantage of not using any nominal inertia matrix is to reduce the impact
of the error of the inertia matrix on the angular velocity estimation. In addition, the noise, the bias caused by gyroscope and the
external disturbance torque vector are taken in consideration. Monte Carlo method is used to test the effectiveness and robustness
of the proposed estimator.

The remainder of the paper is organized as follows: the proposed method and the different steps of the EKF design are described
in section Estimation Method; section Simulation and Results presents the simulation results with discussions; finally, the last

section concludes this paper.

ESTIMATION METHOD
STATE VECTOR AND SYSTEM MODEL
The state vector to be estimated, x, which has nine elements is expressed as (Eq. 1)

x=lo, o, o, I, I, I, I, I 1. (1)

X v z XX »w 2z Xy xz

where w = [, , w5, =1, Iyy L5 ]p = [Ixy I, Iyz] T, w is the angular velocity vector in the inertial frame; ] and ]p are the moment
of inertia (MOI) and product of inertia (POI) vector respectively.

The dynamics of the spacecraft in inertial space will be governed by Euler’s equations of motion (Wertz 1978). With the added
influence of the external disturbance torque, applied control torque and since we estimate the constant components of inertia

matrix, the dynamics model of the spacecraft can be expressed as follows in vector form as (Eq. 2),

o JT, +T, — (0xJo)
. 1

Jm = _7[1]3x3 Jm (2)
. T

Jp

1
- [I]3x3 Jp
TI’

where J is the inertia matrix of satellite; T, and T, are the torque command and external disturbance torque vector respectively; I
is the identity matrix; 7, and 7 are the time constant of the MOI and POI vector, respectively.

The full non-linear model and the state equation can be obtained using Eq. 3,

X(1) = [ix@,t}+w() ®)
where w(t) is zero mean white system noise with covariance matrix Q (Eq. 4)
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w(t) = N{0,0(1)} @

STATE TRANSITION MATRIX
A discrete version of the EKF will be used to enable onboard implementation, for short sampling period Af the discrete state

transition matrix @ can be approximated using a first order Taylor series expansion as (Eq. 5) (Gelb 1989; Brown and Hwang 1997),
~ o (5)
D, ~ Lo +[F{X(1,).1, A1]

The state matrix F {X{ t), t} is obtained by partially differentiating the dynamics (Eq. 2) with respect to the state vector (Eq. 1).
F {x(t,), t} is expressed in the matrix form as (Eqs. 6 and 7),

)
Jw dJ, dJ,
. oJ, aJ, oJ
Fix(t,),t, j=| —" = - (6)
W= 20 ol, o,
8Jp GJP GJP
ow o, o, |
0o oo oo |
0 A, oJ
N 1
F{x(tk)atk}: 03,3 _?[I]M 03,5 @)
! 1
03><3 03x3 - 7[1]3><3
L Tp ]

For convenience, let the matrix F {&(tk), t} be (Eq. 8)

[2X7] al, alJ,
3x3 F3><3 F3><3
< JVHJVH
F{x(tk )atk } = 03><3 F3><3 03><3 (8)

JJ,
03><3 O3x3 F3X3

PROCESS NOISE COVARIANCE MATRIX
The process noise covariance matrix Q is defined as (Eq. 9) (Gelb 1989; Brown and Hwang 1997)

At At
0 = [ [®(at.w)EDw(u) w(v) 1ALy dudv o
00

where u and v are independent variables; for our application, it is assumed that only the angular velocity terms have process noise,
and the matrix E of dimension (9 x 9) is given by (Eq. 10):

E[ww) wm'] {E“ 03*6} (10)

06><3 06><6
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where (Eq. 11),

E, =diag[s,6(u-v) s5,6u-v) s6u-v)] (11)

4 is the Dirac Delta function and s is the spectral amplitude for the angular velocity.
In Eq. 9 the term @(At, u)E[w(u) w(v)T] ®(At, v)" is computed as (Eq. 12)

00 wl, oJ, 00
L+ Fysu Fyimu Fiiu E, Oy Oyq| |Lg+Fgv 035 055
g, ol, J,d, 12
053 L+ Fi5mu 05 X| 035 O35 Opq (x| Fygmv L+ Fp5y 05 (12)
JJ oJ, JJ,
053 05,3 L+ Figu| |0y 055 054 Fi5v 05 L+ Fp5v

Using definition and proprieties of Dirac Delta function; the resulted process noise covariance matrix is expressed as (Eq. 13)

433 Os
Qk —|: } (13)

06><3 06><6
where (Eq. 14)

oa\T (Af)3

woyr (AD° | poo (A

B33 = S AL+ 54 (Fy3 5 Sel3a T s So (F33 3
s, 00 (14)
So=[0 s, O

0 0 s,

GYROSCOPE OBSERVATION EQUATION

The EKF use the angular rate measurement from the gyroscope and the observation model is given as follows (Eq. 15):

where (Eq. 16)

= N{O. R, } (16)

1], is the Gaussian measurement noise with zero mean and a covariance matrix R; b denotes biases in each axis that is a slowly

variable function over time. Therefore the gyroscope observation matrix H with dimension (3 x 9) becomes (Eq. 17):

0z 0z oz
Hk_|:% @ O_‘Ir:|=|:l3><3 036 (17)

EKF ALGORITHM

The estimation of the EKF operates in two primary cycles, propagation and correction. During the propagation cycle, the
filter propagates the state of the system, using a system model to predict the state of the system one-time step in the future. The
correction cycle inputs measurements of the system state and utilizes these observations to correct for differences between the

state propagated from the system model and the measured satellite state.
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Propagation Cycle:
1. Propagation of the state equation (Eq. 2), by using the second Adams integration method (Eq. 18)

N " 1 .. .
Xih-1 = Xpopk-1 5(3xk-1/k-1 — Xy _op2) AT (18)

where At is the integration step size.

2. Propagation of the covariance estimate matrix using the state transition matrix (Eq. 19)

P 1 =Py P iy ¢1{-1 +0;,; (19)

Correction Cycle:
1. Compute Observation Matrix (H) and update Kalman Gain (K) (Eq. 20)

K, =Py, H{[H.Py , H{ +R.]"' (20)
2. Update state estimate with Measurement z, (Eq. 21)
X = Xy + K[z —H Xy ] 1)
3. Update covariance estimate matrix (Eq. 22)
Py =g — K H 1 Py (22)

OBSERVABILITY

The observability is a structural characteristic of a state representation of a system that indicates the ability of a system to
determine the history of a state from knowledge of the output variables measured. The notion of observability involves the dynamic
and the output matrix; the observability criterion (Kalman) is based on the rank test of the observability matrix OB, which is
defined as (Eq. 23) (Simon 2006),

OB=[H HF HF®> HF’ HF* HF® HF® HF’ HFY (23)

The estimation system is observable if the rank of the matrix OB is equal to size state vector. Figure 1 shows that the rank of

the observability matrix is equal to 9. Therefore, the estimation system is observable.
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Figure 1. Rank of observability matrix.
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EXTENDED KALMAN AND SAVITZKY-GOLAY FILTERS

In Kim et al. (2016), a combined methodology is proposed to estimate full moment of inertia including the off diagonal of
inertia matrix. The estimation process consists of the following three steps: first, the noise measurement is filtered using the EKF;
next, the reliable angular acceleration is calculated using the Savitzky-Golay filter (SGF) for an even number of sampled data;
last, the moment of inertia matrix is estimated using the linear least squares (LLS) based on the suggested regressor matrix. In
this paper, for simplification this estimator is named EKF#1.

The main differences between the proposed EKF and EKF#1 will be highlighted. The covariance and the true state are predicted
in the propagation cycle. However, all matrices involved in the covariance propagation are (9 x 9) dimension, using EKF, and are
(3 x 3) dimension using EKF#1, which significantly reduces the computational load upon this filter. In the proposed EKE, the state
vector is propagated and directly updated. However, the EKF#1 process is more complex compared to the proposed EKF because
it uses the SGF to calculate the angular accelerations, linear least squares (LLS) and the regressor matrix to estimate the inertia
vector which increases the computational load. In addition, the EKF#1 uses nominal inertia matrix in propagation cycle, the
estimated value of the angular velocity is always calculated using this nominal matrix. In the proposed EKEF, the angular velocity

is calculated using the estimated inertia, which could reduce the estimated angular velocity error.

SIMULATION AND RESULTS

Our simulation is based on an attitude rate propagator for low earth orbit microsatellite, which models the actual satellite
dynamics and outputs Euler rates over a specified period of time. The simulation program is developed from dynamic model
to propagate expected rates. Due to the construction of this model, it is quite easy to simplify the model to take account of all
disturbances torques. An extended Kalman filter (EKF) is used to estimate the nine-state vector from gyroscope measurement. The
nine-state EKF vector is composed of three-element body rates vector combined with six-element inertia vector. The simulation
was run for 600 s and a summary of the operating constants is presented in Table 1, whereas the EKF parameters are presented in
Table 2.

Table 1. Simulation parameters.

Parameters Value

Inclination (deg) 97.8
Orbital parameters Initial w (deg/s) [0-0.06 0]"
Altitude (km) 600
Sample time (s) 10
True MOI (kg:m?) (142 17.3 20.3]7
True POI (kg:m?) [0.0867 0.1357 0.6016]"
Command torque (Nm) [11-2]"x107

Table 2. EKF parameters.

Parameters Value

Initial w (deg/s) [0-2.3 1.15]T
Initial MOI (kg-m?) [25 25 25]"
Initial POI (kg-m?) 2 2 2]F

Gyroscope noise level (deg/s) 0.0104
[z, T, [10° 10°]

[
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Figure 2 presents the estimated angular velocity. The filtered angular velocities and 30 boundaries are shown in Fig. 3. The
angular velocity error result indicates that the global root mean square error (RMSE) is about 3.6 x 10~* deg/s. Figure 4 illustrates
the errors variances of the estimated angular velocity in three-axis. The results show that the standard deviation is approximately
2.4 x 107 deg/s.
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Figure 2. Estimated angular velocity.
0.06 — <10°
0.04 | 6
_ 2 4 —
2 )
g7 (A A G A $
f A
§ 0 I “ ' ”‘IIII “ |‘\ , I “ il l]ll\ l‘ f é 0
=o-0.02 M2
3 3
-0.04 | -4
-6
-0.06 T T T T T 1 T T T T T 1
0 100 200 300 400 500 600 0 100 200 300 400 500 600
_ x1073
_ 0.06 6
2 004+ 2 4
) L
< el Ll g 2
5 | ALY IOORT T TCCTANA IR BGE S AL AL et
g 0 — 'u” 'M|'J il lﬂ‘ u“'w‘\‘ \‘\' 1] g 04
=002 |2
oo S 4
-6
-0.06
I T T T T T T T T T T T !
0060 100 200 300 400 500 600 0 100 200 300 400 500 600
: 6 %107
> 0.04 — > 4
~ —
g 0024 ‘ { l E‘-" 5
= JLI'\HIIHIH |.“ il ' L I g
‘é‘ 0 ‘ ‘“r i “ |1w ﬁ‘ ’\’ il ]' ll é 0—
- S
A 0.02 M2
S 004 3 44
-6
-0.06 T T T T T 1 T T T T T 1
0 100 200 300 400 500 600 0 100 200 300 400 500 600
Time (s) Time (s)
— Noise ~ — Error —*30  — Error

Figure 3. Estimated angular velocity error
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Figure 4. Error variance of the estimate angular velocity.

Figures 5 and 6 show the estimated MOI tensor and POI tensor respectively; it can also be seen that the convergence time of

estimated inertia vector on the true inertia vector is about 350 s. Table 3 summarizes the results of this estimation and comparison
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Figure 5. Estimated MOI tensor.
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with estimator EKF#1 (Kim et al. 2016). Both filters proved to meet the requirements ADCS inertia tensor estimation
success with little difference in the accuracy obtained. EKF#1 has a better accuracy than the proposed EKF for the POI

estimate, but for the estimation of MOI the proposed EKF is better. In addition, we didn’t use any nominal inertia matrix and the

difference between the initiate and the true inertia matrix is more than 50% and the proposed EKF converges quickly as EKF#1.
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Figure 6. Estimated POI tensor.
Table 3. EKF estimation results.
Inertia True (kg-m?)
Estimated (kg-m?) Error (%) Estimated (kg-m?3) Error (%)
I, 14.20 14.1905 0.06 14.1823 0.12
I 17.30 17.2954 0.02 17.2876 0.07
I, 20.30 20.3017 0.008 20.2859 0.07
Ixy 0.0867 0.0871 0.46 0.0864 0.39
I, 0.1357 0.1345 0.88 0.1350 0.48
Iyz 0.6016 0.6001 0.25 0.6009 0.12

The accuracy performance and robustness of the proposed algorithm are validated using Monte-Carlo method, which
consists of 10000 Monte-Carlo runs. This simulation is divided into five steps; each step contains 2000 runs for an attenuation

of the inertia matrix of 10%, the last step the inertia matrix is decreased to 50%. For each Monte-Carlo run, the initial angular
velocity and initial inertia tensor matrix of estimator was picked randomly; the starting angular velocity, MOI and POI
came from a uniform population between +0.06 deg-s™!, +30 kg-m? and +2 kg-m?, respectively. The accuracy characteristics
of the algorithm are captured in Figs. 7 and 8, which display a histogram of MOI and POI error (%) for the 10000 Monte

Carlo running respectively. The algorithm never diverged in all Monte-Carlo runs. Figures 7 and 8 confirm the estimation
capability of the proposed estimator with regard to the variation of the most critical parameters.
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Figure 7. Histogram of MOI error for 10000 Monte-Carlo runs.
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Figure 8. Histogram of POI error for 10000 Monte-Carlo runs.

In this paper, we have presented an algorithm to estimate the moment of inertia, product of inertia elements and angular velocity
based on extended Kalman filter using only gyroscope measurement applied to a LEO microsatellite. The proposed estimation
algorithm is designed and compared to the batch least squares method combined with the EKF. The simulation results show that
the proposed algorithm based on EKF is faster and has a better accuracy for the estimation of moment of inertia without using
any nominal inertia matrix. In addition, Monte-Carlo method has been used with different scenarios to validate the proposed
algorithm. The simulation results demonstrate the effectiveness and robustness of the presented algorithm without using any
information of the nominal inertia. Indeed, the proposed filter can guarantee the estimation performance up to 50% error of the
true values of the inertia matrix. For future work, we aim to develop a new filter algorithm that estimates simultaneously the full
inertia tensor and disturbance torque.
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