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Abstract− In this paper, a new methodology is applied to optimize
the geometry of conductors of overhead transmission lines (TL)
with high precision and low computational cost. This methodology
is based on the sensitivity analysis of the electrical charge of the
transmission lines using the adjoint method. This information is
used with the gradient method and the golden section algorithm
to minimize the electric field at the ground level of three-phase
TL with two cables per phase. The approximation using central
finite differences to obtain sensitivity is adopted for validation
and comparisons. The TL’s with high surge impedance loading
is obtained after the optimization process.

Index Terms− Adjoint Method, Electric Charge, Gradient Method, Sensitivity
Analysis, Transmission Lines.

I. INTRODUCTION

The Brazilian country has continentality dimensions and needs to transmission energy from generator
centers to consumer centers in different regions of the country. It generates the necessity of to built
very long transmission lines with high investment involved [1]. New methodologies has been developed
on the last decades for to get TL with higher capacity of transmission energy than conventional ones
[2]–[4].

The increase in the power transmission capacity can be achieved by conventional uprating techniques
applied on transmission lines, such as: increasing the thermal limit of the line [5], [6]; increasing
operating voltage; increasing the number of subconductors per phase [7], [8]; or using compensators
[8], among other methodologies.

The Russian researchers has been developed since 70’s an unconventional and highly viable alternative
called high surge impedance loading (HSIL) lines [9]–[11]. This methodology have commissioned TL’s
in operation on Russian and Brazilian territories [4], [12].

The HSIL implementation involves rearranging or increasing the number of conductors per bundle to
equalize the electric field between them. The HSIL methodology is based on the understanding of the
behavior of the electric field associated with each cable and how the physical and geometric parameters
of the line affect the electric field distribution [13], [9], [11]. The first geometric optimization of the
bundles study was presented in [14], where the main objective was to reduce audible noises.

The optimization of transmission lines to improve the SIL using conventional circular, circular
augmented, and elliptical bundles for equalization of electric field and current between the subcondutors
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is presented in [15]. The optimization of conductor bundles with single and multiple circuits using
evolutionary methods is performed in [3], [16], using approximated models for TL. The gradient project
method has been used in the design of new transmission lines with non-conventional shapes in [17].
In [18] a new methodology takes the optimization of HSIL lines without change the bundle shapes,
only change the centroids of each bundle. The ellipsoidal method, proposed in [19] is adopted by [18]
for minimizing electric field at ground level. A complete description of the technological challenges
involved in implementing HSIL methodology is given by [11].

Here the sensitivity analysis of the electric field at the ground level using the adjoint method is
developed [20]. This method has been used successfully in weather forecasting studies, in high frequency
electromagnetic problems and in problems with a high number of variables [21]–[23].

The adjoint method gets the sensitivity analysis (derived from the objective function concerning the
parameter of interest) of a problem solving only one more linear system of equations. While using a
classical method like the finite differences method, it is necessary to solve a system of equations for
each variable involved [21]. The adjoint method is efficient and fast to obtain the gradient information
of the objective function. The gradient, ellipsoidal and quasi-Newton methods are examples of search
direction methods that work with the sensitivity information obtained by the adjoint method [24], [2].

The adjoint method applied in low-frequency electromagnetic problems related to bundle optimization
is not available in the literature and it represents the main contribution of this paper. The assessment of
sensitivity by the adjoint method is based on Telegen’s principle and has been applied to high-frequency
optimization problems auspiciously [25].

In this paper, a tool to calculate and minimize the electric field at the ground level and improve
the SIL of the TL is developed. An electromagnetic model of the TL understudy is developed and the
electric charge and the electric field strength of the system are obtained. The optimization process is
performed by the gradient method which uses the sensitivity obtained by the adjoint method and the
approximation given by the central finite differences (CFD).

This paper enrolls as follows. Section II presents TL modeling. In Section III the adjoint modeling
is presented. Section IV presents an introduction to the optimization method adopted. In Section V the
surge impedance loading of TL is discussed. In section VI, the results of the simulations are presented.
The conclusions are presented in Section VII.

II. TRANSMISSION LINE MODELING

The TL analyzed is under normal steady-state operating conditions. The domain where the TL
is inserted, is considered to be linear, homogeneous, and isotropic [5], [26]. For the electric field
evaluation, the TL conductors are modeled as being straight, cylindrical, of infinite length, without
losses, and parallel to the ground plane. The soil effect is taken into account using the image method.
The electrical charge for each conductor is obtained using Maxwell’s potential coefficient matrix [26],
[5]: qaqb

qc

 =

Paa Pab Pac

Pba Pbb Pbc

Pca Pcb Pcc


−1 VanVbn

Vcn

 (1)

where qa, qb and qc are the electric charge phasors of each phase, Van, Vbn and Vcn are the voltage
phasors applied in each phase. The description of the elements of Maxwell’s potential coefficient
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matrix can be obtained from [5], [26]. Once the electrical charge for each cable is defined, the x and y
components of the electric field at ground level can be obtained by applying Gauss’s law. The electric
field in the x direction Ex is given by [5], [26]:

Ex(x, y) =

N∑
i=1

(
qi

2πε0

)[
(xn − xi)

(xn − xi)2 + (yn − yi)2
− (xn − xi)

(xn − xi)2 + (yn + yi)2

]2
(2)

where qi is the electrical charge of the i− th conductor, xi and yi, xn and yn, respectively horizontal
and vertical positions of conductors and field assessment points; and N is the number of conductors.
The intensity of the electric field depends on the position and electrical charge of each conductor.
Besides, capacitance and inductance of the TL, are defined by conductor geometries, these parameters
are directly related to the transmission capacity of the TL [27].

Along the surface of each cable of the TL, the superficial electric field is determined. The successive
image method is adopted, described in detail by [28]. The maximum surface electric field of each cable
is compared with the value of the critical surface electric field (Ec) from which the corona effect occurs
[29], [11]:

Ec = 18.11fsδik

(
1 +

0.54187√
rδik

)
(3)

where r is the radius of the conductor in cm, fs is the surface factor, usually adopted as 0.82, and
δik is the atmospheric pressure at sea level [10]. A sensitivity analysis of the electrical charge of the
transmission system related to cable position (coordinates x and y) can be obtained precisely and fast,
using the adjoint method presented in the next section.

III. SENSITIVITY ANALYSIS

The electrical charge of each conductor of the TL is obtained through the linear system of equations
given by:

P (x, y)q = V (4)

where P (x, y) is the (N ×N)-matrix of the system (the elements of this matrix are dependent on the
design variables x and y), N is the number of TL conductors, q is the N -vector of state variables and
V is the excitation N -vector.

The objective of the adjoint sensitivity is to obtain the gradient of a response function (objective) of
interest defined by the user f(x, y, q) regarding the coordinates x and y of the problem. The classic
way to achieve this gradient is through the finite difference method. It perturb each parameter related
to xi and yi and solves the linear systems obtained from it. This approach needs to obtain P (x, y)

for each disturbed parameter and solve the linear system at least n times, where n is the number of
disturbing variables [21].

The adjoint method can determine the derivate of the objective function (sensitivity) more efficiently.
The sensitivity analysis concerning the x coordinate is given as follows. It starts with the differentiation
of the linear system given in (4) in relation to the i-th parameter xi [20]:

∂(P (x)q̄)

∂xi
+ P

∂q

∂xi
=
∂V

∂xi
(5)
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The first term of (5) consists of the derivative of the matrix P while q is maintained at its nominal
value q̄. The expression (5) is rewritten according to the state variable q:

∂q

∂xi
= P−1

(
∂V

∂xi
− ∂(P q̄)

∂xi

)
(6)

The derivative of the objective function f(x, q) in relation to the i-th parameter xi is given by [20]:

∂f

∂xi
=
∂ef

∂xi
+

(
∂f

∂q

)T

P−1

(
∂V

∂xi
− ∂(P q̄)

∂xi

)
(7)

The adjoint variable is inserted in (7), which is responsible for the connect the design variables of
the problem (x, y) and the objective function [20], [30]:

q̂T =

(
∂f

∂q

)T

P−1 (8)

⇒ P T q̂ =

(
∂f

∂q

)
(9)

The q̂ vector of adjoint variables is obtained by solving (9). The adjoint matrix of the system is the
transposition of the original system given by (4). The excitation of the adjoint system (9) depends on
the objective function f(x, q) and it’s derivative in relation to the state variables. Solving the adjoint
system the sensitivity of the response of the i-th parameter xi is given by [20]:

∂f

∂xi
=
∂ef

∂xi
+ q̂T

(
∂V

∂xi
− ∂(P q̄)

∂xi

)
(10)

It’s verified that with the solution of the original system (4), q is obtained while solving the adjoint
system (9) q̂ is derived. Then the sensitivity related to each parameter x can be obtained by means of
(10). The objective function f(x, q) related to the proposed problem is given by:

f(x, q) =

(
N∑
i=1

qi

)2

(11)

where N is the number of TL conductors and qi is the density of charge of each conductor. The
derivative of the response function adopted as an excitation vector in the adjoint model is given by:

∂f(x, q)

∂q
= 2

(
N∑
i=1

qi

)
(12)

The response function adopted f(x, q) and the voltage phasor V used to calculate the electrical
charge of the system have no dependence on x variable, leading these terms to vanish in (10). So, the
expression of the sensitivity analysis obtained with the adjoint method concerning xi is finally obtained:

∂f(x, q)

∂xi
= q̂T

(
− ∂P
∂xi

)
q̄ (13)

where q̂ is obtained solving the adjoint system, and q is obtained from the original system solution.
With the adjoint modeling of the problem, it is possible to get information on the sensitivity of n
variables just by solving one more linear system.

The adjoint method needs to evaluate the derivative of the matrix of the system P (x, y). If the derivate
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of P (x, y) matrix is given numerically by using the central finite difference (CFD) approximation, the
adjoint-CFD method of sensitivity analysis is obtained [21]. This sensitivity is called feasible adjoint
sensitivity technique (FAST) proposed by [31]. However, if the analytic derivate of the P (x, y) matrix
is performed, so the sensitivity analysis is called adjoint-analytic method [31]. Once the methodology
for obtaining the gradient information is defined, the next step is to choose an optimization method
that uses it.

IV. OPTIMIZATION METHOD

The optimization method adopted uses the gradient of the objective function obtained through the
adjoint and CFD methods described in detail in the previous section. The gradient method with the
golden section algorithm is adopted in this work. The method is defined by the iterative algorithm,
[21]:

xk+1 = xk − αk∇f(xk) (14)

where the new minimum xk+1 is obtained by a step of length αk towards the opposite direction of
the gradient of the objective function. The step length αk is a scalar minimizing the objective function
towards −∇f(xk) which is obtained via the algorithm of the gold section [21].

In (14) from the point xk a new minimum point is obtained along the opposite direction of the
gradient of the objective function, this minimum is adopted as xk+1. α is a scalar minimizing term
that changes with each iteration and is obtained via the algorithm of the gold section [21]. The only
necessary condition for the application of this algorithm is that the function is differentiable. The
complete description of this algorithm is given by [24]. The objective function of this work is given
by the square of the sum of the electric charge intensities of each TL conductor obtained by (1) and
represented by (11).

During the optimization process, the cable height can range from 1.00 m above (H max) or below
(H min) the original vertical positions. The restrictions adopted during the optimization process are
shown in Fig. 1.

Fig. 1. Geometric constraints adopted during optimization process: Dmin is the minimum distance between conductors of
different phases; dmin,dmax are the respective: minimum and maximum distance between conductors of the same bundle;

Hmin, Hmax are the respective: minimum and the maximum height of each cable.
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In Fig. 1 Dmin determines the minimum distance between different phases and dmin determines
the minimum distance between conductors of the same phase. Another constraint adopted during the
optimization process is the maximum distance between conductors of the same bundle dmax. This
constraint is used to avoid solutions with bundles with large dimensions. This constraint search for
feasible solutions related to mechanical implementation aspects [11], [3].

The other constraint adopted in the optimization process is related to Brazilian law. The federal
legislation [32] and the NBR 25415 [33], [34], establish the reference levels of electric fields at ground
level for occupational and general public exposure as 8.33 kV/m and 4.16 kV/m, respectively. Here, 1

m above the soil these levels of electric fields are verified through all the right-of-way (ROW) extension
of the transmission lines.

The maximum electric field at the surface of each conductor must the lower than or equal to the
critic electric field at the surface of the conductor obtained by (3). This constraint is to avoid the corona
effect occurrence in the optimized geometries.

During the optimization process, the number of variables in the optimization problem is half of
the real problem. This is because horizontally symmetric geometries are desired. This strategy saves
computational time during the optimization process and searches for solutions with equal mechanical
efforts in the tower arms.

To simplify the optimization process, shield wires are disregarded: their effect on the electric field
profile at ground level is negligible [28]. The mechanical and structural feasibility of the suggested
configuration by optimization must be analyzed through technical studies of mechanical efforts, costs,
among others [35].

The last constraint established that the SIL of the new geometry suggested must be bigger than or the
same as the original one after the optimization process developed in this work. The surge impedance
loading (SIL) is discussed in the next section.

V. SURGE IMPEDANCE LOADING

The surge impedance loading (SIL) of TL’s is given in MW and is obtained when the reactive
balance occurs [1]. The characteristic impedance Zc is expressed as the reactive power produced is
equal to the reactive power consumed. This relationship is expressed by [1]:

Zc =
Vff
I

=

√(
L

C

)
(15)

where Vff is the magnitude of the phasor voltage between two phases [kV], I is the line current
[A], L is the line inductance of the positive sequence per meter [H / m], C is the line capacitance
of the positive sequence per meter [C/m] and Zc is the characteristic impedance [Ω]. The SIL can be
expressed as [1]:

SIL =
Vff

2

Zc
(16)

From (16) and (15), an increase in the surge impedance loading can be obtained by increasing C

and/or reducing L of the TL. High surge impedance loading lines (HSIL) have been used to reduce the
right-of-way width of the TL’s (distances between different phases reduced) and using bundles with
increasing distance between subconductors. These actions intend to reduce Zc and improve the SIL
[13].
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VI. RESULTS

Here a 345 kV TL with 2 cables per phase, is considered to show the effectiveness of the proposed
approach. The adopted geometric constraints are shown in Table I, where XL and XR are the left and
right horizontal limits and the other parameters are shown in Fig.1. The last constraint is concerned
with the SIL. It requires that the SIL of the new geometries must be greater than 5% of the original
ones.

TABLE I. CONSTRAINTS OF OPTIMIZATION PROCESS

Case Dmin(m) dmin(m) dmax(m) XL(m) XR(m) Hmax(m) Hmin(m)
I 5.00 0.40 1.50 -9.46 9.46 15.29 13.29

The gradient of the objective function is obtained in three different ways: first, with the adjoint-CFD
method, second using the adjoint-analytic method, and third, using the CFD method. The errors 1 and
2 obtained between CFD and adjoint-CFD methods and between CFD and adjoint-analytic methods,
respectively, for the sensitivity analysis, is shown in Table II.

TABLE II. COMPARATIVE ERROR - ADJOINT AND CFD METHODS

Case I - cable 1 Sensitivity in x Sensitivity in y
Adjoint-CFD method 0.1021497399422×10−11 0.3558566740333×10−13

Adjoint-analytic method 0.1021497406179×10−11 0.3558566672820×10−13

CFD method 0.1021497399190×10−11 0.3558565644821×10−13

|Error 1| 2.2711749261239×10−10 3.0785212630365×10−7

|Error 2| 6.8419164419323×10−9 2.8888015643788×10−7

Table II show the errors of the sensitivity analysis obtained by the adjoint-CFD, adjoint-analytic, and
CFD methods for the conductor number 1 of the TL shown in Fig. 1. It’s verified that the sensitivity
in x and y obtained through the adjoint method has high precision with errors from the sixth decimal
place.

The algorithm takes 100 iterations to find the optimal solution. The profile of the original and
optimized electric field using the gradient method that uses the sensitivity obtained by the adjoint-
CFD, adjoint-analytic, and CFD methods can be seen in Fig. 2. Fig. 2 shows that the application of
the gradient method that uses the sensitivity information obtained through the adjoint method obtains a
configuration with reduction of the electric field at ground level. The original and optimized positions
of the cables can be seen in Fig. 3. Fig. 3 shows that the bundles obtained are symmetrical and have
lower distances between phases. The final configuration is given by gradient method using adjoint-CFD,
adjoint-analytic, and CFD sensitivity are different. The starting and ending positions of the cables are
given in the Table III.
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Fig. 2. Electric field profile at the ground level - original and optimized.

Fig. 3. TL 02 cables 345kV - original configuration ( ◦ ),
optimized configuration: adjoint-CFD method ( � ), adjoint-analytic method ( 4 ), CFD method ( � ).
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TABLE III. ORIGINAL AND OPTIMIZED POSITIONS

Positions Phase 1 (m) Phase 2 (m) Phase 3 (m)
x original -9.457 -9.000 -0.228 0.228 9.000 9.457

x optimized adjoint-CFD -8.826 -8.307 -0.431 0.431 8.307 8.826
x optimized CFD -8.620 -8.220 -0.228 0.228 8.220 8.620

x optimized adjoint-analytic -8.769 -8.369 -0.399 0.399 8.369 8.769
y original 14.290 14.290 14.290 14.290 14.290 14.290

y optimized adjoint-CFD 15.290 15.290 15.290 15.290 15.290 15.290
y optimized CFD 15.265 15.270 13.290 13.290 15.270 15.265

y optimized adjoint-analytic 15.290 15.290 15.290 15.290 15.290 15.290

The maximum value for the electric field at surface of each conductor is obtained for: the original
configuration (Es original); the configuration obtained using adjoint-CFD method (Es adjoint-CFD); the
configuration obtained using adjoint-analytic method (Es adjoint-analytic); the configuration obtained
using CFD method (Es CFD). These maximum values are compared with the critical value of the
electric field at the surface (Es critical) of the cables. All of these superficial electric field levels
are presented in Table IV. It shows that the optimization configurations have a satisfactory behavior
concerning the occurrence of the corona effect because the critical value of the superficial electric field
in each cable is respected.

TABLE IV. MAXIMUM AND CRITICAL SUPERFICIAL ELECTRIC FIELD INTENSITIES

Cable number Es original Es adjoint-CFD Es adjoint-analytic Es CFD Es critical
(kV/cm) (kV/cm) (kV/cm) (kV/cm) (kV/cm)

1 16.136 17.934 17.544 17.790 19.377
2 17.601 18.889 18.676 18.286 19.377
3 16.548 17.080 16.824 16.968 19.377
4 16.552 17.079 16.824 16.968 19.377
5 17.604 18.891 18.678 18.287 19.377
6 16.138 17.932 17.542 17.789 19.377

The surge impedance loading (SIL), the characteristic impedance (Zc) of the original, and optimized
configurations, and the computational time of different methods of sensitivity are given in Table V.

TABLE V. SURGE IMPEDANCE LOADING (SIL) AND CHARACTERISTIC IMPEDANCE (Zc)

Case I Original CFD method Adjoint-CFD method Adjoint-analytic method
Zc (Ω) 294.40 248.33 265.30 271.05

SIL (MW) 404.29 479.30 448.63 439.12
Increase in SIL (%) 18.55 10.97 8.61
Computational Time t t/3.80 t/6.32

It could be observed from Table V that the impedance Zc, in the optimized configurations, are lower
than the original one. The relation between SIL and Zc is given by (16) where it is possible to see that
the SIL grows when Zc decreases.

Although the proposed optimization problem is based on the minimization of electric charge of the
conductors (11), the improvements in the SIL are, respectively, 18.55%, 10.97%, and 8.61% using
CFD, adjoint-CFD, and adjoint-analytic methods. Also, once the SIL is a constraint in the problem, it
is expected that for more complex cases (a great number of conductors) the constraints would be more
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difficult to be respected due to the increase in the number of variables which requires more time of
execution for CFD method. On the other hand, the sensitivity analysis using the adjoint methods is not
affected by the choice of perturbation parameters and does not demand additional computational time
with a large number of variables. So, the bigger value of the SIL found by the CFD method in this
specific case does not guarantee that it would happen for other cases with more than two cables per
phase.

Finally, it is important to highlight the reduction of the computational time using the adjoint method
compared with CFD methods in Table V. The time to calculate the sensitivity using adjoint-CFD and
adjoint-analytic methods are 3.8 and 6.32 times lower than the computational time of the CFD method.
This is because, with only the solution of one more linear system, the adjoint sensitivity concerning
the n variables considered is obtained. On the other hand, in the CFD approach, it is necessary to have
the solution of a system with forwarding and backward perturbation for each one of the n evaluate
variables.

VII. CONCLUSIONS

The proposed methodology furnished configurations with improved SIL and reduced electric fields
at ground level. It’s verified that the sensitivity analysis using the adjoint method provides the gradient
information with higher precision and greater efficiency than the approximation using central finite
differences.

The results shows that the sensitivity analysis has the potential to be used in cases with a greater
number of conductors per phase. Also, this method can become the optimization process more faster
by reducing the computational cost.

Due to its characteristics, the adjoint method can be used with other algorithms that are based on
the gradient of the objective function such as the Broyden–Fletcher–Goldfarb–Shanno (BFGS) method,
the ellipsoidal method, among others.

The proposed optimization problem is based on the minimization of the square of the sum of electric
charge of each conductor of the system given by (11) respecting the constraints of geometry and SIL
which were given in Sections IV and V, respectively. So, once the SIL is a constraint in the problem, it
is expected that for more complex cases (a great number of conductors) the constraints would be more
difficult to be respected and this increase in the number of variables means more time of execution
for CFD method. On the other hand, the sensitivity analysis using the adjoint methods is not affected
by the choice of perturbation parameters and does not demand additional computational time with a
bigger number of variables. We hope to do an experiment with a great number of conductors very soon
to confirm this hypothesis.
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