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ABSTRACT. A method for constructing rotated Z"-lattices, with n a power of 2, based on totally real
subfields of the cyclotomic field Q(&,r), where r > 4 is an integer, is presented. Lattices exhibiting full
diversity in some dimensions 7 not previously addressed are obtained.
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1 INTRODUCTION

Ring theory and algebric number theory have long shown to be useful tools in the theory of
information and coding [8] and [2]. In particular, lattices (discrete subgroups of the Euclidean
n-space R") have played a relevant role in code design for different types of channels, see for
example [12], [5], [6], and [9]. One central problem in the design of signal constellations for
fading channels is to construct lattices from totally real number fields with maximal minimum
product distance. Using number-theoretic methods, Andrade et al. [1] and Bayer-Fluckiger et
al. [12] presented constructions of algebraic lattices with full diversity and gave closed-form
expressions for their minimum product distance using the corresponding algebraic properties.

The n-dimensional integer lattice, denoted by Z”", consists of the set of points in R” whose coordi-
nates are all integers. In [1], for any integer r > 3, rotated Z"-lattices, n = 2" —2_ were constructed
from Q(&r) T = Q(&r + &), the maximal real subfield of Q(&or), where - is a primitive 2'-th
root of unity. In this work, we extend the method in [1] by considering a particular subfield of
Q(&r) ™, namely, Q(&3 + C272), to construct lattices in dimensions that are powers of 2.

This paper is organized as follows: In Section 2, notions and results from algebraic number
theory that are used in the work are reviewed. In Section 3, rotated Z"-lattices constructed from
the totally real fields Q( 22,L + C{rzk), with k = 0, 1, are presented and their minimum product
distances are computed. In Section 4, the concluding remarks are drawn.
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2 NUMBER FIELDS BACKGROUND

If F be a number field of degree d (notation: [F : Q] = d), then F = Q(w), for some @ € C, which
is a root of a monic irreducible polynomial p(x) € Z[x]. The d distinct roots of p(x), namely,
Wy, @, ...,0y, are the conjugates of @. The embeddings of IF in C are the field homomorphisms
7, : F — C given by 7;,(®) = ; and 7;(a) = a forall a € Q, for i = 1,2,...,d. The latter set of
embeddings is denoted by Emb(F,C). If 7;(F) C R, fori = 1,...,d, we say that F is totally real.
The set {t € Emb(F,C)|t(F) = F} is a group under composition, called the Galois group of
F over Q and denoted by Gal(F/Q). The norm and the frace of an element ¢ € F are defined,
respectively, as the rational numbers

Npjg(a) =] () and Treg(a) =Y 7i(a).
i=1 i=1
The set

{yeF|3Im e Z+p and ag,ay,...,an—1 GZ:y’"+am,1)/”_1+~~+aly+ao:0}

is a ring, called the ring of integers of F and denoted by Op; moreover, the latter is a Z-module
and it has a basis {ay,...,a;} over Z, called an integral basis for F. The discriminant of F,

denoted by Ag, is the rational integer given by det(Trg/q(0)))¢ ;.

Theorem 1. [14, Ch. 2] If L = Q(&yr), with r > 3, then
1. [L:Q]=¢(2") =2""", where ¢ denotes Euler’s totient function;
2. Op =7t and {1,5r, 53, ., 22:7171} is an integral basis for L;

3 [L:LT)=2and [LT: Q] =272 where LT = Q({or + &5;') is the maximal real subfield
of L;

4. O, =Z[6r + 4’2’,1] and {1,5r + C{,l, gzz, + C272, . 22:72*1 + C272r72+1} is an integral
basis for L.

Corollary 2. The degree of Q({3 + 4272) over Q equals 23, with r > 4. Proof. Observe that
&2 = &1 and use part 3 of Theorem 1. O

Corollary 3. [f K = Q({3 + §5%), with r > 4, then

1. the ring of integers of K, namely, Ok, is given by Og = Z[3 + C{,z]

2. {1,G+62,.., C;f"il) + C;Z("fl)} is an integral basis for K, with n = 2"=3.

Proof. Observe that {3 = {,,1 and use part 4 of Theorem 1. O
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Proposition 4. [13, Theorem 9.12, p. 364] The order of 5 modulo 2" is 2" 2.

Gal(Q(&yr)/Q) is isomorphic to (Z/2'Z)* = (Z/27) x (Z/2"~*Z) and is of order 2! [14,
Theorem 2.5, p. 11]. For any odd integer i, let 0; be the automorphism of Q(&,r) given by
0i({yr) = i, Furthermore, let (o;) denote the cyclic subgroup of Gal(Q(&r)/Q) generated
by o;. The fixed field of (o) is Q({or + &'). Observe that sz,-#z = {4 is the imaginary unit
and so the fixed field of (os) is Q(¢% 72). With the latter two observations in mind, refer to
Figure 1, where the group indicated along each line represents the Galois group of the respec-
tive field extension. By Galois theory and more specifically, by [10, Theorem 1.1, Ch. VI],
Gal(Q(&r)/Q(&r + &) = (o-1) and Gal(Q(&r)/Q( 22;72)) = (05); furthermore, by [10,
Theorem 1.12, Ch. V1], it follows that Gal(Q({yr + §5')/Q) = (0s). Lastly, by [10, Theorem
1.14, Ch. V1], it follows that Gal(Q(&yr)/Q) = (0-1)(05).

Q(&r)
<0',1> <65>
Qi +&) QL)
<G5> (0-1)
Q& +5HNQE )
=Q

Figure 1: Relevant subfields of Q({yr).

3 CONSTRUCTION OF IDEAL LATTICES

Let K be a totally real number field of degree n. An ideal lattice A is a lattice (<7, qq), where
2/ C Ok is an ideal,

Go : S x o — 7 is given by qq(x,y) = Trg g(oxy), forall x,y€ </,

and o € K is totally positive, that is, o;(a) > 0, for all i = 1,2,... ,n. If {w;,wa,...,w,} is a
Z-basis for <7, then the generator matrix R of A is given by

Voir(a)or(w)) vJor(a)or(wy) -+ Jou(ot)on(wr)
Vo @aitm) Va@oan) o /o(@onmn),

The Gram matrix of A is given by G = RR' = (Tr(ow;w;))
of R.

7 i—1» where R’ denotes the transpose
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Let x = (x1,...,x,) € R" be an element of A. The product distance of x from the origin is defined

as
n

dp(x) =] Ix1,

i=1
and the minimum product distance of A is defined as
dpmin(A) = min, dp(x).

When 7 is a principal ideal of Ok, the minimum product distance of A is given by

det(A)

dl’.min (A) = Ax ’

where det(A) = detG, see [12, Theorem 1].

Let o/ and <7’ be two ideals in Ok. Lattices («7,q) and («7’,q’) are said to be isomorphic
(notation: (&7 ,q) ~ («7’,q')) [4] if there exists § € K\ {0} such that &' = .27 and ¢'(Bx, By) =
q(x,y), forallx,y € &7

3.1 Construction from the subfield Q({» + &5,')

Let L be the cyclotomic field Q(>r) and K = Q(8), where 8 = { + &' and where r >
3. Throughout this section, let n = [K : Q] = 2" ~2. From [3, Theorem 2.2], one has Ag =
20=1)2"2=1_The lattices in this section will be built from the ring of integers of K, whose an
integral basis is given by {1,&r + &5, v+ Cz_,("_l)}.

Let A = (Ok,qq) be an ideal lattice and ¢ a positive integer. Since the Gram matrix of (1/cZ)" is
cl,, a necessary but not sufficient condition for A to be isomorphic to (1/cZ)", a scaled version
of Z", is that det(A) = ", see [4, 12]. Thus, the first step when verifying whether A ~ Z" is to
find o € Ok such that Ng o (a)Ak is a perfect nth power. Since

2Z[6r] = (1 - &n)? ™ 2,

one has Ny (1 — {yr) = 2. Using the transitivity of the norm, it follows that

2 = Npg(l—=G&r)=NgNyx(l—2Er))
Ng/o((1= &) (1= 8:1) =Ngjg(2— (&r +85')) = Ng (2 - 6).

Thus & = Ny g (1 — §r) =2 — 6 is an element of Ok of norm 2.

Proposition 1. /1] If K = Q(&or + 5,1, then

0 if ged(k,27) <21,
Trpo(8r+ 85 =9 =277 if ged(k,27) =25
2= if ged(k,2") > 27,

Proposition 2. [1] Let K = Q(0), e = l and e; = {, + {5/, fori=1,2,...,n— 1.
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2n ifi=0;
dn ifi #0.
—2n ifi=1;
0 ifi#1.

1. Ifi=0,1,...,n— 1, then qq(e;,e;) = {

2. Ifi #0, then qo(ei,e0) = {

~2n if [i-jl=1;

3. Ifi#0, j#0andi# j, then qu(ei,ej) = { 0  otherwise

Corollary 3. If Q(x,y) = LTrK/@(Otxy), then the matrix of Q in the basis {eq,e1,...,en_1} is

1
given by
1 -1 0
-1 2 -1 0
0 -1 2
G=
2 -1 0
-1 2 -1
0 -1 2
Proof. It follows directly by Proposition 2. O

Matrix G of Corollary 3 is the Gram matrix of a rotated Z"-lattice relative to the basis
{wo, wa, ..., wy_1}, where wo = Eg, w; = —E;_| + E;, fori=1,2,--- ,n—1, and {EJ};’;(I) is the
canonical basis of Z". Thus ¢(e;) = w;, fori=0,1,...,n— 1, is an isomorphism of the Z"-lattice.
The basis which corresponds to the canonical basis of Z" through this isomorphism is then given
by fi=¢ (E) = Zj-:o ej,fori=0,1,---,n— 1. Hence, it follows the following result.

Proposition 4. Notation as above, if { fo, f1,- .-, fa—1} is a Z-basis for Ok, where f; = 23':0 ej,
fori=0,1,....,n—1, then
1
F”K/Q(“fifj) = &jj,
i.e., the lattice (O, zr%lqa) is isomorphic to 7".
Let {6°,0,...,06" !} be the Galois group of K over Q. Thus, the generator matrix of the lattice
associated to the ring of integers of K is given by

c%e)) - 0" ep)
M:
Go(enfl) o" l(e 1)
Let
1 0 0 0
n—1 1 1 0 0
Adiag< Gk((x)> and T = )
k=0 .
11 -+ 1 1
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The generator matrix of the rotated Z"-lattice is given by

1

R =

TMA,

see [12, p. 705].

Example 3.1. Let L be the cyclotomic field Q(8,3) and K its maximal real subfield Q(&ys + C2§1 ).
In this case, o0 =2 — ( 233 + C2§3) Ax =23 and ¢ = 2°. Considering the Z-basis {ey = 1,e; =
e1=GCn+ ngl}for Ok and Q(x,y) = z%qa (x,y) = 2%TrK/Q(chy), it follows that the matrix of

qo IS given by
1 -1
G= .
—1 2

Matrix G is the Gram matrix of the rotated Z2-lattice relative fo the basis {wo, w1} with wy = Ej
and wy = —Eo + Ey, where {Eo,E\} is the canonical basis of 72. This implies that ¢(e;) = wj,
for i =0,1, is an isomorphism of the Z*-lattice. The basis which corresponds to the canonical
basis of 7* through this isomorphism is then given by f; = ¢~ (E;), fori =0, 1, i.e., fo = ep and
J1 =eo+ey. Therefore, Z%TrK/Q(chifj) = §;j, i.e., the lattice (O, Z%Qa) is isomorphic to 7.

Example 3.2. Ler L be the cyclotomic field Q({y4) and K its maximal real subfield Q( {4 + szl ).
In this case, o0 = Ny jx(1 —Cpu), Ax = 2" and ¢ = 25. Considering the Z-basis {eg = 1,e; =
Gt Glea = Gt Gt ven — B+ ) for O and Q(x.y) = s gulxey) = 5 Tr o) i
follows that the matrix of qq is given by

1 -1 0 o
-1 2 -1 0
0 -1 2 -1
0 0 -1 2

G=

The matrix G is the Gram matrix of the rotated 7*-lattice relative to the basis {wo,wi,w2,w3},
withwo = Eg, wi = —Eg+Ej, wp = —E| + E; and wy = —E, + E3, where {Eo,E|,E»,E3} is the
canonical basis of Z*. This implies that ©(e;) =w, fori =0,1,2,3, is an isomorphism on the
Z*-lattice. The basis which corresponds to the canonical basis of Z* through this isomorphism
is then given by f; = ¢ \(E;), for i =0,1,2,3, i.e., fo = eo,f1 = eo+e1, /> =ey+e1 +er and
f3 =eg+e +ey+es. Therefore, 2%T;',(/@(Otfifj) = §;j, i.e., the lattice (O, z%qa) is isomorphic
to 7°.

3.2 Construction from the subfield Q(7 + ¢,.)

Let L=Q({r), r >4, L = Q(6), where 8 = {r + ¢!, and K = Q(&F + &5%). Throughout
this section, let n = [K : Q] =2"73. Thus [L* : Q] =2"72, [L* : K] =2, and Gal(L* /Q) = (o),
where 6($r) = &3, is a cyclic group isomorphic to Z, 2. Let Gal(K/Q) = {0°,0,...,6"" !}
and Gal(L*/K) = {6°,6"~'}. From Proposition 4, it follows that 5" — 1 = 5% —1 =0
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(mod 2"71), i.e., 52 — k27=1 1 1, where k is an odd positive integer. Thus, 6" ({or) = &5 =

(& )21 = — ¢y, and therefore, 67(8) = —8. So,

a = Npgg(2-6)= ﬁc”’(Z— 0)

i=0
= (2-6)(2-0"(9))
= (2-0)2+0)=4-02=2—(F+5).

The lattices are built via the ring of integers of K, a real subfield of L™, whose an integral basis
is given by {1,53 + &2, ..., szr(n_l) + Cz_,z(n_l)}. Since

r—1
2Z[0r] = (1= &) Z[G],
it follows that Ny ;o (1 — &r) = 2. Using the transitivity of the norm, it follows that

Npo(1—=8&) = NgoNgx(1—080r)) =Ngo(Np+ g (Nzyz+ (1= 8r)))
Ni/o(Np+ (1= Gr)(1-8:1)

(

(

Nk/o(Nz+ /(2= (&r + &)
Ne/g(Nz: /g(2 - 0)) =2.

Thus, a = Ny + /(2 — 6) is an element of Ox whose norm is equal to 2.

Proposition 5. Let eg = 1 and e; = {3 + §272i, fori=1,2,....n—1.

. 2n if i=0;
1. Ifi=0,1,....,n—1, then qa(ei,e;):TrK/Q(Oteiei):{ n l;i;é().
. —2n ifi=1;
2. Ifi#0, then qq(eo,e;) = Trg g(0te;) :{ 0 1;17& L

3. Ifi,j=1,2,....n—1, with i # j, then

~2n if |i—jl=1;

qaleisej) = Tryg(aeie;) = { 0 otherwise

Proof. By the transitivity of the trace, it follows that Tryg(at) = Trgo(Tryk(a) =
22Try (). Since o0 =2 — (£3 + §,?) and ged(2,2") < 21, it follows that

Tryg(a) =2n.
Ife; = (¥ + 8%, fori=1,2,...,n— 1, then
ae; = (2—(G+5GNG+867)

= 2AG+ 57 -G+ G e,
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Since ged(2i,2") < 21, it follows that Try (&3 + §5*) = 0. Thus,

2n ifi=1;

Now, for i = 1,2,...,n— 1, it follows that e7 = {3 + {,,* + 2. Thus,

ae} = (2—@%+§?D@+<§+fiﬂlzl et
A4 2(8H 4+ &Y — 3 — 52 — (2P 4 20D L 20D | 20y

Since ged(4,2"), ged(2(i+1),2"") and ged(2(i — 1),2") < 2", it follows that

TrL/Q(Oteiz) =4n.

Finally, let i j—l 2,....n—1, with i # j. Since ejej = ({2 + &%) (¢ + &¥) = 20 4
Cor 2i+) —|—C2, —i—CZ, ) with i > J, it follows that
_ -2 —2(i—j
acie; = (2-(G+&° >><c2 () o () +c 2

25+ 6,7 W+§ +8 )
(CQVH—H_I +C2r (i+j+1) +C2r —Jj+1) +C2r i—j+l))
(CZZr(i+j—1)+C2—rZ(i+j—1)+C22r(i—j—1) +C{rz<i_j_1))~

Since ged(i=+ j,2"),ged(2(i % j),2") and ged(2(i+ j+1),27) < 271, it follows that

o if |i—j|=1;
TrL/Q(ae,-e,-):{ 0 li=J]

otherwise,

which proves the proposition. O

Corollary 6. If O(x,y) = 2,¥72TrK/Q(Otxy), then the matrix of Q in the basis {ep,e1, - ,e,—1} is
given by

1 -1 0
-1 2 -1 0
0 -1 2
G=
2 -1 0
-1 2 -1
0 -1 2
Proof. It follows directly from Proposition 5. 0

Matrix G of Corollary 6 is the Gram matrix of a rotated Z"-lattice related to the basis
{wo, w1, -+ ,wn_1}, where wo = Eg, w; = —E;_1 + E;, for i = 1,2,--- ,;n— 1, and {E; }” o is
the canonical basis of Z". Thus @(e;) = w;, fori=0,1,--- ;n—1,is an 1som0rphlsm on the Z"-
lattice. The basis which corresponds to the canonical basis of Z" through this isomorphism is

then given by f; = ¢~ (E;) = 23:0 ej,fori=0,1,--- ,n—1. Hence, one has the following result.
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Proposition 7. If { fo, f1, -, fu—1}, where f; = Zé-:o ej, fori=0,1,---,n—1, is a basis of Ok,
then {

FTrK/Q(afifj) = &),
i.e., the lattice (Ok, ijqa) is isomorphic to Z".
Let Gal(K/Q) = {0°,05,...,6" !} be the Galois group of K over Q. Thus, the generator matrix
of the lattice associated to the ring of integers of K is given by

c%e)) -+ 0" ep)
M= :
60(6”71) T anl (enfl)
Let
1 0 00
n—1 1 1 0 0
A—diag( sz(a)> and T = )
k=0 .
1 1 --- 1 1

As before, the generator matrix of the rotated Z"-lattice is then given by

1
R=—TMA.
2r72

Example 3.3. Let L be the cyclotomic field Q($y) and K C L its real subfield given by K =
Q(C224 + szz). In this case, [LT : K| =2,

o = Npyg(l=81) =N e (Npype (1= 6)) = Nps (1= Ga) (1= 8,1
Npe (2= (G +831) = 2= (Gh+ 52— (G + 831)
4=206u+ "+ O+ GO (R + A+ 00+ 6,

Ak =23 and ¢ =22 Considering the Z-basis for Ok, namely, {eo,e|}, where eg = 1 and ) =
C224 + C2_42, and Q(x,y) = 2%6105 (x,y) = Z%Trk/@((xxy), it follows that the matrix of qq is given by

(1)

Matrix G is the Gram matrix of the rotated Z2-lattice relative to the basis {wo, w1 } with wy = Ej
and wy = —Eo + E1, where {Eo,E\} is the canonical basis of Z*. This implies that ¢(e;) = w;,
for i = 0,1, is an isomorphism of the 7*-lattice. The basis which corresponds to the canonical
basis of Z* through this isomorphism is then given by f; = ¢~ (E;), fori = 0,1, i.e., fo = eo and
f1 = eo+ey. Therefore, Z%TrK/Q(O(fifj) = §;j, i.e., the lattice (O, z%qa) is isomorphic to 7.
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Example 3.4. Let L be the cyclotomic field Q(&ys) and K C L its real subfield given by K =
Q( 225 + C{SZ) In this case, [LT : K| =2,

a = Npg(1—=0s)=Np+/xk(Npp+(1—8s)) = Np+ g (1= 85)(1— Cz_sl)
Ny k(2= (G5 +851) = 2= (6 + 8572 = (G + 851))
= 428+ 0 0 + 5T (G H 810 7+ 1),
Ag = 2" and ¢ = 25. Considering the basis {eg,e1,e2,e3}, where ey = 1, e] = 225 + C2—52 e =

C;S + C2_54 and e3 = 265 + CZZG, of Ok and Q(x,y) = 2%%5 (x,y) = 2L_gTrK/@(Owcy), it follows that
the matrix of qq is given by

1 -1 0 o
—1 2 —1 0

G =
0 -1 2 -1
o 0 -1 2
Matrix G is the Gram matrix of the rotated 7*-lattice relative to the basis {wg,---, w3}, with

wo = Eo, w1 = —Eg+E|, wp = —E| + E; and w3 = —E3 + Ea, where {Ey,E1,E,E3} is the
canonical basis of Z*. This implies that ¢(e;) = w;, for i =0,1,2,3, is an isomorphism of the
Z*-lattice. The basis which corresponds to the canonical basis of Z* through this isomorphism
is then given by f; = @ (E;), for i =0,1,2,3, i.e., fo = eq, fi = eo+e1, fr =eo+el +er and
f3 =eg+e1+ex+es. Therefore, 2%T}"K/Q(Otf,-fj) = §;j, i.e., the lattice (O, 2%6105) is isomorphic
to 7.

From [12, Theorem 1], it follows that the minimum product distance of A is given by

1
dpmin(A) = N
To compare lattices in different dimensions, we use the parameter {/ d,,mn(/\). In the next table,
we list the minimum product distance of A for several dimensions. The entries in the column la-
beled “bound” were calculated from the minimal discriminant of Abelian and totally real number
fields of degree n, [11]. For n > 32, the minima appear to be currently unknown, which explains
the missing entries.

4 CONCLUSION

A method for constructing rotated Z"-lattices via the ring of integers of the subfield K = @(szrk +
C{,zk) of the cyclotomic field Q(&,r) with k =0, 1 has been presented. The dimensions n = 8 and
n = 16 were addressed in [7] using the field Q({g, + Cg_nl), and they have the same d) min(A)
as our cyclotomic construction. The lattices presented in this work are all ideal lattices, which
allowed us to easily evaluate their minimum product distances from field discriminants, just as
in [5] and [9].
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n ro| k| /dpmin(A) Bound n ro| k| /dpmin(A) Bound
2 310 0.594604 0.668740 2 4 11 0.594604 0.668740
4 4 10| 0.385553 0.438993 4 51 0.385553 0.438993
8 510 0.261068 0.296367 8 6 |1 0.261068 0.296367
16 6 | 0] 0.180648 0.214279 16 7|1 0.180648 0.214279
32 710 0.126361 0.167500 32 8 |1 0.126361 0.167500
64 8 | 0] 0.088868 — 64 9 |1 0.088868 —
128 9 10 0.062669 - 128 | 10 | 1 0.062669 -
256 | 10 | O 0.044254 — 256 | 11 | 1 0.044254 —
512 |11 |0 0.031271 — 512 | 12 | 1 0.031271 -
1024 | 12 | O 0.022105 — 1024 | 13 | 1 0.022105 —
2048 | 13 | 0 | 0.015628 — 2048 | 14 | 1 0.015628 —
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RESUMO. Um método para construir Z"-reticulados rotacionados, com n uma poténcia
de 2, via subcorpos totalmente reais do corpo ciclotdmico Q(,-), onde r > 4 é um inteiro,
¢é apresentado. Reticulados que exibem diversidade completa em algumas dimensdes n ndao

abordadas anteriormente sao obtidos.

Palavras-chave: reticulados, corpos cyclotdmicos, modulacdo, canais de desvanecimento,

distancia produto minima.
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