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ABSTRACT

A new subclass of infinite triangular arrays called hrl-local infinite triangular arrays is introduced. We introduce
infinite triangular domino systems to recognize the infinite triangular picture language. Also we introduce strictly
domino testable ww-triangular array languages.
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INTRODUCTION

Infinite triangular pictures are the digitized images which occur in the triangular
grid of two dimensional plane. Infinite triangular picture p is a triangular array of

elements of the terminal alphabet. It is useful to introduce the notation Z7° for the

set of all infinite triangular pictures over the same alphabet . Infinite triangular
picture has infinite number of rows and infinite number of right slanting lines and
infinite number of left slanting lines. The size |p| of a picture p is specified by the
pair (|plrows |Plrstines [Plisiine) OF its number of rows and right slanting lines and left
slanting lines. A pixel p(i, j, k), 1 <1 < |plows 1 < < |Plrstines 1 <j < [plisiine 1S the
element at position (i, j, k) in the triangular array P. Conventionally the indices
grow from bottom to top for the rows and from right to left for left slanting lines
and from left to right for right slanting lines.

For convenience we usually consider the bordered version of picture p obtained by
surrounding the picture with the special boundary symbol # which is assumed not
to be in the alphabet. In > domino recognizability of triangular picture languages
and hrl-domino systems are defined. Also in ? we define the overlapping of iso-
triangular pictures.

In * we learn about recognizable infinite array languages. In ® we study the
recognizability of infinite arrays and in * we define the recognizability of infinite
triangular pictures.

In this paper we consider another formalism hrl-domino system to recognize
infinite triangular picture languages.

6

INFINITE TRIANGULAR PICTURE AND DOMINO SYSTEMS

Infinite triangular picture has infinite number of rows and infinite number of right
slanting and left slanting lines. The set of all infinite triangular arrays over X is
denoted by X7 .

In *° hv-local picture languages are defined, where the square tiles of side 2 are
replaced by dominoes that correspond to two kinds of tiles (i) horizontal dominoes
of size (1,2) and (ii) vertical dominoes of size (2, 1). As in % here we consider
dominoes of the following types

Definition 1. L < X7 is hrl-local if there exists a finite set A of dominoes over
Tu &vl

L(A).
Definition 2. An infinite triangular domino system is a 4-tuple ITD = (£, T, A, n)
where ¥ and T" are two finite alphabets, A is a finite set of dominoes over the

alphabet "' U /—33- ’ t " and n: [ — X isa projection.

suchthat L = {p € X7 /By1(p) < A}. In this case we write L =

An infinite triangular domino system recognizes an infinite triangular picture
language L over the alphabet X and is defined as L = (L") where L' = L(A) is the
hrl-local infinite triangular picture language over I'. The family of infinite
triangular picture languages recognizable by infinite triangular domino systems is
denoted by L(ITDS).
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Proposition 1. If L c X7 is a hrl-local infinite triangular picture language then L
is a local infinite triangular picture language. That is L(ITDS) c L(ITTS).

Proof. Let L < X7 is a hrl-local infinite triangular picture language. Then L =

L(A) where A is a finite set of dominoes. We will construct a finite set 6 of ow-
triangular arrays of size 2 and show that L = L(0).

We now show that L’ = L. Let p € L'. Then by definition By ,(p) € 6. This implies

that
B21(p) = B21(B21(p)) < B21(0) c A. Hence p € L.

Conversely letp e Land g € Byo(p). Then B,1(q) < Bo1(p) < A. Thereforeq € 6
and p € L'
Hence L =L'.

[}

Lemma 1. Let L be a local mw-triangular picture language over an alphabet X.
Then there exists an hrl local language L’ over an alphabet and a mapping n : I’ —
¥ such that L = =(L").

Proof. Let L = L(0) where 0 is a finite set of ww-triangular arrays over £ U

(AN

Let S;, Sy, Sz < X7 be three strings languages over . The hrl-combination of S,
S,, Sz is an triangular array language Lt =S; ® S, @ S; < X7 such that p e L if
and only if the strings corresponding to the hrl overlapping of p belong to S;, S,
and to Ss respectively. Also we have to prove that the class of all hrl-local
triangular array languages is the hrl combination of the class of all local string
languages.

O

Theorem 1. hrl-TLOC =TLOC & TLOC & TLOC.
Proof. Let L e hrl-TLOC. Then L = L7 (A), for a finite set of dominoes over = U
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Let Ly, L, and L3 be the hrl-local string languages generated by the local sys-tems
(13, Cq, J1), (I, Cy, Jp) and (I3, Cg, J3) respectively. ThenL=L; ® L, ® Ly € TLOC
@ TLOC @ TLOC.

Conversely let L € TLOC © TLOC @ TLOC. LetL=L; ® L, ® Ly where Ly, L,
and L; are the local string languages generated by the local systems (ly, Cy, J1), (l2,
C,, J,) and (I3, Cs, J3) respectively. Let

A,:{:ueh.@:be[;}.
Ay = :ube(.’l}.
A3 = ueJ,.:/;eJl}.

Let A=At UA UA3U AU As U As U Ag U Ay U Ag U Ag. Then L =L7(A) and
therefore L € hrl-TLOC.

Example 1.

a
L= a a\ba
a,aba,ababa’m
is the hrl-local language which is represented by the following set of dominoes.

a a
b,::}

ab,ba

USEL

If Ly, L, and L; are the local languages generated by the local systems S; = {l,, C,,
Ji}and S, ={l,, C,, J,} respectively where

Il = {a}! Cl = {ab}1 ‘]1 = {a},

IZ = (Pa C2 = {ab}1 ‘]2 = {a},

I;={a}, C*s = {ab}, J; =9

L= {(ab) }, L, = {(ab) a}. ThenL = LLeL,® L3.

Definition 3. Let L < X7, we denote by By (p), domino testable, if there exists a
finite set of dominoes of size (1,1, 1+ 1), (1, k+ 1, 1) and (h + 1, 1, 1) such that
L={p e Z% :Byiii(p) UBik11(P) U Bni111(Pp) = A}

and we write L =L%"(A). The family of all strictly (h, k, 1)-domino testable m®-

triangular array languages is denoted by SDTT’,. Let L < X7 is strictly domino

testable, if L < SDTT;”, for some h, k > 0. The family of all strictly domino
testable mw-triangular languages is denoted by SDTT®”. Here we notice that
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SDTT., < SDTT,

h+1 k|

SDTT., < SDTT

hk+1|
and

SDTT??, < SDTTL?

hkJ+1

Example 2. Let Z = {a, b} and

ISP QSRS

| oo X

ENF/E\F/UF EF S HE\F E\F/EN -

Lh.k./ =

In Ly, the entries in the (i, j, k)™ position fori >hand j >k and k> l areaand b
and other entries are a; and b, then

Loy € SD-I—I—I:Tl),k,I \SD-ITI?E)J )
hketl € SD-ITI?ITA,I \SD-I_rhT,l ,

L
Ly €SDTT, L, \SDTT,.
Thus we have

o o o

SDTT,}, < SDTT,7, < SDTT};, < -+
/ / v/

SDTT, < SDTT;, < SDTT?}, < ---

Theorem 2.
SDTT,, =SFLT., ®SFLT;, ®SFLT?, and

SDTT®” =SFLT® @SFLT” ®SFLT".

Proof. Let
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Let L, L, and L3 be the members of SFLT.,, SFLT;’, and SFLT?, generated by
local systems (I, Cy), (I, C;) and (I3, Cs) respectively. Let

A;={G*_.ﬂg.....ﬂ"ﬂ. =N\ A, . 2y

Let A=At UA UA3 U AL U A5 U Ag. Then LLeL ® L3: LU-?,(A) where Li®L,
® L; € SDTT2’, . Thus we proved.

hkl*
O

CONCLUSION

In this paper the notion of recognizability of infinite triangular pictures by a new
formalism called hrl-domino systems have been investigated. Learning algorithm
and automata characterization of hrl-local owo-triangular array languages will be
studied. The learning of infinite triangular pictures and unary infinite triangular
picture languages and their complexity deserve to be studied further.
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