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ABSTRACT

In this note we announce some results in the study of groups of formal or germs of analytic diffeomorphisms
in several complex variables. Such groups are related to the study of the transverse structure and dynamics
of Holomorphic foliations, via the holonomy group notion of a foliation’s leaf. For dimension one, there is a
well-established dictionary relating analytic/formal classification of the group, with its algebraic properties
(finiteness, commutativity, solvability, among others). Such system of equivalences also characterizes the
existence of suitable integrating factors, i.e., invariant vector fields and one-forms associated to the group.
Our aim is to state the basic lines of such dictionary for the case of several complex variables groups.
Our results are applicable in the construction of suitable integrating factors for holomorphic foliations
with singularities. We believe they are a starting point in the study of the connection between Liouvillian
integration and transverse structures of holomorphic foliations with singularities in the case of arbitrary
codimension. The results in this note are derived from the PhD thesis “Grupos de germes de difeomorfismos
complexos em vdrias varidveis e formas diferenciais” of the first named author (Martelo 2010).

Key words: Formal complex diffeomorphism, infinitesimal generator, holomorphic foliation, germ of

complex diffeomorphism.

INTRODUCTION

The study of groups and germs of complex
diffeomorphisms fixing the origin is an important
tool in Complex Dynamics and in the theory of
Holomorphic Foliations via the study of holonomy
groups (Camacho and Lins Neto 1985) of its leaves.
Indeed, the holonomy groups (of the leaves) of
a codimension n > 1 holomorphic foliation are
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(identified with) groups of germs of complex
diffeomorphisms fixing the origin of C”". In the
codimension n = 1, case these are subgroups of
germs of one variable holomorphic maps and there is
a wellestablished dictionary relating topological and
dynamical properties of (the leaves of) the foliation
to algebraic properties of the group. This is clear in
works as (Camacho et al 1992), (Il'yashenko 1978),
(Nakai 1994) and (Scherbakov 2006). All these facts
are compiled in some works relating the existence of

suitable “transverse structures” for the foliation with
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the transverse dynamics of the foliation (Camacho
and Scardua 2001), (Scardua 1997, 1999). In
(Martinez 2003), F. Brochero studies groups of
germs of complex analytic diffeomorphisms having
a fixed point at the origin. For such groups the author
gives a nice study mainly focused on the analytical
or topological description of the following cases:
finite groups, linearizable groups, abelian groups
containing a ‘“generic” dicritic diffeomorphism.
This important work also motivates some of the
concepts and results in our work.

We study groups of formal or germs of analytic
diffeomorphisms in several complex variables.
Such groups are related to the study of the
transverse structure and dynamics of Holomorphic
foliations, via the notion of holonomy group of a
leaf of a foliation. For dimension one, there is
a well-established dictionary relating analytic/
formal classification of the group, with its algebraic
properties (finiteness, commutativity, solvability,
among others). Such system of equivalences also
characterizes the existence of suitable integrating
factors, i.e., invariant vector fields and one-
forms associated to the group. In this research
announcement, we explain the main results from
(Martelo and Scardua 2011), where we search the
basic lines of such dictionary for the case of several
complex variables groups. For abelian, metabelian,
solvable or nilpotent groups we investigate the
existence of suitable formal vector fields and closed
differential forms which exhibit an invariance
property under the group action. Our results are
applicable in the construction of suitable integrating
factors for holomorphic foliations with singularities.
We believe they are a starting point in the study of
the connection between Liouvillian integration and
transverse structures of holomorphic foliations with
singularities in the case of arbitrary codimension.

PRELIMINARIES, NOTATION AND DEFINITIONS

Let us introduce the notation we use throughout
this research announcement. We denote by O,
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the ring of germs at the origin of holomorphic
functions of n variables and by O, its formal
completion, see (Eisenbud 1995) for a detailed
construction of the formal completion of the
ring O,, as well as for some classical concepts
related to the formal objects we deal with in this
announcement). Denote by Diff(C", 0) the group
of germs of complex diffeomorphisms fixing the
vy Zp) @ SYS-
tem of complex variables in C”. The group of formal

origin 0 € C". We denote by z = (zy,

diffeomorphisms in n complex variables fixing
the origin is the formal completion Diff (C”, 0) of
Diff(C”, 0), obtained from the power series of the
coordinate functions of elements in Diff(C”", 0). This
way, given a formal diffeomorphism f” € Diff(C”,
0) we write / = £'(0) - z +§: fi(@) where 7 '(0) €
GL(n, C) and each f;is a VCJC:tzOI‘ whose coordinates
are homogeneous polynomials of degree ;j in
the variables z = (zy, ..., z,). To each formal
diffeomorphism f € Diff(C", 0) we associate
its derivative /'(0) € GL(n,C). We say that the
diffeomorphism f is tangent to the identity if f
'(0) = 1d. Denote by Diffj4(C”, 0) the subgroup
of elements tangent to the identity in Diff(C”, 0).
Also put Diff4(C”, 0) = Diffi4(C”, 0) N Diff
(C", 0). This gives inclusions of Diff(C”", 0), —
Diff(C”, 0) and Diffi4(C", 0) ,— Diffi4(C”", 0).
Given a subgroup G C Diff(C”, 0) the linear part
group is the subgroup DG C GL(n,C) defined by
DG = {g'(0): ¢ € G}. A subgroup G C Diffi4(C”, 0)
is called tangent to the identity. The subgroup of
formal diffeomorphisms, tangent to the identity
with order k, is defined as Diff,(C”, 0) = {/ € Diff(C",
0) | f(2) =z + fit1(2) + fital2) + * -+, fi+] # O}
Similar to the group of germs of holomorphic
diffeomorphisms at the origin 0 € C”, tangent to
the identity with order % is defined as Diffi(C”",
0) = Diff(C”, 0) N Diff(C", 0). We denote by
K, the field of rational functions of n-complex
variables and by K, its formal counterpart, i.e.,
the field of fractions of the ring of formal power
series O, = C[[z1, ..., zn]]..
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FORMAL VECTOR FIELDS AND FORMAL DIFFEOMORPHISMS

Denote by X(C”, 0) the O,-module of germs of
complex vector fields vanishing at the origin 0 €
C" and by X(C", 0) its formal counterpart. The Lie
algebra X,(C”, 0) of formal vectors fields of C”
of order k£ + 1 is defined by those vector fields for
the form X = d;(z) = + - - - + 4,(2) aﬁ .G €0,
where the minimum order of vanishing of the d; at
the origin is k + 1. Thus, X,(C”, 0) is the formal
completion of X (C”, 0); the set of germs of
complex analytic vector fields which are singular
of order £+ 1 at 0.

The expression exp(t X ) = (¥ L Xi(z), ..y

=0 7
> ;’0 JL‘XJ (z,)) defines the exponejntiaji of X for X
€X(C",0)and t € C. Let us remark that X’(g) is the
result of applying j times the derivation X to the power
series g. The definition coincides with the classical one
if X is a germ of convergent vector field. According
to (Ilyashenko and Yakovenko 2007) the exponential

map exp: X,(C”, 0) — Diff(C”, 0) is a bijection.

Definition 0.1 Let / € Diff,(C”, 0). We denote by
log / the unique element of X(C, 0) such that f
= exp(log /). We say that log f is the infinitesimal
generator of /. Given a map 4 € Diffy(C”, 0) and ¢
€ C we denote by Ald = exp(z. X ) where / = exp X.

SOLVABLE LENGTH OF A LIE ALGEBRA

Let g be a complex Lie algebra with Lie bracket
of two elements X, Y € g denoted by [X, Y ] € g.
Given Lie subalgebras h and [ of g. We define [, []
the Lie subalgebra of g generated by the elements
of the form [X, Y ] for X € h and Y € [. We define
g(0) = g, g(n+1) = [g",g"™] Vn > 0, the derived
series of g. We also define C’g =g, C""'g =[g, C"g]
Vn > 0 the descending central series of g.

Definition 0.2 (solvable length of a Lie algebra,
cf. (Martelo and Ribon in press)). Let g be a Lie
algebra. We define /(g) the soluble length of g as /(g)
=min{k € NU {0} : g® = {Id} }, where min 0= oo.
We say that g is solvable if [(g) <. The Lie algebra

g is nilpotent if there exists j > 0 such that C/g
= {Id}. Ifj is the minimum non-negative integer
number with such a property we say that g is of
nilpotent class j.

LIE ALGEBRA OF A GROUP OF DIFFEOMORPHISMS

As in the case of Lie groups we can relate properties
of a subgroup G C Diff(C”, 0) to properties of a
certain Lie algebra associate to the group. Let us
first explain how to construct such Lie algebra. The
first step is to define the Lie subalgebra of X(C”, 0)
associate to a subgroup G of C Diff(C”, 0).

Definition 0.3 (cf. (Martelo and Ribon in press)
Definition 3.8). Let G a subgroup of Diff(C”, 0).
A complex Lie subalgebra g of X(C”, 0) is the Lie
algebra of G if g = { X €X(C", 0): exp(t X ) €
G,Vte C}.

Though this definition seems quite natural, it
can give few information about the group. Indeed,
the Lie algebra of a discrete group is always {0}.
Thus, we must construct a more rich algebra in this
case, this construction is found in (Martelo and
Ribon in press). Indeed, when the linear part group
DG is connected, we can build G O G a new group
with the same algebraic properties of G. In particular,
as for the solvability length, we have /(G) = I(G).
Roughly speaking G is the algebraic closure of G, it
has a natural Lie algebra g # {0} and /(g) = /(G), see
(Martelo and Ribon in press).

In our work, we are mainly interested in studying
groups of diffeomorphisms tangent to the identity,
that is subgroups G C Diff(C”, 0) with DG = {Id}.
Therefore, we may perform the above construction
and we have the following definition:

Definition 0.4 (associate Lie algebra). Let G
be a subgroup of Diff(C", 0). A complex Lie
subalgebra g of X(C", 0) is the “associate” Lie
algebra of G, if g is the Lie algebra of G. By
dimension of the associate Lie algebra we shall
mean the dimension of Lie algebra g, viewed as
vector space over kn.

An Acad Bras Cienc (2012) 84 (4)
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THE ONE-DIMENSIONAL CASE

The construction of a dictionary relating algebraic,
dynamical and analytic properties of subgroups
of diffeomorphisms is a very important tool in
Complex Dynamics and Holomorphic foliations.

Definition 0.5. Given a subgroup G C Diff(C”, 0),
a formal vector field X € X(C", 0) is G-invariant
if we have g« X = X, Vg € G. We say that X is
projectively invariant by G if for each g € G there
is ¢; € C such that gxX= cp X.

Below we find a global picture of the one-
dimensional case:

Theorem 0.6 (One-dimensional case, (Loray
1994), (II'yashenko and Yakovenko 2007)). Let G
C Diff(C, 0) be a subgroup of one-variable formal
complex diffeomorphisms.

1. G is abelian if, and only if, G is nilpotent
if, and only if, G admits a formal invariant
vector field.

2. The following conditions are equivalent:

(a) G is solvable.

(b) G is metabelian, i.e., its subgroup of
commutators [G,G] is abelian.

(c) All elements tangent to the identity in
G have a same order of tangency.

(d) G admits a formal vector field which
is projectively invariant by G.

Item (1) above is essentially a consequence of two
other facts:

(i) For a subgroup G C Diff(C, 0), the linear part
group DG = {g'(0) : ¢ € G} is abelian and therefore
the subgroup of commutators [G,G| C G, which is
the set of products of commutators in G, is tangent
to the identity.

(i) Two elements f =z + q;+125"" + - - - € Gy, and
g=z+bp 2+ - € Gy, ayt1.b+1 #0, tangent
to the identity, commute only if we have k = {.

An Acad Bras Cienc (2012) 84 (4)

According to (Martelo and Scardua 2011), none
of the above facts holds for subgroups of Diff(C”, 0)
when n > 2. Therefore it is quite natural to expect that
the above mentioned dictionary is much different or
much harder to find, in the n > 2 case. To begin this
study is one of the main goals of this work.

ABELIAN AND METABELIAN GROUPS

Initially, we focus on the study of the associate
Lie algebra of subgroups G C Diff(C”, 0) under
the hypothesis that G is abelian, metabelian or
nilpotent. In (Martelo and Scardua 2011) we prove
the following (compare with (1) in Theorem 0.6):

Theorem 0.7 (Existence of an invariant formal
vector field). Let G C Diff(C”, 0) be an abelian
subgroup of formal diffeomorphisms. We have two
possibilities:

1. G admits an invariant formal vector field.
2. G C Diffyy(C”, 0) = {Id}.
Regarding to the one-dimensional case we observe:

(i) Unlike the one-dimensional case, in general
the existence of such an invariant vector field is
not enough to assure that the group is abelian, see
(Martelo and Scardua 2011).

(i1) For n = 1, condition (2) above implies that the
group is conjugated to its linear part by a formal
diffeomorphism. We believe that this also holds for
dimension n > 2.

ABELIAN SUBGROUPS AND NILPOTENT SUBALGEBRAS

In (Martinez 2003) it is proved (Proposition 4.1)
that every nilpotent subalgebra L of X(C2, 0) is
metabelian. In (Martelo and Scardua 2011) we
prove, with an alternative proof, an extension of
this result for higher dimension n > 2:

Theorem 0.8. Every nilpotent subalgebra | of X
(C", 0) has length I(1) at most n. As a consequence,
if G C Diffyy (C”, 0) is a nilpotent group then the
solubility length of G satisfies [(G) < n.
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The general case (G C Diff(C”, 0)) is true,
see (Martelo and Ribon in press). In the following
example, we give a solvable group of formal
diffeomorphisms tangent to the identity which is
not metabelian. This contradicts Corollary 4.2 to
Proposition 4.1 in (Martinez 2003).

Example 0.9. Consider the subgroup G C Diffyy
(C?, 0), which is solvable but not metabelian, given
by G = {((h(x), a(x)+b(x)y); h € H), where H
C Diffyy (C, 0) is any metabelian tangent to the
identity subgroup, d(x) € C[[x]] has order greater
than 2 and b(x) € C[[x]] is a unit, b(0) = 1.

We also obtain the following description of
abelian groups tangent to the identity:

Theorem 0.10. Ler G C Diff(C”, 0) be an abelian
subgroup tangent to the identity, with associate Lie
algebra g. Then the possibilities are:

1. There are X1, ..., X, € g such that[)?j,)?,] =
0, Vi, jand G C (exp(tl X))o eexp(t, X,) |
4 €C).

2. There are)ﬁ, X] €g, forsomel € {1, ...,
n— 1}, such that [ X;, X,] =0, Vi, j and G C
<eXp(u1 Xl) ernre eXP(“Z Xl) | u; € Km Xr(u])
=0,Y1<rj<l).

In particular, for n = 2 we have the following
possibilities:

(i) G leaves invariant an exact rational one-form,
say @ = dT for some rational function T € K,.

(ii) G embeds into the flow of a formal vector field
X € log(G).

(iii) There are two invariant linearly independent
commuting formal vector fields X, Y € log(G) := { X
€ X(C", 0)/ exp(X) € G}.

ABELIAN GROUPS AND CLOSED ONE-FORMS

Before stating our next main results we observe
that in some main applications of the results in
Theorem 0.6 (case n = 1), an interesting approach

consists of constructing, from the information on
the holonomy groups of the foliation, some suitable
differential forms which allow to “integrate” the
foliation (e.g. a foliation admitting a Liouvillian
first integral), see (Camacho and Scardua 2001)
for instance. More precisely, in dimension n = 1
a formal vector field X € X(C, 0) can be written

either as a linear vector field or, in case it has a zero
g

linear case. The duality equation & - X = 1 has, in
this dimension one case, a single solution:

. dz  dz
(1 o=A—+_5r
moreover, given a formal diffeomorphism g €
Diff (C, 0) we have:

X=X = go=0.8:X=c; X

for some ¢z € C"e=g*od = P o.

Equation (1) is the general expression of a
closed meromorphic one-form with an isolated
pole of order k£ + 1 at the origin 0 € C, residue A, in
a suitable coordinate system. It is a particular case
of the Integration Lemma ((Cerveau and Mattei
1982), (Scardua 1997) Example 1.6 page 174).
Finally, notice that in dimension-one each formal
or meromorphic one-form is closed. This suggests,
in view of Theorem 0.6 and all the above, that one
may expect to obtain results relating algebraic
properties of subgroups of Diff(C”, 0) with the
existence of suitable closed one-forms. Therefore,
one necessary tool is a (natural) version of the
Integration Lemma to the case of formal one-forms.

We shall see (cf. Theorem 0.11 below) that a
subgroup G C Diff(C2, 0) admitting two commuting
vector fields, exhibits two
independent invariant closed formal meromorphic

formal invariant

one-forms. A further investigation of this situation

involves the notion of formal separatrix, which is set
naturally in terms of formal curves, i.e., equivalence

An Acad Bras Cienc (2012) 84 (4)



878 MITCHAEL MARTELO and BRUNO SCARDUA

classes in the local ring O,, under the following
equivalence relation: given ¢, v € O, we have ¢ ~
<= ¢ = i.yy for some unit 77 € O,. A formal curve
[@] will be called a separatrix of a subgroup G C D
iff(C2, 0) if it is invariant by each element of this
group in the obvious sense. Two formal curves [¢]
and [y] are called transverse if each tangent space
has dimension one and the tangent spaces span C2.
As a converse of (iii) in Theorem 0.10 we have:

Theorem 0.11. Let G C Diff (C2, 0) be a subgroup

admitting two linearly independent invariant
commuting formal vector fields. Then G admits two
closed, independent, formal meromorphic, invariant
one-forms. The group G is abelian provided that one

of the following conditions is satisfied:

1. G is tangent to the identity.
2. G exhibits two formal transverse separatrices.

The notions of formal closed meromorphic one-
form and other formal objects are stated naturally in
terms of formal expressions having coefficients that
belong to the field K,,. In (2) there is a natural relation
between the polar set of the invariant forms and the
separatrices of the the group. Since the polar set of
an invariant form is also invariant by the group, it
must be a union of separatrices of the group. Using
this, the second part of Theorem 0.11 and the above-
mentioned formal Integration Lemma, we obtain
normal forms for abelian subgroups admitting two
transverse separatrices and having Lie algebra of
dimension two, cf. (Martelo and Scardua 2011).

METABELIAN GROUPS

The above is concerned with the abelian case.
For the metabelian non-abelian case we have:

Theorem 0.12. Let G C Diff(C% 0) be a
metabelian non-abelian subgroup. Assume that
the group of commutators GV = [G,G] is tangent
to the identity, for instance if the linear part group
DG C GL(2,C) is abelian. Denote by g([G,G])
the associate Lie algebra of [G,G]. We have the
following possibilities:
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(1) g([G,G)) is one-dimensional. There is a formal
vector field X with exp X € G, such that, for each
g € G there is a rational function T € K, that
satisfies: X(T 2 =0and g *(X)= T+ X

(1) g([G,G)) is two-dimensional. There are two
C-linearly independent formal vector fields X , Y

= logG, such that (ii.1) [ X, ¥ ] = 0. (ii.2) For
each ¢ € G there are (s, 1)), (52, 1) € C? linearly
independent that satisfy g*(X) =s; X+, Yand g =
N =5 X+17.

Furthermore, in this last case there are two
C-linearly independent closed formal meromorphic
one-forms @;, (j =1, 2) and a; , b; € C* such that g
@) =8 &1 + by o Y € G.

Groups as in (ii.2) above are described in
(Martelo and Scardua 2011).

GROUPS CONTAINING DICRITIC DIFFEOMORPHISMS

Now we consider groups of formal diffeomorphisms
under the hypothesis of the existence of a suitable
dicritic (radial type) element. More precisely,
according to (Martinez 2003), a diffeomorphism
f € Diff(C”, 0) is called dicritic if f(z) =z + f
k1(2) T fea(@) + -+, where fi1(2) = flz)z and f is
a homogeneous polynomial of degree k. A formal
vector field X € zek(c" 0), k> 1 is called dicritic
if X=ADR +Ph+ ) o AP ) S
where fv is a homogeneous polynomial of degree v,
and fis homogeneous of degree k, and R = 5t
ctz, a is the radial vector field.

Definition 0.13 (Regular dicritic vector fields
and diffeomorphisms). We also introduce the
following useful subclasses of dicritic diffeo-
morphisms and vector fields. A formal vector
field ;ek SX=fOR+ @+ ) S+ (P
) — is called regular dicritic 1f X is dicritic and
., n}, such that f'and z;, P> o)
,Opk+§ are coprime. 7/ hzs implies that 0 is an isolated
singularity of X. A formal diffeomorphism / € Di
ff;, (C", 0) is called regular dicritic if its infinitesimal

there are i, jo € {1,.

generator is a regular dicritic vector field.
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We have, analogously to Theorem 0.6, for
groups containing a regular dicritic element.

Theorem 0.14. For a subgroup G C Diff(C”, 0)
containing a regular dicritic diffeomorphism, the

following conditions are equivalent:

1. G N Diffyy(C”, 0) is abelian.
2. G admits a projectively invariant regular
dicritic formal vector field.

In particular, a subgroup of Diff(C”, 0) tangent
to the identity and containing a regular dicritic
diffeomorphism is abelian if and only if it admits
an invariant formal vector field.

Regarding the case of metabelian groups we have:

Theorem 0.15. A subgroup of formal diffeomor-
phisms containing a regular dicritic diffeomorphism
and with abelian linear part group is metabelian
provided that it admits a projectively invariant
formal vector field.

As a partial converse of Theorem 0.15 we have:

Proposition 0.16. Let G C Diff(C", 0) be a
metabelian subgroup containing a regular dicritic
diffeomorphism with order of tangency k. Suppose that
DG is abelian and there is a linear diffeomorphism h
€ G, given by h(z) =\ - Id, where \ € C is such that
A £ 1, AU £ 1. Then there is a formal vector field
Xe 2@((@”, 0), j > 2, which is projectively invariant
by G. In particular, given a subgroup G = <f, fz>
C Diff(C", 0), where [~ is regular dicritic and h (z) =
Az, NK# 1, AL £ 1. Then the group G is metabelian
ifand only if [ f,h*] and [ /2, h] commute with [ £, A].

Next we state an equivalence similar to the
dimension one case, but for groups that contain
some dicritic diffeomorphism.

Theorem 0.17. For a subgroup G C Diff4(C”, 0)
of formal diffeomorphisms tangent to the identity
and containing a dicritic diffeomorphism tangent
to the identity with order k, the following statements

are equivalent:

(1) The group is abelian.

(2) The group is nilpotent.

(3) Every non-trivial element in the group is
tangent to the identity with order k.

Our results apply to the study of foliations
on complex projective spaces and other ambient
manifolds as well. The class of singularities which
correspond, via the holonomy of its separatrices, to
the class of regular dicritic diffeomorphisms is to be
formally introduced and studied in a forthcoming
work. Using an adaptation of a classical result
due to Hironaka and Matsumara (Hironaka and
Matsumara 1968) we may be able to move from the
“formal world” (considered is this announcement)
to the “analytic/convergent world”, which is
the natural ambient to the study of holomorphic
foliations with singularities.

A final word should be said about the
possible applications of our results. We are
interested in the study of Liouvillian integration
for holomorphic foliations of codimension n >
1. As suggested by the codimension 1 cases see
for instance (Scardua 2011), this passes through
the comprehension of algebraic, geometric and
formal structures of subgroups of Diff(C”, 0) in
terms we propose in this work.

RESUMO

Nesta nota anunciamos alguns resultados no estudo
de grupos de difeomorfismos formais e germes de
difeomorfismos em varias variaveis complexas. Tais
grupos estdo relacionados com o estudo de estruturas
transversais ¢ a dindmica das folhea¢des holomorfas,
através da nogdo de grupo de holonomia da folha de uma
folheac@o. Para dimensdo um, ha um amplo dicionario
relacionando classificagdo analitica/formal do grupo, com
suas propriedades algébricas (finitude, comutatividade,
solubilidade, dentre outras). Tal sistema de equivaléncias
também caracteriza a existéncia de certos fatores de
integracdo, ou seja, campos de vetores e one-forms
diferenciais invariantes associados ao grupo. Nosso

objetivo é estabelecer as linhas basicas de um tal dicionario
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para o caso de grupos em varias varidveis complexas.
Nossos resultados podem ser aplicados na construgao de
certos fatores de integragdo para folheagdes holomofas
singulares. Acreditamos que estes podem representar um
ponto de partida no estudo da conex@o entre Integragao
Liouvilliana e estruturas transversais de folheagoes
holomorfas singulares no caso de codimensao arbitraria.
Os resultados nesta comunicacdo sdo derivados da tese
de Doutorado “Grupos de germes de difeomorfismos
complexos em varias variaveis e formas diferenciais” do

primeiro autor (Martelo 2010).

Palavras-chave: Difeomorfismo formal complexo,

gerador infinitesimal, folheacdo holomorfa, germe de

difeomorfismo complexo.
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