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Abstract: The emissions of nitrogen oxides (NOx) that are produced during the combustion of fossil fuels in 

the petrochemical and metallurgical industries, when combined with other types of pollutants, can have 

significant impacts on human health and the environment. Therefore, it is essential to investigate techniques 

that allow the optimization of burning in industrial furnaces with moderate levels of NOx emissions and, for 

this, computational learning structures that detect and prevent emissions can create efficient AI models. With 

this objective, we present in this article an Artificial Neural Network-ANN composed of algorithms based on 

Paraconsistent Annotated Logic-PAL, which is a branch of non-classical logics that deals with situations in 

which data contains contradictions and inconsistencies in its information. The learning data used was 

obtained from a 6-burner Vertical Cylinder Industrial Furnace that is in operation in the Oil Refining process 
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in Brazil. In the data preprocessing phase for training the PANNet structure, real data on the inlet air flow rate 

during combustion and real fuel flow rate data were used. These values collected in the SCADA system were 

transformed into normalized degrees of evidence and then applied to the PANNet inputs, creating support 

patterns for estimating and optimizing the combustion process. The comparative results with a conventional 

ANN showed that the Paraconsistent Artificial Neural Network-PANNet presents superior performance 

parameters, thus highlighting its efficiency in creating models that deal with complex modeling problems to 

estimate industrial NOx emissions in combustion furnaces. 

Keywords: Paraconsistent Annotated Logic; Artificial Neural Networks; Machine Learning; Industrial 

pollution; Nitrogen Oxides; Combustion Furnace. 

INTRODUCTION  

The global community is increasingly concerned about the impacts of air pollution on human health [1]. 
Air pollution is present in various places, such as industrial, urban, and agricultural areas. Emissions of 
different types of pollutants can have adverse effects on human health and the environment, making it 
essential to adopt optimization techniques in production to control and reduce these emissions [2]. The 
increasingly poor air quality has directly generated health hazards for urban residents and in a highly polluted 
area, the emissions produced during the combustion of fossil fuels can be a dangerous disease transmission 
factor [3]. 

In industrial processes that involve heating and combustion, it is necessary to raise the temperature of 
certain materials or substances to achieve the desired results. These operations typically occur in controlled 
environments such as furnaces, reactors, or boilers and require a large amount of energy, often provided by 
burning fossil fuels [3,4].  

The release of carbon dioxide (CO2), one of the main greenhouse gases occurs in the combustion of 
fossil fuels, and generates various pollutants, including nitrogen oxides (NOx), fine particles (PM2.5 and 
PM10), volatile organic compounds (VOCs), and black carbon. These pollutants are common byproducts of 
high-temperature combustion [4].  

Nitrogen Oxides (NOx) Emissions and Industrial Furnace 

The petrochemical and metallurgical industries face a serious problem of causing levels of environmental 
pollution through emissions of nitrogen oxides (NOx), which is a family of chemical compounds that include 
nitric oxide (NO) and nitrogen dioxide (NO2). NOx emissions that are produced during the combustion of 
fossil fuels, when combined with other types of pollutants, can have significant impacts on human health and 
the environment, as they are responsible for the acidity of rain, reduction of the ozone layer and formation of 
photochemical oxidants. Therefore, it is essential to investigate techniques that allow the optimization of 
burning in industrial furnaces with moderate levels of NOx emissions [3][5].   

The operation of an industrial furnace is based on the theory of combustion systems, which relies on the 
interaction of three crucial elements: a) the fuel source; b) the oxidizing agent (or oxidant); and c) the energy 
source needed to initiate the reaction. The flame is produced by the controlled combination of these elements, 
and the combustion process is meticulously managed to ensure efficiency and safety, as well as compliance 
with environmental regulations [5].  

Playing a critical role in various processes, industrial furnaces must operate at maximum efficiency to 
ensure optimal transfer of heat generated to the processing load. The quality of such combustion systems 
can be indicated by the amount of air present, as a balanced concentration of oxygen is crucial for effective 
combustion. If oxygen becomes scarce, incomplete combustion may occur, leading to inefficient energy use 
and the production of toxic gases. On the other hand, an excess of oxygen in the combustion chamber can 
result in a decrease in the Adiabatic Flame Temperature (AFT), limiting the thermal efficiency of the process 
[6,7]. 

Compliance with regulatory controls necessitates maintaining the combustion gas output at a specific 
set-point (SP). To achieve this goal, it is often necessary to adjust the fuel flow rate; however, this adjustment 
can increase not only the operational costs of the furnace but also the production of gases generated in the 
combustion reaction. These gases must be properly managed to minimize environmental impact [7]. 

This study aims to address the identification of the influence of input parameters on the presence of NOx 
based on emissions generated in industrial furnaces and, this is made by computational learning structure 
that detect and prevent emissions. By focusing on identifying NOx production, valuable insights can be 
obtained regarding combustion performance and emissions, enabling predictions about the intensity of these 
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emissions. These predicted data based on inputs to the industrial furnace can contribute to the development 
of more precise and adaptable control measures, resulting in safer and more sustainable operations with 
controlled industrial emissions in industrial furnaces based in efficient AI models [8]. 

The main objective of this work is to develop a methodology that can identify and predict the presence 
of NOx based on emissions generated during industrial heating processes, using the inputs utilized. This 
methodology is structured around paraconsistent logic [9], a branch of mathematical logic that, unlike 
classical logic, allows for the manipulation and coexistence of contradictions within the same inference 
system. It is expected that this approach will contribute to the development of more efficient and sustainable 
strategies for managing emissions in industrial combustion processes. Therefore, in this work, a 
computational system model was implemented, dedicated to identifying the intensity of NOx emissions and 
estimating an optimized process in an industrial furnace based on a structure configured with Artificial Neural 
Networks (ANN) using algorithms based on PAL2v [9,10]. 

Paraconsistent Annotated Logic with annotation of two values (PAL2v 

Paraconsistent Logic (PL) was created to oppose some binary principles that support Classical Logic, 
including non-contradiction and thus deal with contradictory signals [9] [11]. 

Paraconsistent Annotated Logic with annotation of two values (PAL2v) is an extension of PL and 
therefore belongs to the family of non-classical logics. As propositional and evidential logic, a paraconsistent 
logic signal in PAL2v is represented by a proposition P accompanied by an annotation (μ,λ). The annotation 
always consists of degrees of favorable evidence μ and unfavorable evidence λ, both contained in the interval 
0≤(μ,λ)≤1, and belonging to the set of real numbers ℜ [12,13]. By associating PAL2v in a four-vertex lattice, 
it is possible to obtain equations that allow the treatment of complex data with incomplete and contradictory 
information. These fundamental PAL2v equations will be shown below. 

The equation (1) allows for the calculation of the degree of certainty DC [9].  
 

𝐷C=μ-λ 
 

(1) 

When DC = -1, it determines the logical value false F for proposition P. When DC = 1, it determines the logical 
value true t for proposition P. 
The value of the degree of contradiction DCT is given by equation (2): 

             DCT=μ+λ-1  (2) 

When two sources of favorable and unfavorable evidence have high values, a degree of contradiction 
DCT will determine the contradictory logical state Inconsistent (T), with DCT=1. However, the absence of both 
favorable and unfavorable evidence simultaneously will lead the proposition to a paraconsistent logical state 
Paracomplet (⊥), where DCT=−1. 

The internal point into associated PAL2v-lattice composed by Dc and Dct is considered a paraconsistent 
logical state ϵτ [9][14,15]. Therefore: 

                                                                     ϵτ(Dc,Dct)                                                                           (3) 
 
Segment d represents the distance from the point ϵτ(Dc,Dct) to the nearest logical endpoint, namely True 

(t) or False (F). The value of d is given by the equation (4): 
 

                                                    d=√(1-DC)2+DCT
2

  0≤d≤1 (4) 

The degree of real certainty, denoted as DCR, is given by the equations (5) and (6) and removes the 
effects of contradiction.  

 

                                                                         DCR=1-d 
 

(5) 
                                                If DC >0 

    DCR=d-1 
                                                 If DC <0 

 

 
   (6) 

As DC and DCR are normalized according to the input, then they can be used together with other sources 
of information to create Paraconsistent Analysis Networks (PANets). New parameters should be established 
that are normalized within the same interval as µ and λ.  
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Figure 1a shows the Lattice associated with PAL2v with the main results obtained by the interpretations 
shown in the basic equation. 

Equations (7) and (8) establish a linear relationship of μE with the sources of evidence μ and λ. However, 
the dependency condition of DCR on the sign of DC, as well as the existence of the saturation condition of d 
at the unit value, introduces nonlinearities in the DCR parameter [14-19].  

 

    μ
E
=
DC+1

2
 

(7) 

  

     μ
ER

=
DCR+1

2
 (8) 

Therefore, the output of a PANNet should include the values of the resulting certainty degree µE and 
resulting real certainty degree µER [9]. 

As seen in [10] and [20] with these basic equations, the PAN algorithm – Paraconsistent Analysis Node 
was created. Configurations structured in PAN interconnections were used in several studies to classify and 
process data originating from uncertain knowledge. 

Figure 1b shows the symbol representing the PAN with its two outputs 𝜇𝐸 and 𝜇𝐸R. 
The PAN algorithm is the core of the functional blocks called paraconsistent artificial neural cells 

(PANCell). In general, paraconsistent cells (PANCells) are algorithms that complement PAN with additional 
rules, decisions and equations based on PAL2v.  

A typical PANCell can be defined as a block with functional arrangement in the PAN algorithm such that 
it will have the output value 𝜇𝐸 at sampling time 𝑘+1 which depends on the value at input 𝜇 and output 𝜇𝐸 at 

sample 𝑘. Therefore, as seen in [12] this Neural cell exhibits a delayed response or integration effect that can 
be achieved through equation (9). 

μ
Ek

=
μ

k
+μ

E(k-1)

2
 

(9) 

 
In the work developed in [15,16] and [17] it was demonstrated that a PAN meets two requirements so 

that it can be considered a trainable neuron and thus compose a neural network: 1. it is a non-linear function; 
2. its function may be derivable. Based on considerations of these concepts, PAN was used as an artificial 
neuron forming a configuration of paraconsistent Artificial neural network structures (PANNet) where weights 
are applied between connections (synapses) resembling traditional ANNs. In this process, PANNets and their 
derivatives of the PAL2v activation function were trained.  

The PAL2v equations for the derivatives are [15-17]: 
 
For DC positive (𝜇 > 𝜆) 

∂μ
ER

∂μ
=

(1-μ)

(2μ2+2λ2- 4μ +2)0.5
 

(10) 
 
 
 

∂μ
ER

∂λ 
=

-λ 

(2μ2+2λ2- 4μ +2)0.5
 

For DC negative (𝜇 < 𝜆) 
 

∂μ
ER

∂μ
=

μ

(2μ2+2λ2-4λ +2)
0.5

 
(11) 
 
 
 
 

∂μ
ER

∂λ
=

λ - 1

(2μ2+2λ2- 4λ+2)0.5
 

 
Figure 1c shows the Neuron-PAL2v symbol with representations of the result of the derivatives that will 

act as feedback to adjust the weights in the training phase. 
In this work a computational system model was implemented, dedicated to identifying the intensity of 

NOx emissions and estimating an optimized process in an industrial oven based on a structure configured 
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with Artificial Neural Networks (ANN) using algorithms based on PAL2v. This type of computational structure 
was called Paraconsistent Artificial Neural Network (PANNet) and was initially presented in [10] in the form 
of a unique algorithm that makes up a Paraconsistent Artificial Neural Learning Cell [lPANcell]. From this 
initial work, other configurations were developed, such as the computational structures for Learning from 
demonstration seen in [14] and [18]. In other works, as can be seen in [15] and [17], PANNets were published 
structured in algorithm configurations similar to lPANcell, but composed of hidden layers and adapted for 
backpropagation learning, which allowed comparisons of results with conventional ANN. 

Figure 1d shows a typical configuration of a PANNet used in [15]. 
 

 
 

Figure 1. Representation of PAL2v algorithm symbols. a) Lattice Associated with PAL2v with the main resulting values. 
a) PAN - Paraconsistent Analysis Node. c) PAL2v Paraconsistent Neuron. w). d) Structure of a typical PANNet. 

Levenberg-Marquardt method 

This article deals with a PANNet structure with PANCells similar to those presented in [15] and [17] with a 
Levenberg-Marquardt Algorithm [21] adapted for processing information data on the presence of NOx in 
emissions generated in industrial furnaces [9]. The Levenberg-Marquardt method can be described as an 
approximation of the Newton method, used for training neural networks, where the error is associated with 
an expression containing second-order derivatives [8][21]. The weight update is given by the equation (12): 

wk+1=wk-
J

T
E

J
T
J-ωI

 

 

 
(12) 

Where: 
1. wk represents the current weights, 
2. J is the Jacobian matrix of the network, 
3. ω is the damping parameter, 
4. I is the identity matrix, 
5. E is the error vector. 

 
The product ω𝐼 determines how much the weights are adjusted to minimize the error. If the updated 

weights increase the MSE (Mean Square Error), the value of ω should be increased by multiplying it by a 
factor β, typically around 10, and then the weight update calculation should be repeated. If the error 
decreases with the newly applied weights, these replace the previous weights, and the value of ω is divided 
by β [21]. The algorithm is stopped if it meets certain stopping criteria, which may include: 

1. The error falls below a predefined threshold. 
2. The gradient of the error function becomes sufficiently small. 
3. A maximum number of iterations or epochs is reached. 
4. The changes in the error or weights between successive iterations are below a specified threshold. 
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MATERIAL AND METHODS  

The computational structure of Artificial Neural Networks (ANN) using algorithms based on Annotated 
Paraconsistent Logic, called PANNet, was built to identify the intensity of NOx emissions and estimate an 
optimized process in an industrial furnace of an oil company. To build PANNet structure, the following steps 
were carried out: 

1. Data acquisition from a real system and preprocessing procedures for value normalization. 
2. Construction of a computational ANN structure operating with algorithms based on PAL2v, capable of 

relating input parameters to NOx emissions, creating support patterns for the estimation and optimization of 
the combustion process. 

3. Development of a Levenberg-Marquardt Algorithm adapted to a computational ANN structure 
operating with algorithms based on PAL2v. 

4. Created conditions for comparative tests between conventional ANNs and the constructed 
paraconsistent ANN were conducted. 

Data Preprocessing  

The data used in this research were obtained from a Vertical Cylinder type industrial furnace with 
convection, powered by 6 burners, with preheating of the primary air through heat exchange with the 
generated combustion gases. In the data collection was carried out considering the operation of the industrial 
furnace in a steady-state regime, with values obtained over a 5-minute sampling period during continuous 
operation. In the data preprocessing phase for training the PANNet structure, real data on the inlet air flow 
rate during combustion and real fuel flow rate data were used. These values collected in the SCADA system 
were transformed into normalized degrees of evidence and then applied to the PANNet inputs, creating 
support patterns for estimating and optimizing the combustion process.  

In the preprocessing phase, the acquired data were arranged in a matrix format, with each sample placed 
in rows and the variables in columns. During this preprocessing procedure, null and negative values were 
removed. After the preprocessing phase, where data adequacy occurred, the collected data represented by 
DS were then normalized according to equation (13), ensuring that within the entire discourse universe, their 
values were limited to the closed interval [0,1], thus aligning with the limits of the evidence degrees µ and λ 
of PAL2v.  

 

𝑑𝑆𝑖,𝑗
=

(𝐷𝑆𝑖,𝑗
− min (𝑫𝒔𝒋

))

max(𝑫𝑗) − min(𝑫𝒋)
 

(13) 

Where, 
 
1. dSi,j is the i-th element of the j-th variable in the normalized dataset. 
2. DSi,j is the i-th element of the j-th variable in the original dataset. 
3.  i represents the i-th sample of the dataset. 
4.  j represents the j-th variable to be normalized. 
5.  min (Dj)  is the minimum value of the j-th variable in the dataset. 
6.  max (Dj) is the maximum value of the j-th variable in the dataset. 

 
The variables chosen as input for the PANNet were the inlet air flow rate used in combustion (A) and the 

fuel flow rate (B). The production of NOx was selected as the output parameter. 
The flowchart detailing the data collection phase in the SCADA system, followed by preprocessing and 

the mathematical procedure for transforming the values of the physical quantities into degrees of evidence 
using equation (13), is shown in Figure 2. 
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Figure 2. Flowchart detailing the data collection phase and the mathematical procedure for obtaining the normalized 
degrees of evidence. 

PANNet Structure  

The strategy adopted in the research was to use only neurons with nonlinear output. To achieve this, 
the number of inputs to neurons in the subsequent layer is adjusted. Considering the total number of neurons 
in the previous layer (𝑛𝑙−1)  and the number of gates (𝑛𝑃) of neurons in the subsequent layer (𝑛𝑙), equation 
(14) establishes that: 

                                           𝑛𝑝;𝑙 = 2⌈log2(𝑛𝑙−1)⌉  (14) 

Where ⌈log2(𝑛𝑙−1)⌉ is the ceil of log2(𝑛𝑙−1). 
 
Being μj and λj respectively, the inputs corresponding to degrees of favorable and unfavorable 

evidence, μi is defined as any input of the Paraconsistent Neuron, considering parity.  
The equation (15) defines the linear output µE(N-1), where N is the number of gates of the 

Paraconsistent Artificial Neural Networks (PANNet). 
 

𝜇𝐸𝑁−1
=

1

2𝑁
∑(−1)𝑖+1(𝜇𝑖) +

1

2

𝑛𝑝

𝑗=1

 

 
(15) 
 
 

It is proposed that the output of the paraconsistent neuron be nonlinear, and for this purpose, a PAN 
with output µER is used as the activation function, with a bias λB =0.5. generalizing the equations for the partial 
derivatives of µER with respect to the inputs of a paraconsistent neuron with np inputs, according to equation 
(16), where (-1)i+1 defines the sign alternation based on the parity of  i, representing the index of the neuron's 
input. 
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∂μER

∂μ𝑖

=(-1)i+1
(1-μE)√2μ

E
2 -4μE+

5

2

2N(2μ
E
2 -4μE+

5

2
)

   if  μ
EN-1

>0.5 

     
∂μER

∂μ𝑖

=(-1)i+1
μE

√2μ
E
2 +

1

2

N*(4μ
E
2 +1)

            if  μ
EN-1

<0.5 

     
∂μER

∂μ𝑖

=(-1)i+10.5                            if  μ
EN-1

=0.5  

 

 
 

(16) 

Considering that neurons in a PANNet require inputs to be normalized within the interval [0,1], it has been 
established that the algorithm will describe an input μji for any neuron Ni receiving an output Aj;l−1 from neuron 
Nj  in the previous layer, combined with a weight Wij{l}. This description follows equation (17): 

μ
ji;l

= max[0, min (1,Wij;{l}*Aj;l-1) ] (17) 

Where, 

1. μ
ji;l

 is the j-th input of the i-th neuron in the layer l 

2. Wij;{l} is the j-th weight between the i-th neuron in the layer l and the j-th neuron in the previous layer 

3. Aj;l-1 is the output of the j-th neuron of previous layer 

Therefore, the forward propagation algorithm is defined according to the following sequence: 

1. Determine the total number of layers L. 
2. Determine the number of neurons for each layer l. 
3. Determine the number of gates for neurons Ni. 
4. Establish the criterion for input saturation of Ni. 
5. Calculate μE;l, μER;l, and ∂μER;l. 
6. Repeat steps 2 to 5 until the output layer neuron is reached. 

For training the PANNet structure, the approach considered in the literature involved the use of PAL2v in 
neural networks (NNs). In this study, data collected from industrial furnace, comprising 360 sampling points, 
were randomly recombined to avoid sequence bias during training. Therefore, the training algorithm used in 
this research was Levenberg-Marquardt, allowing training on the entire dataset per training epoch.  

The algorithm construction sequence used in this study is as follows: 

1. Establish the stopping criteria ε₁, ε₂ and ε₃. 

2. Initialize the parameter 𝛽. 
3. For the nth input, perform forward propagation to compute the nth output y and establish the column 

vector Y. 
4. Set the Mean Squared Error (MSE). 
5. Find the partial derivatives ∂y/∂W and establish the row vector P. 
6. Establish the Jacobian matrix (J), the Hessian matrix H, and the function ω. 
7. Set the row vector PK+1. 
8. Calculate the new MSE value and compare it with the old MSE. 

• 8.1 If MSEK+1 ≥ MSEK, increase the value of 𝛽 and return to step 5. 

• 8.2 If MSEK+1 < MSEK, update the weights, revert the value of 𝛽, and return to step 3. 

• 8.3 If ε₁, ε₂, or ε₃ are satisfied, stop. 
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Figure 3 shows the architecture of the PANNet used, where X1 is the fuel flow rate and X2 is the air flow 
rate. It can be seen that X1 and X2 combine to create a third input, X1X2, to add nonlinearity to the network. 
The hidden layer consists of three neurons H1, H2 and H3, while the output layer consists of one neuron Y. 
The weights are initialized randomly within the range [0,1]. All neurons are paraconsistent types with a 
nonlinear output. 

 

 
 

Figure 3. PANNet Architecture. 

 
For a comparative analysis to demonstrate the efficiency of the proposed PANNet structure in this 

research compared to commonly used ANNs, various tests were applied using the real data described at the 
beginning of the chapter. The comparison was made between the two types of artificial neural networks, with 
the main reference being the configuration of a network that uses the log-sigmoid function. 

RESULTS AND DISCUSSION 

The results obtained from the simulations conducted on the two types of networks configured for the 
simulation tests are presented below. Initially, Figure 4 shows the graphs that represent the performance 
comparison of the two distinct neural networks in relation to the activation functions used. 

It is observed that the first network uses the PAN cell, while the second incorporates the Log-Sig function. 
It is noticeable that both networks can track abrupt variations relative to the target. This characteristic is 
visualized due to the randomness of the data. However, a better adjustment of the PANNet is perceived 
compared to the Log-Sig Network. 

https://www.google.com/url?sa=t&rct=j&q=&esrc=s&source=web&cd=1&ved=2ahUKEwjY_IyMpJjfAhXBqZAKHdazDawQFjAAegQIAxAC&url=http%3A%2F%2Fwww.scielo.br%2Fbabt&usg=AOvVaw08BojU0LuZNEI4C434jTD4
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Figure 4. Comparison of the Behavior of Neural Networks with Log-Sigmoid Activation Functions and PANNet. 

Figure 5a shows the evolution of the MSE throughout the training process for both neural networks. 
Notably, the neural network with the log-sigmoid function started with a lower initial MSE compared to the 
paraconsistent network. However, over the epochs, a trend reversal is observed. The PANNet surpassed the 
log-sigmoid, achieving a significantly lower MSE by the end of the training. Around epoch 15, the network 
stabilized its MSE, suggesting that initially, the PANNet had more difficulties adjusting to the data. However, 
its ability to overcome this initial disadvantage and achieve a lower MSE by the end of the training indicates 
a remarkable capacity for adaptation.  

Figure 5b shows the comparison of the error histograms between the log-sigmoid neural network and 
the PANNet. It can be observed that the PANN maintained the error concentrated near the zero-error region, 
while the log-sigmoid neural network had its errors more distributed in the negative error region.  

 

 

(a) 

 

(b) 

Figure 5. Performance Results of PANN: (a) MSE Comparison; (b) Error Histogram. 

https://www.google.com/url?sa=t&rct=j&q=&esrc=s&source=web&cd=1&ved=2ahUKEwjY_IyMpJjfAhXBqZAKHdazDawQFjAAegQIAxAC&url=http%3A%2F%2Fwww.scielo.br%2Fbabt&usg=AOvVaw08BojU0LuZNEI4C434jTD4
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It can be observed that the PANNet exhibits characteristics close to a normal distribution. This indicates 
that the errors are symmetrically distributed around a mean value (usually close to zero). This suggests that 
the model is well-fitted to the data since the errors are balanced, with equal probability of being positive or 
negative and there is no systematic bias in the errors, indicating that the network is not consistently 
underestimating or overestimating the output values. 

Figure 6 shows the comparison of output values using the PANNet, fed with inputs independent of the 
training set, equivalent to 20% of the total data set. For values distributed randomly, the PANNet was able to 
track the changes in the real output values. 

 

 
 

Figure 6. Network Validation. 

In Figure 7, the data is rearranged in temporal order, and the PANNet is tested again. A deviation of 
approximately ±0.05 between the temporal output and the PANNet was observed. Overall, it is noted that the 
PANNet tends to maintain a stable error for outputs with values that do not vary sharply, yet it is capable of 
correcting abrupt variations. 

 

 
 

Figure 7. Comparison of PANNet and target over time. 

In Figure 8a, it was shown that the Log-Sigmoid Network constructs surfaces where there is a sharp 
variation in values. Moreover, for both fixed variable X1 and variable X2, the curve will be increasing, indicating 

https://www.google.com/url?sa=t&rct=j&q=&esrc=s&source=web&cd=1&ved=2ahUKEwjY_IyMpJjfAhXBqZAKHdazDawQFjAAegQIAxAC&url=http%3A%2F%2Fwww.scielo.br%2Fbabt&usg=AOvVaw08BojU0LuZNEI4C434jTD4
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that both fuel and air flow variables favor NOx production. The lack of intersection between surfaces indicates 
that the Log-Sigmoid Network did not detect interaction between the variables. 

In Figure 8b, the behavior is shown to be increasing for X1 and decreasing for X2, and Table 1 displays 
the training weight values of the PANNet. The forward propagation test performed with the weights applied 
to the PANNet, comparing the behavior in Figure 8b with Table 1, indicates that the nature of the network 
cannot be confirmed solely by observing the weight values. The input X2, which corresponds to the airflow 
rate in the presented problem, had high weights for hidden layers 2 and 3, being an even (negative) input. 

However, the propagation from the hidden layer to the output layer makes the higher influence of X2 
positive relative to the output, as shown in the 2nd row of the 5th column in Table 1, which illustrates how the 
weights propagate through the network. The input X1, which is the fuel flow rate, was related to the odd inputs 
but had its weights negatively influenced by both the subsequent layer and the combined input X1X2. 

 

  
(a) (b) 

 
Figure 8. Comparison of output for different input values. (a): Log-sig. (b): PANNet. 

     Table 1. Relationship of Input Influence Propagated by PANNet.  

Inputs H1 H2 H3 H1Y1 H2Y1 H3Y1 

X1 (+)0.5806 (+)0.2989 (+)0.7137 (+)0.4211 (-)0.2725 (+)0.0616 
X2 (-)0.3605 (-)0.7185 (-)0.9953 (-)0.2614 (+)0.6553 (-)0.0860 
X1X2 (+)0.0837 (+)0.46820 (+)0.0938 (+)0.0607 (-)0.4270 (+)0.0081 
Inputs H1 H2 H3 H1Y1 H2Y1 H3Y1 
X1 (+)0.5806 (+)0.2989 (+)0.7137 (+)0.4211 (-)0.2725 (+)0.0616 
X2 (-)0.3605 (-)0.7185 (-)0.9953 (-)0.2614 (+)0.6553 (-)0.0860 

 
It appears that the Zeldovich mechanism indicates that the combustion air temperature AFT influences 

T-NOx formation. Since an excess of O2 reduces the temperature, a decrease in T-NOx production is 
expected as O2 increases. However, X2 represents the air flow, which contains approximately 79% of N2, 
contributing to NOx formation through its decomposition.  

Figure 8b shows a stabilization of NOx production as X2 increases, attributed to the decrease in AFT due 
to the input of air. Regarding fuel, while it helps increase AFT, an excessive amount can lead to the formation 
of other gases (CO, CO2). Increasing fuel consumption utilizes oxygen for the production of these gases, 
creating a deficit for NOx formation. 

In Figure 8b, it is also evident that increasing fuel causes NOx formation to decrease gradually due to 
higher AFT. As the mixture becomes rich, combustion becomes incomplete, leading to a decrease in AFT 
and the formation of CO. This behavior can be observed in the steepening of the curves beyond a certain 
point of X1 growth. 

In Figure 8b, it was shown that the nonlinearity induced by the third input neuron is not capable of 
generating intersection points on the level curves shown.  

The trained PANNet was thus unable to demonstrate traces of synergy between Fuel and Air for NOx 
production. This result can be anticipated by analyzing the weights of X1X2 in Table 1, where it is observed 
that their values are significantly lower compared to the others, despite being in the same order of magnitude. 

https://www.google.com/url?sa=t&rct=j&q=&esrc=s&source=web&cd=1&ved=2ahUKEwjY_IyMpJjfAhXBqZAKHdazDawQFjAAegQIAxAC&url=http%3A%2F%2Fwww.scielo.br%2Fbabt&usg=AOvVaw08BojU0LuZNEI4C434jTD4
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This indicates that the nonlinear nature of the NOx production reactions was detected, although they were 
not able to demonstrate synergy. 

The observations in Figure 8b can be compared with the distribution of minor species as the combustion 
mixture's richness increases [7], as shown in Figure 9, which represents the formation of NO. 
 

 
Figure 9. Relationship between distribution of minor chemical species relative to the Fuel/Air ratio [7]. 

The computational structure built with the PAL2v-sigmoid output function was able to reproduce 
nonlinearities while the single bias used in the neuron served to maintain its continuity.  

The "additive" function was capable for admitting subtraction operations, ensuring that the weights 
always remained within the interval [0,1]. With this form of computational structure, there was also an 
adjustment in obtaining the additive function "μE", where the internal PAN Cells receive the unfavorable 
degree of evidence in a complemented manner. Thus, it was possible to establish a general formula for any 
number of inputs, always preserving the model for "2N" inputs. 

It was found that with the new additive function associated with the continuity bias, the derivative of the 
activation function no longer has discontinuities and is also differentiable over the entire interval [0,1]. This 
means that the possibility of deriving the output function in the second order allows for the use of Hessian 
matrices, enabling the application of the Levenberg-Marquardt method for PANNet learning. 

CONCLUSION 

Industrial emissions refer to by-products released during production and manufacturing processes in 
industries. Nitrogen oxide (NOx) emissions, which occur most notably in the chemical, petrochemical, and 
metallurgical industries, have become a significant concern in the context of environmental pollution. 
Therefore, investigations aiming to find more efficient computational models that can bring new techniques 
for NOx detection are becoming increasingly important, providing industries with the means to optimize their 
processes and reduce emissions. Considering this problem, the present work presented a computational 
modeling capable of estimating the intensities of nitrogen oxide (NOx) emissions in an industrial vertical 
cylindrical furnace with 6 burners. The detection model involved configurations of Artificial Neural Networks 
built with algorithms based on Paraconsistent Logic, which is a branch of logic that deals with situations 
where there are contradictions and inconsistencies in the data. Unlike classical logic, which assumes that all 
propositions are either true or false, paraconsistent logic allows for dealing with information that can be 
simultaneously true and false, or whose truthfulness cannot be conclusively determined. And so, for the 
detection of nitrogen oxide (NOx) emissions, paraconsistent algorithm structures were formed, composing 
PANNet models using neurons whose weights between synapses are adjusted as they learn to detect the 
output from the input data. In general, it was found that the paraconsistent model built with the PANNet 
showed a significant increase in efficiency in the task of NOx detection. Additionally, among the beneficial 

https://www.google.com/url?sa=t&rct=j&q=&esrc=s&source=web&cd=1&ved=2ahUKEwjY_IyMpJjfAhXBqZAKHdazDawQFjAAegQIAxAC&url=http%3A%2F%2Fwww.scielo.br%2Fbabt&usg=AOvVaw08BojU0LuZNEI4C434jTD4
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features presented, its ability to make the network learn the output from a dataset instead of learning a single 
output from a set of inputs stands out. This allowed for better generalization of the target function from the 
input dataset. 

Comparing the performance of the model built with the PANNet to that built with the conventional log-
sigmoid network, which was also subjected to the Levenberg-Marquardt method, it was found that although 
the PANNet showed a less favorable start, its results improved over the course of learning. The obtained and 
compared values showed that the model built with the PANNet had a lower MSE than the Log-Sigmoid, thus 
being more efficient. Therefore, the model built with the PANNet algorithms proved to be more suitable for 
supporting computational architectures in NOx detection systems for the optimization of industrial furnaces. 
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