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Abstract
Galactooligosaccharides (GOS) are produced from lactose through enzymatic reactions that depend simultaneously 
on catalytic properties and mass-transfer phenomena. This study develops and validates a mathematical model for 
galactooligosaccharide production using free and immobilized β-galactosidase from Kluyveromyces lactis, explicitly 
incorporating external mass-transfer effects at the biocatalyst-fluid interface. Experiments were performed in lactose 
solutions and whey using four immobilization systems with different structural and diffusional characteristics. 
The model reproduces the concentration profiles of lactose, glucose, galactose and total galactooligosaccharides 
across all temperatures, media and biocatalyst configurations. For free-enzyme runs, the model correctly recovers 
a transport-transparent regime, confirmed by mass-transfer coefficients several orders of magnitude above any 
physically realizable resistance, providing an internal consistency check on the parameter estimation; for whey-based 
systems, explicitly including transport terms reduces systematic bias in the estimated kinetic constants, although 
overall goodness-of-fit metrics are comparable between the formulations with and without mass transfer. The 
parameters obtained reflect the combined influence of medium composition, temperature, and immobilization 
structure on both reaction rates and effective transport. The proposed formulation therefore provides a mechanistic 
and predictive framework for analyzing enzymatic galactooligosaccharide production under conditions where 
reaction and diffusion interact.
Keywords: Lactose hydrolysis; Transgalactosylation; Diffusion limitation; Porous supports; Whey medium; 
Reaction-diffusion systems; Enzymatic catalysis; Transport resistance; Immobilized biocatalysts.
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1 Introduction

Galactooligosaccharides (GOS) constitute a family of lactose-derived oligosaccharides with well-established prebiotic 
functionality. Their relevance stems from their ability to promote the selective growth of beneficial intestinal microorganisms, 
principally bifidobacteria and lactobacilli, thereby supporting gut homeostasis and contributing to broader physiological 
benefits (Sangwan et al., 2011). For this reason, GOS have become widely incorporated into infant formula, fermented 
dairy products, beverages, and specialized nutrition formulations, where they serve both as functional ingredients and as 
technological enhancers (Singla & Chakkaravarthi, 2017).

The synthesis of GOS relies on the transgalactosylation activity of β-galactosidases operating in high-lactose media. 
Under these conditions, the enzyme promotes the formation of new galactosyl linkages in competition with lactose 
hydrolysis. The degree of polymerization, regioselectivity, and overall product profile are strongly determined by the 
biological source of the β-galactosidase, which can vary markedly in catalytic behavior, linkage specificity, and kinetic 
parameters (Frenzel et al., 2015; Gosling et al., 2010; Warmerdam et al., 2013). Enzymes from Kluyveromyces lactis and 
Aspergillus oryzae remain among the most widely applied in industrial practice due to their accessibility, thermal behavior, 
and compatibility with food-grade processes (González-Delgado et al., 2016).

GOS are well-suited for food applications owing to their physicochemical robustness, including high solubility, 
thermal stability, and neutral sensory attributes. These features facilitate integration into thermally processed foods and 
nutrition systems requiring stable functional additives (Liburdi & Esti, 2022). Their structural resemblance to human milk 
oligosaccharides further explains their prevalence in infant nutrition, which remains one of the most dynamic market 
segments within the broader prebiotic ingredient sector (Scott et al., 2016).

Despite these advantages, several technical obstacles constrain large-scale GOS production. The reaction 
inherently involves a network of parallel and consecutive pathways: lactose hydrolysis, transgalactosylation, and 
potential secondary modifications of the formed oligosaccharides, making the overall kinetics highly sensitive to 
substrate concentration, enzyme origin, temperature, pH, and water activity. These complexities have motivated 
the development of detailed mechanistic and pseudo-steady-state models aimed at predicting product evolution 
and optimizing operating conditions (Chen et  al., 2003; Vera et  al., 2011). Such models provide essential insight 
into the interplay between catalytic activity and process variables, yet their translation to industrial environments 
remains limited.

Enzyme immobilization has emerged as an effective strategy to enhance process efficiency by improving biocatalyst 
stability, enabling reuse, and facilitating operation in continuous or integrated configurations. A broad range of 
immobilization techniques, including adsorption, entrapment, and covalent attachment on chitosan, polyvinyl alcohol 
(PVA), and other supports, has been explored to increase operational lifetimes and to simplify product recovery 
(Jovanovic-Malinovska et al., 2012; Sheu et al., 1998). However, immobilization introduces additional mass-transfer 
resistances, which in turn may alter apparent kinetics and modulate GOS distribution. Accounting for these effects is 
therefore important when moving toward reactor design and scale-up (Dunnill, 1979; Mariotti et al., 2008).

The use of dairy by-products, particularly whey and whey permeate, as fermentation substrates presents a complementary 
route toward cost-effective and sustainable GOS production. Owing to their high lactose content and widespread availability, 
these streams provide a suitable substrate for enzymatic conversion and reduce the environmental impact associated with 
whey disposal. Several studies have demonstrated efficient GOS formation directly from whey-based systems, including 
processes incorporating enzyme immobilization and ultrafiltration (Argenta et al., 2021; Deshmukh et al., 2024; Jovanovic-
Malinovska et al., 2012).

An additional consideration with increasing relevance at industrial scale concerns the influence of mass transfer and 
hydrodynamics on reaction performance. High-viscosity lactose solutions, the presence of immobilized biocatalysts, and 
complex flow regimes can generate local gradients that affect substrate availability and alter the balance between hydrolysis 
and transgalactosylation. Similar behavior has been documented in enzymatic liquid-liquid systems, reinforcing the case 
for incorporating mass-transfer phenomena into process models when seeking realistic predictions and consistent product 
profiles (Noriega et al., 2017).

The literature shows meaningful progress in understanding GOS synthesis, but notable gaps remain at the 
interface between reaction kinetics, mass transfer, and process engineering. Addressing these gaps is necessary 
for developing predictive models that support scale-up and for enabling more rational design of industrial GOS 
production systems, particularly those involving viscous substrates, immobilized enzymes, or integrated reaction-
separation configurations.
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2 Materials and methods

2.1 Reagents

Analytical-grade reagents were used in all experiments. Lactose monohydrate (Merck) served as the primary substrate. 
Sodium alginate (Carlo Erba) and calcium chloride (Merck) were used for bead preparation. Glutaraldehyde 25 wt% in 
water (Polysciences Inc.) was used as the crosslinking agent. Silica gel 60 (220-450 mesh, Sigma-Aldrich) was employed 
as the support material for enzyme immobilization. Tris(hydroxymethyl)aminomethane (Sigma-Aldrich) and potassium 
diacid and monoacid phosphate (J.T. Baker) were used for buffer preparation.

Two whey-derived materials were used as lactose sources. Dehydrated milk whey contained 76.38 ± 0.42 wt% lactose. 
Commercial concentrated whey powder (Colanta) had the following composition: moisture 4.0 wt%, acidity 1.2 wt%, ash 
6.0 wt%, lactose 80 wt%, protein 11 wt%, and fat 0.5 wt%. In addition, o-Nitrophenyl-β-D-galactopyranoside (ONPG, 
Sigma-Aldrich) was used for β-galactosidase activity assays. Glucose (Carlo Erba), galactose (Sigma-Aldrich), and lactose 
monohydrate (Sigma-Aldrich) were used as High Performance Liquid Chromatography (HPLC) calibration standards.

The β-galactosidase preparation used in all assays was Lactozym Pure® 6500 L (Novozymes, Denmark), produced by 
Kluyveromyces lactis.

2.2 GOS synthesis using free β-galactosidase
Lactose monohydrate and dehydrated milk whey (Section 2.1) were used as substrates in the free-enzyme experiments. 

β-Galactosidase (βgal) from K. lactis (Lactozym Pure® 6500 L) was added directly to the reaction medium. Reactions 
were carried out under constant agitation at 40 ± 1 °C or 50 ± 1 °C and pH 6.0 ± 0.01.

The initial enzyme-to-lactose mass ratio, R, was set to 1.00, 1.25, or 1.50 according to Equation 1:

(1)

The desired values of R were obtained by varying the initial lactose concentration (333, 400, and 500 g L-1).

2.3 Enzyme immobilization and characterization

Four immobilized systems were prepared: calcium alginate beads (A), calcium alginate beads containing zeolitic 
material (AWZ), silica gel (S), and chemically treated silica gel (TS).

2.3.1 Alginate beads (A)

A sodium alginate solution (2 wt% in distilled water, 50 mL) was mixed with 500 μL of the β-galactosidase preparation 
under magnetic stirring for 1 h. The mixture was then pumped into a previously cooled calcium chloride solution to 
form gel beads. The pumping rate was adjusted to obtain particles with an average diameter of approximately 3 mm 
(Giordano & Camargo Giordano, 2006; Mariotti et al., 2008).

2.3.2 Alginate beads with zeolitic material (AWZ)

Sodium alginate solution (2 wt%, 50 mL) was combined with 0.1 g of a zeolitic material to increase the internal porosity 
of the gel matrix. After dispersion of the solid phase, 500 μL of enzyme were added and mixed for 1 h. The mixture was 
subsequently dripped into a cooled calcium chloride solution (Giordano & Camargo Giordano, 2006; Mariotti et al., 2008).

2.3.3 Silica (S)

One gram of silica gel was suspended in potassium phosphate buffer (0.1 M, pH 7.0) containing 500 μL of enzyme 
and gently stirred for 12 h to allow adsorption (Dunnill, 1979; Giordano & Camargo Giordano, 2006; Sheu et al., 1998). 
The immobilization cycle was repeated several times using fresh buffer (0.1 M potassium phosphate, pH 7.0).

2.3.4 Treated silica (TS)

Silica gel (1 g) was washed with deionized water and immersed in a 0.5 M Tris solution (10 mL) for 4 h. After filtration, 
the solid was reacted with 10 mL of a 10 wt% glutaraldehyde solution prepared in potassium phosphate buffer (0.1 M, pH 
7.0) under magnetic stirring for 4 h (Dunnill, 1979; Giordano & Camargo Giordano, 2006; Sheu et al., 1998). This activation 
procedure was repeated using fresh buffer. For enzyme immobilization, the treated silica was suspended in 10 mL of potassium 
phosphate buffer (0.1 M, pH 7.0) containing 500 μL of enzyme, stirred for 12 h, filtered, and washed with buffer before use.

( )
( )

100=
Enzyme g

R X
Initial lactose g
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2.3.5 Enzyme activity assay

The activity of the free and immobilized preparations was measured using ONPG as substrate. Aliquots of 100 μL of 
enzyme (diluted 1:100 in 0.1 M phosphate buffer) were reacted with 4.9 mL of 0.2 mM ONPG solution in the same buffer.

Absorbance at 420 nm was recorded in triplicate. The enzymatic activity was calculated as Equation 2:

( ) ( )  
	 1	 00

*
of tt

h
enzyme

mol ONP mol ONP
U X

V mL t min

µ µ−
=

      
 	 (2)

2.4 GOS production using immobilized β-galactosidase

GOS were produced using β-galactosidase immobilized on the four supports described in Section 2.3: silica (EIS), 
treated silica (EITS), alginate beads (EIA), and alginate beads containing zeolitic material (EIAWZ). Reactive-grade 
lactose solutions and dehydrated milk whey were used as substrates.

For the silica-based biocatalysts (EIS and EITS), the reactions were carried out at 40 ± 1 °C and pH 6.0 ± 0.01. For the 
alginate-based preparations (EIA and EIAWZ), the assays were performed at 50 ± 1 °C and pH 6.0 ± 0.01. In all cases, the 
reaction mixtures were maintained under constant agitation to ensure contact between the immobilized enzyme and the substrate.

Monitoring time was set to 90 min for the free-enzyme systems, where reactions are fast and the complete GOS 
concentration profile, including both the accumulation and re-hydrolysis phases, is captured within that window. All 
immobilized preparations (EIS, EITS, EIA, EIAWZ), retained reduced activity (17% to 44%), and external mass-transfer 
resistance inherent to each support slows the overall reaction rate considerably. GOS maxima in these systems typically 
appear between 90 and 180 min; a 270 min monitoring window was therefore applied to all immobilized biocatalysts to 
ensure full observation of the GOS profile and robust estimation of all kinetic parameters, in particular the forward and 
reverse rate constants k4 and k5 governing GOS synthesis and re-hydrolysis.

2.5 Carbohydrate quantification (HPLC-RI)

Carbohydrate composition (lactose, glucose, galactose and galactooligosaccharides) was determined by HPLC with 
refractive index detection (HPLC-RI). Analyses were carried out on a LaChrom Elite® system (Merck-Hitachi High-Tech, 
Tokyo, Japan) equipped with a pump (L-2130) with an in-line degasser, column oven (L-2350), autosampler (L-2200) 
set to an injection volume of 20 µL, and refractive index detector (L-2490). Chromatographic data were acquired and 
processed using EZChrom Elite software (Scientific Software, Pleasanton, CA, USA).

Samples were injected onto a CarboSep CHO-411 column (300 mm × 7.8 mm, Bio-Rad, USA) operated at 75 °C. Deionized 
water was used as the mobile phase at a flow rate of 0.4 mL min−1. The total GOS concentration was estimated by carbohydrate 
mass balance, using the initial lactose concentration and the quantified concentrations of lactose, glucose and galactose.

2.6 Mathematical model for GOS synthesis including mass-transfer effects

A mechanistic model was formulated to describe the evolution of lactose (Lac), glucose (Glu), galactose (Gal), and 
GOS during the β-galactosidase-catalyzed reactions studied. The reaction network was constructed using the pseudo-
elementary steps commonly employed in mechanistic formulations of β-galactosidase kinetics, in which water is not 
written explicitly because hydrolysis and transgalactosylation are represented through the formation and decay of the 
enzyme-galactosyl intermediate. The kinetic mechanism corresponds to a double-displacement (substituted enzyme) 
pathway, in which β-galactosidase forms a covalent galactosyl-enzyme intermediate that can be resolved by either water 
(hydrolysis, Reaction 2) or a sugar acceptor (transgalactosylation, Reaction 3) (Callender & Dyer, 2015; Fisher, 2005; 
Punekar, 2025). Accordingly, the catalytic sequence comprises:
(i)	 formation of the enzyme-galactosyl intermediate (E-Gal);
(ii)	hydrolysis of this intermediate to yield Gal;
(iii)	transfer of the galactosyl moiety to a second lactose molecule, yielding GOS.

The chromatographic method used (CarboSep CHO411, RI detection) does not resolve individual GOS species beyond 
DP 2-3. For this reason, the model treats “GOS” as a lumped variable representing the sum of all transgalactosylation products 
detected experimentally. Higher-degree oligomers (DP ≥ 4), as well as galactobiose and allolactose, could not be distinguished 
and were therefore not introduced as separate species; their contribution is implicitly included in the measured GOS fraction 
when present. Before model formulation, monosaccharide-unit conservation was verified experimentally to ensure that the 
measured profiles of lactose, glucose, galactose, and lumped GOS were internally consistent within analytical uncertainty.
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Therefore, Reactions 1-3 represent only the dominant pathways supported by the experimental measurements.

1k
Lac E Glu E Gal+ → + −

 	 (Reaction 1)

2

3

 
k

E Gal E Gal
k

− ↔ +  	 (Reaction 2)

4

5

k
Lac E Gal E GOS

k
+ − ↔ +  	 (Reaction 3)

here, E denotes the free enzyme and E‒Gal the enzyme-galactose intermediate. The reactions are written formally as 
reversible to reflect the possibility of recombination of products with the enzyme; however, under the conditions used in 
this work, the net flux is directed toward product formation. All concentrations are expressed in g·L−1, consistent with the 
analytical quantification.

2.6.1 Material balance equations

The reaction scheme in Reactions 1-3 was translated into a system of material balances describing the temporal 
evolution of the species involved. The concentrations of lactose at the enzyme microenvironment (CLS), glucose (Glu), 
galactose (Gal), GOS, free enzyme (E), and enzyme-galactosyl intermediate (E-Gal) were expressed in g·L−1, matching the 
analytical measurements used for model validation.

For free-enzyme experiments, CLS coincides with the bulk lactose concentration because no diffusional barriers 
are present. For immobilized preparations, CLS differs from the bulk value (CL) due to mass-transfer limitations; this 
distinction is incorporated explicitly in the transport expression presented later.

The balance Equations 3 to 8 corresponding to Reactions 1-3 are:

1 4 5  LS
LS E LS E Gal GOS E

dC
k C C k C C k C C

dt −= − − +  	 (3)

1 Glu
LS E

dC
k C C

dt
=  	 (4)

2 3
Gal

E Gal E gal
dC

k C k C C
dt −= −  	 (5)

4 5 GOS
E Gal LS GOS E

dC
k C C k C C

dt −= −  	 (6)

1 2 3 4 5  E
LS E E Gal gal E LS E Gal GOS E

dC k C C k C k C C k C C k C C
dt − −= − + − + −  	 (7)

1 2 3 4 5  E Gal
LS E E Gal gal E LS E Gal GOS E

dC
k C C k C k C C k C C k C C

dt
−

− −= − + − +  	 (8)

These equations account for formation and consumption of the enzyme-galactosyl intermediate and ensure conservation 
of the total enzyme (free + bound), which remains constant throughout the reaction. This conservation constraint, [E] + 
[E–Gal] = Eₜoₜaₗ, renders one of the six ODEs algebraically dependent on the remaining five, so that the system effectively 
comprises five independent differential equations for five unknown kinetic parameters (k1-k5) (Fisher, 2005; Punekar, 2025).

2.6.2 Incorporation of mass-transfer effects

For immobilized enzyme systems (alginate-based or silica-based supports), lactose transport from the bulk liquid to the 
enzyme microenvironment was represented by a first-order driving-force expression:

( ) ( )  L
c L LS c LS L

dC K a C C K a C C
dt

= − − = −  	 (9)
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where: CL is the lactose concentration in the well-mixed bulk liquid; CLS is the lactose concentration at the enzyme surface; 
cK a is an apparent mass-transfer coefficient (min−1). A schematic of the external mass-transfer resistance framework is 

shown in Figure 1.
Equating the rate of lactose arrival by diffusion with the rate at which it is consumed at the enzyme surface yields the 

algebraic relation:

( )
5

1 4
 c L GOS E

LS
E E Gal c

K aC k C C
C

k C k C K a−

+
=

+ +
 	 (10)

This expression ensures consistency between transport and reaction at the catalytic site and allows CLS to be computed 
at each integration step for immobilized systems.

To verify that intraparticle (internal), it can be noted that diffusion did not constitute a rate-controlling resistance 
in the alginate-based systems, the Weisz-Prater criterion was applied using the experimentally determined bead radius 
(Rₚ = 1.5 mm) and literature values for the effective diffusivity of lactose in calcium alginate ( effD  ≈ 2-5 × 10−6 cm2·s−1). 

The Weisz-Prater parameter 
2

,

eff , 

− ρ
=

w
A s c p

WP
A s

r R
C

D C
 was found to be well below 0.3 in all cases. For the most conservative 

scenario, alginate beads of Rₚ = 1.5 mm operating at the highest initial rate (SL+EIA, 50 °C, k1· totalE · ,0LacC  ≈ 4 × 
10−7 g·cm−3·s−1) and taking 6 2 12 10 ·effD cm s− −= × , the Weisz-Prater parameter evaluates to approximately 0.009, far below 
the 0.3 threshold, confirming that intraparticle diffusion resistance was negligible under the experimental conditions. It is 
noted that this criterion was evaluated for lactose, the rate-limiting substrate; GOS molecules, being larger, exhibit lower 
effective diffusivity but are products whose intraparticle transport does not control the overall reaction rate. The model 
presented in Equation 9 therefore constitutes a physically justified representation of the dominant transport limitation 
in these systems. For clarity, the external mass-transfer resistance model is illustrated in Figure 1, thus highlighting the 
concentration gradient between the bulk phase and the biocatalyst surface and the associated film transport mechanism 
(Wolf, 2004).

Figure 1. Schematic representation of the external mass-transfer resistance model. LC  denotes the lactose concentration 
in the well-mixed bulk liquid and LSC  the lactose concentration at the external surface of the biocatalyst particle. Transport 

is driven by the concentration difference between the bulk liquid and the particle surface across the external film.
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2.7 Numerical solution and parameter estimation

The system of differential and algebraic equations defining the reaction-diffusion model (Equations 3-10) was solved 
in MATLAB® R2018a. Time integration of the ordinary differential equations was performed using the variable-step 
solver ode15s, which is suitable for moderately stiff kinetic systems. At each integration step, the algebraic expression 
for LSC  (Equation 10) was enforced to maintain consistency between reaction rates and substrate transport to the enzyme 
microenvironment. All calculations were carried out using concentrations expressed in g·L−1, matching the units of the 
experimental data.

The unknown model parameters comprised five kinetic rate constants ( )1 2 3 4 5, , , ,k k k k k  and one apparent mass-transfer 
coefficient ( )cK a . Their values were obtained by casting parameter estimation as a nonlinear least-squares problem, in which 
the deviation between measured and calculated concentrations of lactose, glucose, galactose and GOS was minimized. The 
objective function was defined as:

( ) ( ) 2
,exp ,calc1 1

tD N
k i k ik i

F C t C t
= =

 = − ∑ ∑  	 (11)

where 4D =  is the number of components fitted (lactose, glucose, galactose, GOS), and 6tN =  the number of sampling 
times. ( ),expk iC t  and ( ),calck iC t  denote the experimental and calculated concentrations, respectively.

Parameter estimation was carried out using the ga function from the MATLAB® Global Optimization Toolbox. For 
each generation genn , the algorithm generated a population of candidate parameter vectors, integrated the model for each 
candidate, and evaluated the objective function (Equation 11). Selection, crossover, and mutation operators were then 
applied to construct the next generation. Iterations proceeded until a predefined maximum number of generations ( )genmax  
was reached or until no further decrease in F was observed. The parameter vector yielding the lowest value of the objective 
function was retained for subsequent simulations. The workflow of the genetic-algorithm-based estimation procedure is 
summarized in Figure 2.

Figure 2. Workflow of the genetic algorithm used for parameter estimation.
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3 Results and discussion

3.1 Experimental results for GOS production kinetics

3.1.1 Lactose media with the free enzyme.

Figure  3 shows the concentration profiles of lactose, glucose, galactose, and total GOS obtained in lactose media 
using free β-galactosidase at 40 °C for three enzyme-to-lactose mass ratios (R = 1.00, 1.25, and 1.50). Lactose decreases 
monotonically throughout the reaction because its consumption through Reaction 1 is effectively irreversible under the 
tested conditions. Glucose increases steadily, as it is produced exclusively by Reaction 1 and is not consumed in any 
subsequent step. Galactose also increases continuously, reflecting that the forward flux of Reaction 2 remains higher than 
its reverse flux during the entire experimental window.

Figure 3. Experimental concentration profiles of lactose, glucose, galactose, and total GOS during reactions with free 
β-galactosidase in lactose media at 40 °C. Panels correspond to enzyme-to-lactose ratios R = 1.00 (left), 1.25 (center), 
and 1.50 (right). Circles represent lactose, triangles glucose, squares galactose, and diamonds GOS. Dashed lines serve 

only as visual guides.

GOS formation exhibits the characteristic rise-and-fall behavior commonly observed in β-galactosidase systems 
operating at high lactose concentrations. During the early stages, both lactose availability and the forward rate of 
the transgalactosylation step (Reaction 3) are high, leading to rapid GOS accumulation. As the reaction proceeds, 
lactose depletion lowers the forward rate of Reaction 3, while the increasing GOS concentration enhances the 
reverse step. The combination of these effects produces a distinct maximum GOS concentration for each enzyme/
lactose ratio. Increasing R accelerates the overall hydrolysis rate, resulting in earlier and lower GOS maxima: the 
highest maximum corresponds to R = 1.00 (≈ 60 min), followed by R = 1.25 (≈ 40 min), and the lowest is observed 
for R = 1.50, where the decline after the maximum is more pronounced. These trends are consistent with the shift 
toward hydrolysis observed at high enzyme loadings and have been widely reported for β-galactosidase-catalyzed 
GOS synthesis.

Figure 4 presents the corresponding experiments conducted at 50 °C. Compared with 40 °C, all reactions show slower 
lactose consumption, lower GOS maxima, and a smaller difference between glucose and galactose concentrations. 
These changes indicate a reduction in the catalytic efficiency of the free enzyme at 50 °C, consistent with the partial 
thermal inactivation reported for K. lactis β-galactosidase near this temperature range (Rodríguez et al., 2006).

For the tested conditions, the highest GOS concentration at 40 °C was obtained with R = 1.00 at approximately 60 min, 
whereas at 50 °C the best performance corresponded to R = 1.00. These results confirm the strong influence of temperature 
and enzyme loading on the transient formation of GOS and confirm that 40 °C provides more favorable conditions for the 
free-enzyme system evaluated.
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Figure 4. Experimental concentration profiles of lactose, glucose, galactose, and total GOS during reactions with free 
β-galactosidase in lactose media at 50 °C. Panels correspond to enzyme-to-lactose ratios R = 1.00 (left), 1.25 (center), 
and 1.50 (right). Circles represent lactose, triangles glucose, squares galactose, and diamonds GOS. Dashed lines serve 

only as visual guides.

3.1.2 Milk whey media with the free enzyme.

Figure 5 shows the evolution of lactose, glucose, galactose and total GOS in milk whey (SW) at 40 °C for enzyme-to-
lactose ratios R = 1.00, 1.25 and 1.50. As in the lactose media (Figure 3), lactose decreases monotonically while glucose and 
galactose increase throughout the reaction. GOS again exhibits the typical rise-fall profile associated with β-galactosidase 
systems under high initial lactose concentrations. However, all reactions in SW proceed more slowly than in pure lactose 
solutions. The lower reaction rate is consistent with the higher complexity of the SW matrix, whose proteins, minerals, and 
residual lipids may hinder the effective accessibility of lactose to the active site or contribute to inhibitory effects.

Figure 5. Experimental concentration profiles for reactions with free β-galactosidase in milk whey at 40 °C. Panels 
correspond to enzyme-to-lactose ratios R = 1.00 (left), R = 1.25 (center), and R = 1.50 (right). Circles represent lactose, 

triangles glucose, squares galactose, and diamonds GOS. Dashed lines are included only to guide the eye.

A key difference compared with lactose media is the trend in maximum GOS formation. In SW, the magnitude of the 
GOS maximum increases when R increases, opposite to what was observed in pure lactose (Figure 3). This shift can be 
attributed to the slower overall hydrolysis in SW: at low R the reaction progresses gradually and hydrolysis dominates 
before substantial transgalactosylation occurs, while at higher R the faster initial turnover partially compensates for the 
matrix-related restrictions and allows a larger transient accumulation of GOS. In all cases, the GOS maximum occurs 
earlier at higher enzyme loadings, reflecting the faster initial conversion rates.
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Figure 6 presents the corresponding experiments at 50 °C. As in lactose media (Figure 4), the reactions at 50 °C in SW 
display lower lactose consumption rates and smaller GOS maxima than those at 40 °C, indicating partial thermal inactivation 
of the free enzyme. The strongest GOS formation at 50 °C is obtained at R = 1.50, with a maximum at approximately 
40 min, whereas at lower ratios the reduced catalytic activity limits transgalactosylation. These observations are consistent 
with reports that β-galactosidase from K. lactis experiences significant activity loss near 45-50 °C, compromising both 
hydrolysis and transgalactosylation capacity (Argenta et al., 2021).

Figure 6. Experimental concentration profiles for reactions with free β-galactosidase in milk whey at 50 °C. Panels 
correspond to enzyme-to-lactose ratios R = 1.00 (left), R = 1.25 (center) and R = 1.50 (right). Circles represent lactose, 

triangles glucose, squares galactose, and diamonds GOS. Dashed lines are included only to guide the eye.

The whey experiments confirm that the reaction medium is not inert: switching from pure lactose to whey slows both 
hydrolysis and transgalactosylation and shifts the enzyme-loading dependence of GOS yield. Under whey conditions, 
higher enzyme loadings help offset matrix-related accessibility and inhibitory effects, and 40 °C remains the more favorable 
temperature for maintaining full catalytic activity.

3.1.3 Lactose media with immobilized enzyme.

Figures  7-10 summarize the concentration profiles of lactose, glucose, galactose, and GOS obtained using four 
immobilized β-galactosidase systems in lactose media. Immobilization markedly alters the kinetic behavior relative to 
the free enzyme, not only because of the reduction in catalytic activity (17-44%) but also due to external mass-transfer 
resistance at the biocatalyst surface and support-dependent accessibility effects, particularly in alginate-based matrices. 
These effects become evident in the slower lactose conversion, delayed and broadened GOS maxima, and shifts in the 
relative rates of hydrolysis and transgalactosylation.

For the silica-gel biocatalyst (SL+EIS, Figure 7), lactose conversion proceeds more slowly than in the free-enzyme 
system, and the transgalactosylation window is noticeably extended. GOS maxima shift to 80-120 min, longer than the 
40-60 min observed at 40 °C with free enzyme (Figure 3), consistent with the reduced activity retained after immobilization 
(35%). Increasing the enzyme-to-lactose ratio accelerates lactose depletion but shortens the GOS window and lowers its 
maximum concentration, indicating that higher enzyme loading does not compensate for external transport resistance 
and instead favors hydrolysis. This is consistent with a local lactose depletion effect: external mass-transfer resistance 
lowers the lactose concentration at the enzyme microenvironment relative to the bulk, reducing the transgalactosylation-
to-hydrolysis ratio as predicted by the model.

The treated-silica system (SL+EITS, Figure 8) clearly outperforms the other immobilized preparations. Retained activity 
is the highest (44%), and the support structure offers a more favorable microenvironment for catalysis. As a result, this 
system produces the highest GOS concentration observed in the entire study (≈120 g·L−1 at R = 0.44), with the maximum 
appearing at approximately 150 min. This enhanced performance reflects lower external transport constraints and better 
preservation of enzyme functionality. Similar behavior has been reported in the literature for K. lactis β-galactosidase 
immobilized in sol-gel matrices or PVA lenses, which retained 73-89% of activity and were reusable over multiple reaction 
cycles (Jovanovic-Malinovska  et  al., 2012). Although the retained activity in the present work is lower, the relative 
advantage of treated silica over other supports aligns well with those observations.
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Figure 7. Experimental concentration profiles for reactions with immobilized β-galactosidase on silica gel (SL+EIS) 
in lactose media at 40 °C. Panels correspond to enzyme-to-lactose ratios R = 0.35 (left), R = 0.43 (center), and 

R = 0.52 (right). Circles represent lactose, triangles glucose, squares galactose, and diamonds GOS. Dashed lines are 
included only to guide the eye.

Figure 8. Experimental concentration profiles for reactions with immobilized β-galactosidase on treated silica gel 
(SL+EITS) in lactose media at 40 °C. Panels correspond to enzyme-to-lactose ratios R = 0.44 (left), R = 0.55 (center), 

and R = 0.66 (right). Circles represent lactose, triangles glucose, squares galactose, and diamonds GOS. Dashed lines are 
included only to guide the eye.

In contrast, the calcium-alginate system (SL+EIA, Figure 9), evaluated at 50 °C, displays the slowest reaction rates. 
Its retained activity (17%) is the lowest among the systems, and external mass-transfer resistance at the bead surface limits 
substrate supply to the active sites. Only modest GOS accumulation is observed before re-hydrolysis becomes dominant. 
The elevated temperature further restricts performance, as calcium alginate gel matrices at elevated temperatures may 
undergo structural densification, including reduced pore dimensions in the gel network, which limits substrate accessibility 
to the immobilized active sites and further aggravates the already low intrinsic activity (Kim et al., 2019).

The alginate composite containing zeolitic material (SL+EIAWZ, Figure 10) performs only slightly better in terms of 
retained activity (20%) but shows pronounced mass-transfer limitation. The zeolitic phase modifies the support structure 
in a way that reduces effective contact between lactose and the active sites, leading to limited lactose conversion (~40%), 
low GOS maxima, and rapid decline after the peak. Both hydrolysis and transgalactosylation become strongly suppressed 
at higher substrate concentrations, consistent with a system under external mass-transfer control. Additionally, the surface 
charge and microporous structure of the zeolitic material may introduce electrostatic or size-exclusion effects that further 
restrict access of lactose and GOS molecules to the active sites.
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Figure 9. Experimental concentration profiles for reactions with immobilized β-galactosidase in calcium alginate 
(SL+EIA) in lactose media at 50 °C. Panels correspond to enzyme-to-lactose ratios R = 0.17 (left), R = 0.21 (center), 

and R = 0.25 (right). Circles represent lactose, triangles glucose, squares galactose, and diamonds GOS. Dashed lines are 
included only to guide the eye.

Figure 10. Experimental concentration profiles for reactions with immobilized β-galactosidase in calcium alginate 
containing zeolitic material (SL+EIAWZ) in lactose media at 50 °C. Panels correspond to enzyme-to-lactose ratios 

R = 0.20 (left), R = 0.26 (center), and R = 0.31 (right). Circles represent lactose, triangles glucose, squares galactose, and 
diamonds GOS. Dashed lines are included only to guide the eye.

The immobilized systems show that catalytic retention and support-dependent transport properties jointly determine 
GOS productivity. Treated silica (SL+EITS) provides the most favorable balance, resulting in the highest GOS yields and 
extended transgalactosylation windows. Alginate-based supports, especially the zeolitic variant, exhibit stronger external 
mass-transfer constraints and reduced effectiveness, particularly at 50 °C. This indicates that support selection for GOS 
production cannot rely on activity retention alone; surface accessibility, microstructure, and external transport behavior of 
the carrier also determine the performance of immobilized β-galactosidase systems.

3.1.4 Whey media with the immobilized enzyme.

Figures 11-14 show the concentration profiles for lactose, glucose, galactose, and GOS obtained in whey media using 
four immobilized β-galactosidase systems, each evaluated at three enzyme-to-lactose ratios (R). Compared with lactose 
media, all immobilized systems exhibit lower lactose hydrolysis rates and significantly reduced GOS formation, indicating 
that whey imposes additional mass-transfer barriers. This effect has been attributed to the presence of proteins, residual 
sugars (notably glucose and galactose), salts such as sodium chloride, and fat globules, all of which increase diffusional 
resistance and may exert inhibitory effects on the hydrolysis step (Rico Rodríguez, 2018).
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For the system immobilized on silica gel (SW+EIS) at 40 °C (Figure 11), lactose decreases steadily throughout the 
reaction, but at a noticeably slower rate than in lactose media (Figure 7). The GOS concentration reaches a moderate 
maximum around the mid-reaction period, after which it stabilizes or decreases slightly, reflecting the early dominance of 
hydrolysis over transgalactosylation. Although the magnitude of this maximum increases with R, the overall GOS levels 
remain considerably lower than those obtained with lactose as the substrate.

Figure 11. Experimental concentration profiles for reactions with immobilized β-galactosidase on silica gel 
(SW+EIS) in whey at 40 °C. Panels correspond to enzyme-to-lactose ratios R = 0.35 (left), R = 0.43 (center) and 

R = 0.52 (right). Circles represent lactose, triangles glucose, squares galactose, and diamonds GOS. Dashed lines are 
included only to guide the eye.

A similar trend is observed when using treated silica gel (SW+EITS) at 40 °C (Figure 12); however, the treated 
support consistently shows higher lactose conversion and greater GOS formation compared with SW+EIS. This 
improved performance aligns with its higher retained enzymatic activity (44%), which is more than twice the retained 
activity observed for alginate-based supports. Even in whey, the treated silica system achieves the highest GOS 
production among the immobilized materials, and the GOS maximum appears earlier at lower enzyme loadings, 
indicating that the enhancement in surface chemistry partially compensates for external transport and inhibitory 
limitations.

Figure 12. Experimental concentration profiles for reactions with immobilized β-galactosidase on treated silica 
gel (SW+EITS) in whey at 40 °C. Panels correspond to enzyme-to-lactose ratios R = 0.35 (left), R = 0.43 (center) and 
R = 0.52 (right). Circles represent lactose, triangles glucose, squares galactose, and diamonds GOS. Dashed lines are 

included only to guide the eye.
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Figures 13 and 14 present the profiles obtained at 50 °C for calcium alginate (SW+EIA) and alginate with zeolitic 
material (SW+EIAWZ), respectively. In both cases, lactose hydrolysis is slower and GOS maxima are modest, particularly 
when compared with silica-based systems. The alginate matrix, especially in its pure form, presents a compact gel structure 
that limits substrate accessibility through external mass-transfer resistance, and this effect becomes more pronounced in 
whey, where medium complexity adds additional transport barriers. GOS concentrations reach a maximum and level 
off early in the reaction even at higher R values, demonstrating that transgalactosylation is rapidly suppressed, as also 
observed in lactose media (Figures 9 and 10). In the alginate-zeolite system, a shallow GOS maximum is followed by a 
decline, consistent with the combined influence of limited enzymatic activity (20%) and inhibition by whey components.

Figure 13. Experimental concentration profiles for reactions with immobilized β-galactosidase on calcium alginate 
(SW+EIA) in whey at 50 °C. Panels correspond to enzyme-to-lactose ratios R = 0.17 (left), R = 0.21 (center) and 

R = 0.25 (right). Circles represent lactose, triangles glucose, squares galactose, and diamonds GOS. Dashed lines are 
included only to guide the eye.

Figure 14. Experimental concentration profiles for reactions with immobilized β-galactosidase on calcium alginate 
with zeolitic material (SW+EIAWZ) in whey at 50 °C. Panels correspond to enzyme-to-lactose ratios R = 0.20 (left), 
R = 0.26 (center) and R = 0.31 (right). Circles represent lactose, triangles glucose, squares galactose, and diamonds 

GOS. Dashed lines are included only to guide the eye.

The four immobilized systems follow the same pattern observed with free enzyme in whey: lower lactose consumption, earlier 
inhibition of transgalactosylation, and reduced GOS yields relative to lactose media. Among the supports, treated silica gel remains 
the most effective material, displaying superior enzymatic activity retention and the highest GOS production under all conditions 
evaluated. This superiority is in good agreement with previous findings by Jovanovic-Malinovska et al. (2012), who reported 
that β-galactosidase immobilized in sol-gel matrices can preserve high enzymatic activity and sustain multiple reaction cycles. 
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The present results confirm that support morphology and surface chemistry play a dominant role in mitigating external 
transport barriers, especially when operating in complex substrates such as whey.

3.2 Estimation of kinetic parameters

3.2.1 Kinetic parameters correlation without mass transfer considerations

Table 1 summarizes the apparent kinetic parameters (k1-k5) obtained by fitting the kinetic model, without explicitly 
including mass-transfer terms. In every case, the coefficients of determination (R2) exceed 0.93, indicating that the model 
reproduces well the dominant trends of lactose hydrolysis, monosaccharide formation, and GOS accumulation across all 
temperatures and catalyst configurations.

For the free enzyme, the apparent rate constants k1-k4 are systematically smaller at 50 °C than at 40 °C, which is 
consistent with the lower catalytic activity inferred from the experimental profiles (Figures 3 and 6) and agrees with the 
known thermal sensitivity of soluble β-galactosidase. In contrast, several parameters for immobilized systems are larger 
at 50 °C. This behavior reflects the mixed nature of the fitted constants: they combine intrinsic temperature effects on 
enzymatic activity with temperature-dependent changes in transport properties (e.g., viscosity and diffusivity), which 
become particularly relevant in porous supports.

Table 1. Apparent kinetic parameters (k1-k5) and coefficients of determination (R2) obtained by fitting the kinetic model without explicit 
mass-transfer terms.

Parameters SL+FE SW+FE SL+EIS SW+EIS SL+EITS SW+EITS

T = 40 °C
k1 1.38 0.73 1.45 1.03 1.08 0.89
k2 3.08 8.55 8.28 3.46 5.05 1.36
k3 8.10 6.43 2.58 4.41 9.38 3.89
k4 5.10 8.54 6.79 0.41 2.01 0.75
k5 7.98 8.84 6.00 2.50 5.54 9.35
R2 0.97 0.98 0.93 0.97 0.94 0.95

Parameters SL+FE SW+FE SL+EIA SW+EIA SL+EIAWZ SW+EIAWZ
T = 50 °C

k1 0.67 0.40 2.44 2.39 3.31 2.43
k2 0.99 7.96 8.29 5.88 5.56 5.65
k3 4.54 5.92 2.39 12.40 4.00 3.92
k4 1.09 26.50 24.10 0.37 1.41 0.85
k5 9.18 87.80 70.70 8.50 9.41 6.06
R2 0.97 0.99 0.97 0.97 0.96 0.96

All k values multiplied by 103, except k1. Units: k1, k3, k4, k5 in L·g
−1·min−1; k2 in min−1.

When lactose solutions and whey are compared at the same temperature and biocatalyst, the fitted constants for whey 
are generally smaller, especially those associated with transgalactosylation (k4 and the ratio k4/k5). This trend is consistent 
with the experimentally observed lower GOS maxima in whey and with the inhibitory and matrix-related accessibility 
effects attributed to whey components such as proteins, residual sugars, and dissolved salts.

Within the kinetic scheme, k1 governs lactose hydrolysis (Reaction 1) and is the smallest parameter in all systems, 
confirming that this is the slowest apparent step under the studied conditions. The substituted-enzyme (double-displacement) 
kinetic framework adopted here is consistent with the mechanistic model previously applied to K. lactis β-galactosidase for 
GOS synthesis from lactose (Kim et al., 2004); within this framework, the relatively small magnitude of k1 confirms that 
the initial bimolecular substrate-binding step constitutes the flux-controlling stage under the high-substrate concentrations 
employed in this study. The apparent initial lactose consumption rate for each system can be estimated directly from the 
fitted k1 values in Table 1 as 0,Lac 1 Lac,0 totalr k C E− = ⋅ ⋅ .
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Comparison across systems confirms that the treated-silica preparation (SL+EITS) yields the highest initial rate 
among the immobilized configurations, consistent with its highest retained activity (44%), while the alginate-based 
systems (SL+EIA, SL+EIAWZ) exhibit the lowest initial rates, reflecting both reduced retained activity (17-20%) and 
external transport resistance associated with the support. Parameters k4 and k5 modulate GOS synthesis and re-hydrolysis 
(Reaction 3), and the ratio k4/k5 provides a qualitative indication of the balance between transgalactosylation and GOS 
degradation. Inspection of Table 1 shows that the highest k4 value is found for the free enzyme in whey at 50 °C (SW+FE: 
k4 = 26.50 × 10

−3 L·g−1·min−1), while the largest k4/k5 ratio corresponds to the free enzyme in lactose at 40 °C (SL+FE: 
k4/k5 ≈ 0.64), consistent with the more favorable transgalactosylation balance in the absence of diffusional and inhibitory 
constraints. In contrast, immobilized systems, particularly the alginate-based preparations (SL+EIA, SL+EIAWZ, 
SW+EIA, SW+EIAWZ), consistently show the lowest k4 and k4/k5 values, reflecting the combined effect of reduced 
retained activity and external transport resistance. The highest experimental GOS production (∼120 g·L−1) is achieved with 
SL+EITS in lactose medium at 40 °C. This contrast indicates that apparent kinetic preferences alone do not determine GOS 
yield; substrate concentration, mass-transfer resistance, and enzyme stability also exert strong effects, which are implicitly 
embedded in the fitted parameters (Fisher, 2005; Punekar, 2025).

Figure  15 compares the predicted concentrations obtained with the parameters of Table  1 against the complete 
experimental dataset at 40 and 50 °C. The parity plots show that points cluster closely around the identity line at both 
temperatures, confirming that the simplified kinetic model captures the global behavior of the system within the expected 
experimental dispersion.

Figure 15. Parity plots comparing experimental concentrations (Exp_Data) and model predictions (Cal_Data) for the 
kinetic model without explicit mass-transfer terms at 40 °C (left) and 50 °C (right). Colours denote the different reaction 

systems, and the solid line represents perfect agreement. Insets show the corresponding parity plots for each individual system.

At concentrations above ~350 g·L−1, the dispersion increases slightly, most notably for GOS, because small absolute 
deviations become more visible in regions where the transgalactosylation and re-hydrolysis rates exhibit steep local 
variations. The individual insets in Figure 15 reveal that the quality of the fit is not perfectly uniform across systems: the 
free-enzyme datasets display nearly symmetric scatter around the identity line, whereas immobilized systems, especially 
SL+EIA and SL+EIAWZ at 50 °C, show a tendency to underestimate high experimental concentrations. This systematic 
behavior aligns with the delayed and flattened GOS maxima experimentally observed in these systems, suggesting that 
the lumped kinetic parameters partially absorb mass-transfer limitations that are not explicitly represented in the model.

Despite these differences, the plots do not exhibit curvature, slope deviation or systematic segregation by species, 
which indicates that the apparent kinetic scheme is structurally adequate and that a single parameter set per system can 
describe all species simultaneously. The good agreement confirms that mass-transfer and inactivation effects, although 
relevant, are sufficiently smooth to be captured implicitly by the correlated parameters.

3.2.2 Kinetic parameters correlation including mass transfer resistance

Table 2 summarizes the parameters obtained when the kinetic model is extended to include the apparent mass-transfer 
terms 1

cK a  and 2
cK a  for the free enzyme in lactose (SL) and whey (SW) media at 40 and 50 °C. In Table 2, Kᶜa1 and Kᶜa2 

correspond to the apparent volumetric mass-transfer coefficients estimated for two of the three enzyme-to-substrate ratios 
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per condition (R = 1.00 and R = 1.25, respectively); the kinetic constants k1-k5 are treated as shared parameters across those 
experimental profiles. These coefficients represent effective lactose transport from the bulk liquid to the catalytic region 
and complement the intrinsic kinetic constants 1 5k –k . All fits yield coefficients of determination 2R 0.91> , indicating 
that the extended model continues to reproduce the main features of lactose consumption, monosaccharide formation, and 
GOS accumulation; notably, the overall R2 values are comparable to, and in some cases marginally lower than, those of 
the purely kinetic model (Table 1), which reflects the reduced degrees of freedom per experimental profile rather than a 
degradation of predictive quality.

Table 2. Apparent kinetic ( )1 5–k k  and mass-transfer ( )1 2,c cK a K a  parameters for free β-galactosidase in lactose (SL) and whey (SW) 

media at 40 and 50 °C. Units: k1, k3, k4, k5 in L·g
−1·min−1; k2 in min−1; Kᶜa in min−1.

Case
40 °C 50 °C

SL SW SL SW

k1 4.81×101 8.01×10−1 5.26×102 3.22×10−1

k2 8.56×100 9.70×101 5.17×102 1.14×107

k3 1.65×102 7.04×101 1.13×107 3.84×101

k4 3.67×100 6.22×101 3.47×102 3.85×106

k5 8.72×101 9.95×101 6.61×107 1.26×102

Kca
1 4.63×104 3.74×1019 1.14×1019 5.69×1019

Kca
2 8.34×1018 5.63×1019 4.56×1019 6.99×1019

R2 0.938 0.966 0.916 0.968

Note: when Kᶜa takes values ≫ 106 min−1 (as recovered for all free-enzyme runs), the joint estimation of k1-k5 and Kᶜa is numerically ill-conditioned; the k1-k5 
values in this table should therefore not be directly compared with those in Table 1. The physically interpretable result from Table 2 is the order of magnitude of 
Kᶜa alone.

The fitted values of 1
cK a  and 2

cK a  are, with one exception, extremely large, on the order of 1018-1019 min−1. The sole 
outlier is Kᶜa1 for SL at 40 °C (4.63 × 104 min−1); even this value is many orders of magnitude above any physically 
realizable external mass-transfer coefficient in a stirred reactor, so the conclusion of negligible external resistance holds 
for all free-enzyme conditions studied. In the mathematical limit Kᶜa → ∞, the transport equation reduces to the same form 
as the purely kinetic model, so the two formulations become algebraically equivalent. Therefore, the joint estimation of 
k1-k5 and Kᶜa is ill-conditioned when Kᶜa is very large: many different combinations of these parameters produce predictions 
of equivalent quality, explaining why the k1-k5 values in Table 2 differ substantially from those in Table 1 for the same 
free-enzyme system. The physically meaningful result from Table 2 is therefore exclusively the order of magnitude of Kᶜa, 
confirming negligible external resistance; quantitative interpretation of the kinetic constants should rely on Table 1. For a 
given temperature, the kinetic constants in whey, particularly k4 and k5, governing GOS formation and re-hydrolysis, tend 
to be smaller than their counterparts in pure lactose solution. This trend is consistent with the experimentally observed 
lower GOS maxima in whey and with the inhibitory and matrix-related accessibility effects attributed to whey components 
such as proteins, residual sugars, and dissolved salts.

The comparison between 40 and 50 °C also shows that the fitted parameters do not follow a uniform temperature-
driven increase. Instead, they reflect the combined influence of temperature on intrinsic enzyme activity and on transport 
properties such as diffusion coefficients and viscosity. This behavior is consistent with the experimental evidence that the 
free enzyme experiences partial thermal loss of activity near 50 °C, while mass-transfer effects become less restrictive at 
higher temperature.

Figure 16 presents parity plots for the complete data set at both temperatures. The points cluster closely around the 
identity line, confirming that the model with mass-transfer terms provides a satisfactory global representation of the 
experimental concentrations. Compared with the purely kinetic model (Figure  15), the inclusion of 1

cK a  and 2
cK a  

provides a physically interpretable account of the transport regime; for whey-based systems in particular, the structured 
parameterization prevents medium-related diffusional effects from being absorbed into the apparent kinetic constants. The 
insets show that SL at 40 °C exhibits the largest dispersion, consistent with the variability observed experimentally in the 
GOS region, while SW systems display more compact behavior and benefit the most from the addition of transport terms. 
No consistent under- or over-prediction is observed across systems.
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Figure 16. Parity plots comparing experimental concentrations (Exp_Data) and model predictions (Cal_Data) for the 
kinetic model including mass-transfer terms at 40 °C (left) and 50 °C (right). Colours denote the different reaction systems, 
and the solid line represents perfect agreement. Insets show the corresponding parity plots for each individual system.

Although the global R² values obtained with and without mass-transfer terms are similar, the extended formulation has 
a practical advantage: a single set of kinetic parameters per medium and temperature, supplemented by the mass-transfer 
coefficients, is sufficient to represent all conditions for the free enzyme. In contrast, the purely kinetic model of Section 3.2.1 
requires system-specific parameter sets, so the present approach captures medium effects more compactly while maintaining 
a comparable quality of fit. The principal benefit of including transport terms is not a systematic improvement in R2 but rather 
a physically interpretable account of the transport regime: for whey-based experiments, the explicit representation of transport 
terms prevents transport-related effects from being absorbed into the kinetic constants as an artefact of fitting; free-enzyme runs 
recover Kᶜa values in the range 1018-1019 min−1, confirming negligible external resistance for soluble enzyme in a well-stirred 
system, which is physically expected. The largest relative deviations are observed for galactose and, especially, for GOS, in 
the regions where transgalactosylation and re-hydrolysis rates change most steeply.

4 Conclusions
This study examined how reaction medium, biocatalyst configuration, and mass-transfer phenomena collectively shape 

galactooligosaccharide (GOS) synthesis with β-galactosidase from K. lactis. A mechanistic model, tested with and without 
explicit transport terms, was applied across temperatures, substrates, and immobilization supports. The results are clear: 
intrinsic enzyme kinetics and external transport resistance act in concert to determine GOS productivity, and models that 
omit transport phenomena give an incomplete picture of the system.

On the experimental side, replacing pure lactose solutions with whey generally slowed lactose conversion and modified 
the balance between hydrolysis and transgalactosylation. This behavior is consistent with the more complex composition of 
the whey matrix, where proteins, minerals, and residual lipids may reduce the effective accessibility of lactose to the enzyme. 
In immobilized preparations, the apparent external mass-transfer resistance at the biocatalyst-fluid interface further limited 
lactose availability at the catalytic microenvironment, with the strongest transport constraints observed for the alginate-based 
supports. Among the immobilized configurations evaluated, treated silica (EITS) provided the most favorable performance, 
combining the highest retained activity with comparatively lower external transport resistance and yielding the highest GOS 
concentration measured in this study. In contrast, alginate beads, particularly those containing zeolitic material, showed 
stronger external mass-transfer limitations and lower GOS accumulation under the evaluated conditions.

From the modeling side, the purely kinetic scheme already captures the main trends in all concentration profiles reasonably 
well. For free-enzyme systems, the transport parameterization provides an internal consistency check, near-infinite Kᶜa 
values confirm negligible external resistance, and a physically transparent structure that can be extended to immobilized 
configurations where finite Kᶜa values carry direct physical meaning. For whey-based systems, explicitly including transport 
terms prevents diffusional effects from being absorbed into the kinetic constants as fitting artefacts. Beyond the comparable 
quality of fit, the extended model carries a practical structural advantage for the free-enzyme datasets: a single parameter set 
per medium and temperature, supplemented by mass-transfer coefficients, can represent the corresponding concentration 
profiles with comparable quality to the purely kinetic formulation. For immobilized systems, experimental trends indicate that 
support-dependent external transport resistance must be considered explicitly when interpreting apparent kinetic parameters.
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The results show that mass-transfer phenomena are not a secondary correction in GOS synthesis but an active 
determinant of both the reaction rate and the product distribution throughout the reaction. Notably, medium composition, 
whether pure lactose or whey, emerged as the primary factor modulating external mass-transfer behavior, consistently 
amplifying diffusional resistance across all biocatalyst configurations tested, with whey introducing additional transport 
barriers beyond those attributable to the support structure alone. The combined kinetic-transport formulation provides a 
mechanistic basis for interpreting how reaction kinetics and external transport may interact in GOS synthesis. In the present 
work, the explicit mass-transfer parameterization was demonstrated for the free-enzyme datasets, where the recovered 
near-infinite cK a values correctly indicate a transport-transparent regime. For immobilized systems, the experimental 
trends and apparent kinetic parameters indicate support-dependent transport limitations, although direct quantification of 
finite cK a values for each support should be addressed in future work.
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