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We present a tree level approach to the issue of the deflection of photons by the gravitational
field of the Sun, treated as an external field, on the basis of R + R? gravity. We show that
the deflection angle of a photon grazing the surface of the Sun is exactly the same as that
given by general relativity. An explanation for this strange coincidence is provided.

I. Introduction

One of the simplest and most enduring ideas for
extending general relativity is to include in the Ein-
stein’s gravitational action terms involving higher pow-
ers of the curvature tensor. These extra terms neither
break the invariance of the action under general coordi-
nate transformations nor can be excluded by any known
principle. If, for instance, we include only a term pro-

portional to R?, the resulting action is[1]

S = /d4x\/_{—+ R} : (1)

where k2 = 327G, and « is a dimensionless parame-
ter. Since the quantity R involves two derivatives act-
ing on the metric and in an interaction each derivative
becomes a factor of the momentum transfer %, or of

1
the inverse distance scale k ~ —, we may say that R
r

is of order &? %2), while R? is of order «* <ri4>’
respectively. Thus, at small enough energies, or at
very long distances, the quadratic term is negligible
and R + R? gravity reduces to general relativity. Ac-
cordingly, for small values of the energy E of incident

radiation (E ~ 0) we expect the measurements of the

solar gravitational deflection to be in excellent agree-
ment with general relativity. As a matter of fact, in
the measurements of the solar gravitational deflection
of the radio waves (E ~ lem ™!
[2] found a value of 1.76 £0.016 arcsec for the deflection

at the solar limbs (the prediction of general relativity is

), Fomalont and Sramek

1.75 arcsec). Therefore, a non negligible contribution of
the quadratic term to the solar gravitational deflection
of starlight (E ~ 10°cm™1!) is to be expected. Inci-
dentally, the mean value of the deflection of light at
the solar limb obtained by averaging over the measure-
ments made on all eclipses expeditions to date is 2.04
arcsec. These considerations lead us to conjecture that
R + R? gravity should provide a value for the deflec-
tion angle of starlight which passes the Sun’s limb on
its way to the Earth nearer to the experimental value
than that given by general relativity. We address this
question here. To do that we compute the scattering of
a photon by the Sun’s gravitational field, treated as an
external field, on the basis of R + R? gravity.

We show in Sec. II that only in the absence of
tachyons in the dynamical field does R + R? gravity
III we

compute the gravitational field of the Sun, treated as a

give an acceptable newtonian limit. In Sec.



point particle, in the weak field approximation. In Sec.
IV we calculate the cross-section for the scattering of a
photon by an external gravitational field and show from
this result that the deflection angle of a photon grazing
the surface of the Sun predicted by R + R? gravity is
exactly the same as that provided by general relativity.
An explanation for this strange coincidence is given in
Sec. V.

Natural units are used throughout (¢ = A =1). In
— —). The cur-
vature tensor is defined by R%; s = —0s, 5, +---, the
Ricci tensor by R,, = R®

prao

our notation the signature is (+ —

and the curvature scalar

by R = g""R,,,, where g, is the metric tensor.

II. Absence of tachyons as a condition for
R+ R? gravity to give an acceptable new-
tonian limit

The effective nonrelativistic potential for the grav-
itational interaction of two identical massive bosons of

zero spin (see Fig. 1) is
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Figure 1. Feynman diagram for the gravitational interaction
of two identical massive bosons of zero spin.
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Ul(r) = mw/cﬁkﬂme kr (2)
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whereupon

FnNr =iMnNr

where M g is the nonrelativistic limit of the Feynman
amplitude for the process depicted in Fig. 1. On the
other hand, the Lagrangian density for the interaction
of gravity with a free, massive scalar field ¢, is

Lot = V705 (600000~ m*6) . ()

The quantum fluctuations of the gravitational field
may be expanded about a smooth background metric,
which in our case is flat spacetime

Guv = Nuv + I‘éhuu ’
Nuw = diag (17_17_17_1) : (4)

From (3) and (4), we obtain

1
Lint = =5 |0,0006 = 51 (9a00%0 —m?¢?) |,

where the Lagrangian density for the free scalar field
has been omitted. From the previous expression the
Feynman rule for the elementary vertex may readily be
deduced. It is shown in Fig. 2. In momentum space,
the free propagator for R+ R? gravity, in the de Donder
(harmonic) gauge, is (see appendix A)

v

Vi (0, ) = i [pupl, + Pty — nw(p- P + m?)]

Figure 2. The relevant Feynman rule for boson-boson inter-
action.
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The Feynman amplitude for the reaction displayed in Fig. 1 is then given by

M = Vu(p,—p) A8 (k) Vag (¢, —)

+
+
where
7
A = —
22
B = 2 — 2ak2k?
—2 4+ 3ak2k?

which in the nonrelativistic limit reduces to

ikZ>m?* 2 + 2ak?|k|?
= _cr ook L 5
Mn .. PIE { 2+ 3cm2|k|2} 5)
Eq. (5) can be rewritten as
ikZm* 3MZ + 2|k|?
M = - 0 ) 6
v = (1 S e ©
2
here M = :
where My = o—
From (6) and (2) we promptly obtain
K2m? T 1
U(r) = 4=
()= G2 { ir 127"} ’
where
*  zsinzdz
I= - -
/700 z2 + M@r? @

From a mathematical point of view integral (7)
makes sense only if « is positive (Mg > 0), which cor-
responds to the absence of tachyons in the dynamical
field. Assuming that « > 0, integral (7) can be easily
evaluated by the method of contour integration. The

result is

2 «

K2 2 2

~k*A[B(p-p' —2m®) (¢-¢ —2m*) + (p-9) W' - ¢)
p-d)W )+ - p)(m*—q-q)
(g-¢)y(m*—p-p)y+2(m>—p-p) (m*—q-d)]

[ =meMor

Therefore

1 1leMor

U(r)=m?G|-=-=
(x) { r 3 r }

The associated nonrelativistic gravitational potential

for R + R? gravity is then given by

(8)

Note that (8) gives an acceptable newtonian limit since
there is only a falling exponential and not a oscillating

— term at infinity.
r

III. The gravitational field outside the Sun in
the framework of R+ R? gravity and in the weak

field approximation

The action for R + R? gravity theory is given by

2
s= [aev=g |2+ etn| O

where L)/ is the Lagrangian density for the usual mat-

ter. The corresponding field equation is[3]

1 1
—Gu + = |-=R%gu, + 2RR,, +2V,V,R — 2g,,0R| + §T,W =0 ,



where

5/d4w (\/—gEM) = /d4w\/—g%5g’“’

In the weak field approximation this equation re-

duces to

2 a 1
ED’YW/ + ED (6uay — 7’],_“,[‘) h + ;THV =0 s (10)

where

1

Vv = huy — §nuyh

In obtaining the previous equation we have used the
harmonic condition v, = 0.

Contracting (10), we get

K K

D(% +3am>h:Z . (11)

Let us assume that the Sun is a point particle of
mass M located at r = 0. The corresponding energy-

momentum tensor is given by

T = M&°,6°,6°(x) . (12)

From (11) and (12), we promptly obtain

~ L e\ 2he) = — e
(1 M§V>Vh(r)— 2M6 (r)y ,

]
_ 1 -M, Mo _ar
,(7“) = 3?(1—6 07")_3?6 or _
1 M,
A(r) = —3 (1—e Moy 4 T—;)e_MO’"

where Mg is supposed to be positive since we are as-
suming the absence of tachyons in the dynamical field
(see the previous section). This equation is solved in
detail in Ref. [4]. The solution is

KM 1—e Mor

= T

From (9) and (12), we have

2 M
V2 [E’Yoo + aV2h] = ?53 (r)

whose solution is

2
Note that hoo(r) = —V(r) (see the preceding sec-
K
tion).

From (9) and (12), we finally get

2
A& |:§’7ij +« (8i8j — 6ijV2) h:| =0 ,
whose solution can be written as

kM zta!

hz] = 87!'—]\43 |:6Z]7 (’I") + r2 A(T):| )

where

2 2

M; o—Mor _ M;

3r 2r
2

MO —Mpor

+¥6

(1 — e_Mor)

)

Of course, hjp = 0. Therefore, the gravitational field outside the Sun takes the form

Mg 1
- <1 + —eMO’">

2r 3
M 0
by (r) = m
0
0

0 0 0
CU2A :UyA CUZA
) " =
yr Y yz
s e et
ZT 2Y z
A A A



Since in the next section we will need the momentum space gravitational field, i. e. ,

(k) = / d*re " ®Th,, (r)

we use the remainder of this section to evaluate h,, (k). This calculation is rather involved. Using much algebra

and the integrals listed in appendix B, some of which only exist as distributions, we arrive at the following result

1
ﬁ+§ 0 0 0
1 Q
0 . 0 0
h,,(k):—% K2 3
g 4 0 0 1.9 0 ’
k2 3
1
0 0 0 &0
_ 1 _
whereQ:7M3+k2,andk::|k|.

IV. Prediction of R + R? gravity for the deflection angle of a photon grazing the Sun’s surface

Let us now consider the scattering of a photon by the gravitational field of the Sun, treated as an external field.

The Lagrangian function of the system is

FWE, &
4 8

[hponpgn””n"ﬁ — 4h””‘n”5] FuFos

The corresponding photon-external-gravitational-field vertex is shown in Fig. 3. Therefore, the Feynman am-

plitude for the process displayed in Fig. 3 is of the form

Viu(p - p') = £h(K) [~10msp - P + rpPuP,
+2 (MuwPAPy = MupPAP, = MurPuPy + Nuaop - )] 4

w

Figure 3. The photon-external-gravitational-field vertex.

whereupon

K
My = igh™ (1) [=nwmrpp - P+ 1apps - 1,
+  2(0uwPaAP), = MpPAD), — NPl + Mt - )]

where €/(p) and €/, (p’) are the polarization vectors for the initial and final photons, respectively.
The unpolarized cross-section for the process is proportional to



1 2 2
X2522|Mrr’|2 )

r=1r'=1

where we have averaged over initial polarizations and summed over final polarizations. Hence

2
X = 2 (ap-p) huh™ =202 (p-p))’ +2 (4p- p'hhrep*p”

8
— 8ho,h”\p p'p - p' + dhagh,up ' p' ") ]

Since M2 + |k|? ~ Mg, the momentum space gravitational field can be rewritten as

kM [ 1 11
hoo (k) = —— |5+
o0 (k) 4 {k2+3M§} ’
kM1 11
i (k) = ha (k) = - [k— - 3ﬂ ’
kM [ 1 1
hys(k) = — | — —
- [
|
Therefore,
do | r_dr
a2 ph dQ | sinf df
= EI—GF(1+C080)2 y
For small 6, we get
where F is the energy of the incident photon and 8 is
the scattering angle. The unpolarized cross-section for do v dr
the process in hand can be obtained from the expression a0 lgae (15)

[5]

do

do 1 X
aQ 4 (2m)2

(13)

Thus, the unpolarized cross-section for the scattering
of a photon by the Sun’s gravitational field, treated as
an external field, on the basis of R+ R? gravity, is given
by

do k1M,
— =—=cot" = |
dQ  256(2m)? 2
which, for small angles, reduces to
do 16G2 M
aQ 04
On the other hand,

From (14) and (15) we then have

5  16G*M?>
r’= ————
92
So, we come to the conclusion that the prediction of
R+ R? gravity for the deflection angle of a photon pass-
ing near to the Sun is exactly the same as that given

by Einstein’s theory, namely,

0 =1.75 arcsec.

Actually, it is a paradox that two quite different
gravitational theories could lead to the same value for
the solar gravitational deflection. Where such a strange
coincidence came from? We discuss this important mat-

ter in the next section.



V. A general result

We have argued that the quadratic term of R + R?
gravity theory should give a non negligible contribu-
tion to the gravitational solar deflection of starlight
(E ~ 10°cm ™). However, a careful calculation at the
tree level showed that the deflection angle of a pho-
ton passing near to the Sun’s surface is the same as

that predicted by Einstein’s theory. In other words,

level, since

_ (E kM 1
=g+ (A es)]

whereupon

FE _ 3 —ikri (F
hE) (k) = / dPre T hP(r) |

where hfﬁ:) (r) is the solution of the linearized Einstein’s

equation supplemented by the usual harmonic coordi-

nate condition, we may write the Feynman amplitude

as
the quadratic term does not contribute anything to the
gravitational solar deflection. How can we explain this My = MEL ]g) " MEL 132) ,
unexpected result? First of all, we note that at the tree

]
where

2 k| kM 1
MLJE )= i) [6M2 (—577*” + 0565 )] [=Tuwnrpp - P’
0

+ Py + 2 (M PAD), = MupPAP) = NuaPel)y + Muallvep - P')] -

(R*) _
Of course, M,,,, ’ = 0. Therefore,
My = ME

which clearly shows why the two theories lead to the
same result for the solar gravitational deflection.

At the classical level, in turn, the field equation
for R + R? gravity, in the weak field approximation

and in the gauge 4, = —v,,% + “T’gR,u = 0, where

Ypv = hut/ - %nuyh, is given by
1 Tuw T
Dhﬂ" - gR’Ih“, =K |:Tu — %]

In this equation R must be replaced by its respective

first-order expression:
_ 1 Suv
R - 5 Dh - ’Y;u/
In this gauge, the Sun’s gravitational takes the form
hy (v) = Bl () + $(2) 0

where
Mk e~ Mor

P(r) = T

Neglecting the product of hfﬁ:) by ¢, the metric can

be written as

Juv = I:th") + ¢7hu/] K+ Ny
= (1+rg)glY)

Thus, in the absence of tachyons (a > 0) and assum-
ing that 1+ k® > 0 (this condition is necessary for the
conformal transformation not to invert the signature of
the metric) , the linearized R + R> gravity theory is
conformally related to Finstein’s linearized theory.
The previous result clearly shows why we arrive at the
same value for the solar gravitational deflection whether
we use R + R? gravity or Einstein’s gravity.

To conclude, we call attention to the fact that
Whitt[6] and Teyssandier[7] studied the equivalence of

the above theories in a quite different context.
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Appendix A: The propagator for R+ R? gravity

In order to calculate the propagator for R + R?

gravity, we must first write out the Lagrangian density
Ly = 2R —+3 R2 v/—g in a purely quadratic form in
the grav1tat10nal field h*¥. Going over to momentum
space and using a substantial amount of Lorentz algebra
on symmetric rank-two tensors, we arrive at the follow-

ing expression for £ = £, + L7, with the gauge fixing
1 2
Lagrangian density given by L, = (6,,h‘“’ — 56“h> ,

1
L= §hu,,7>”"’p0hp9 ,

whereupon

prert = An"n™ + B (n"n" +n"n"’)
+ CKH'E'EPE’ + D (K"K + 0" kK°)

where

k
A = —? —+ Ckli2k4 s
k?2
B = —
2 )
C = kKa ,
D = —ar’k?

]

Since P#¥+*? is a fourth-rank tensor dependent only
on the 4-vector k%, Lorentz-covariance therefore im-

poses the following general form for its inverse

Poory = Anoenny + B (Moanive + 10A7p7)
+ Ckp]@k’)\kv +D (npekkkw + nkwkpk'e)

Now, taking into account that

14 1 174 174
P 7p07>p9y>w =3 (6’3\6 , 080 A) )
we promptly obtain
A = _ —2 + 2ak2k> B
—2 + 3ak2k?
1
B = g
2
C == ﬁp 5
D o 2k2a?
—2 4+ 32k«

The graviton propagator is then given by

Apev)\"/ (k) = Z.Ppev)"‘/ (k)

Appendix B: A table of integrals for the calculation of h,, (k) (Some of the integrals below only exist

as distributions)

1./ e Mo7 gin krdr =
0

Mg + k?
2 /°° e Morsinkr et B
r 0
o _Morsmkr _ k
3. /0 ———————dr=k—btan 1ﬁo—§ln(M§+k2)

00 g=Mor gin 1 k
4. - dr==(M?—-k)tan ' — —
/0 2 ( 0 ) MO 2
o0 —Mo’“sm kr 11k%  11MZk M0
5. / -  r dr=- 0 3k% —
0 36 12 6 (

1
+35 (k* — 3MGk) In (Mg + k*)

3Mok

k
Mg) tan_l M

Mokl (M2 + k?)

0



°"coskrdr =

e
0

e °] —M()T
- / coskr e~ " coskr .

0
0 o=Mor gl E M
8/ ——dr = —k tan " —— + Zin (M3 + )
o M,
o0 MU”cosk:r 3k2 k 1
T T e = =2 4 Mok tan "t — + = (K% —
9. /0 r 1 + Mok tan™ M0+4(
10. krdr = =
/0 sm rar = k
o0
11(/. “nfrd = k(1 - Ink)
0 r
 sin kr 11]4:3 k3
12. dr = + 2 nk
A e 36 6"
® coskr k2
13. /0 = dr = — 1 (=3 4 2Ink)
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