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We present a tree level approach to the issue of the de
ection of photons by the gravitational
�eld of the Sun, treated as an external �eld, on the basis of R +R2 gravity. We show that
the de
ection angle of a photon grazing the surface of the Sun is exactly the same as that
given by general relativity. An explanation for this strange coincidence is provided.

I. Introduction

One of the simplest and most enduring ideas for

extending general relativity is to include in the Ein-

stein's gravitational action terms involving higher pow-

ers of the curvature tensor. These extra terms neither

break the invariance of the action under general coordi-

nate transformations nor can be excluded by any known

principle. If, for instance, we include only a term pro-

portional to R2, the resulting action is[1]

S =

Z
d4x

p�g
�
2R

�2
+
�

2
R2

�
; (1)

where �2 = 32�G, and � is a dimensionless parame-

ter. Since the quantity R involves two derivatives act-

ing on the metric and in an interaction each derivative

becomes a factor of the momentum transfer k, or of

the inverse distance scale k � 1

r
, we may say that R

is of order �2
�
1

r2

�
, while R2 is of order �4

�
1

r4

�
,

respectively. Thus, at small enough energies, or at

very long distances, the quadratic term is negligible

and R + R2 gravity reduces to general relativity. Ac-

cordingly, for small values of the energy E of incident

radiation (E � 0) we expect the measurements of the

solar gravitational de
ection to be in excellent agree-

ment with general relativity. As a matter of fact, in

the measurements of the solar gravitational de
ection

of the radio waves (E � 1cm�1), Fomalont and Sramek

[2] found a value of 1:76�0:016 arcsec for the de
ection

at the solar limbs (the prediction of general relativity is

1.75 arcsec). Therefore, a non negligible contribution of

the quadratic term to the solar gravitational de
ection

of starlight (E � 105cm�1) is to be expected. Inci-

dentally, the mean value of the de
ection of light at

the solar limb obtained by averaging over the measure-

ments made on all eclipses expeditions to date is 2.04

arcsec. These considerations lead us to conjecture that

R + R2 gravity should provide a value for the de
ec-

tion angle of starlight which passes the Sun's limb on

its way to the Earth nearer to the experimental value

than that given by general relativity. We address this

question here. To do that we compute the scattering of

a photon by the Sun's gravitational �eld, treated as an

external �eld, on the basis of R+R2 gravity.

We show in Sec. II that only in the absence of

tachyons in the dynamical �eld does R + R2 gravity

give an acceptable newtonian limit. In Sec. III we

compute the gravitational �eld of the Sun, treated as a



point particle, in the weak �eld approximation. In Sec.

IV we calculate the cross-section for the scattering of a

photon by an external gravitational �eld and show from

this result that the de
ection angle of a photon grazing

the surface of the Sun predicted by R + R2 gravity is

exactly the same as that provided by general relativity.

An explanation for this strange coincidence is given in

Sec. V.

Natural units are used throughout (c = ~ = 1). In

our notation the signature is (+ � � �). The cur-
vature tensor is de�ned by R�

�
� = �@����
 + � � �, the
Ricci tensor by R�� = R�

���, and the curvature scalar

by R = g��R�� , where g�� is the metric tensor.

II. Absence of tachyons as a condition for

R+R2 gravity to give an acceptable new-

tonian limit

The e�ective nonrelativistic potential for the grav-

itational interaction of two identical massive bosons of

zero spin (see Fig. 1) is

Figure 1. Feynman diagram for the gravitational interaction
of two identical massive bosons of zero spin.

U (r) =
1

4m2

1

(2�)3

Z
d3kFNRe

�ik�r ; (2)

whereupon

FNR = iMNR ;

whereMNR is the nonrelativistic limit of the Feynman

amplitude for the process depicted in Fig. 1. On the

other hand, the Lagrangian density for the interaction

of gravity with a free, massive scalar �eld �, is

Lint =
p�g1

2

�
g��@��@���m2�2

�
: (3)

The quantum 
uctuations of the gravitational �eld

may be expanded about a smooth background metric,

which in our case is 
at spacetime

g�� = ��� + �h�� ;

��� = diag (1;�1;�1;�1) : (4)

From (3) and (4), we obtain

Lint = ��

2
h��

�
@��@��� 1

2
���

�
@��@

���m2�2
��

;

where the Lagrangian density for the free scalar �eld

has been omitted. From the previous expression the

Feynman rule for the elementary vertex may readily be

deduced. It is shown in Fig. 2. In momentum space,

the free propagator for R+R2 gravity, in the de Donder

(harmonic) gauge, is (see appendix A)

Figure 2. The relevant Feynman rule for boson-boson inter-
action.

c

� ��;��(k) =
i

2k2

�
�
�
2� 2�k2�2

2� 3�k2�2

�
������ + (������ + ������)

� 2��2

2� 3k2�2�

�
���k�k� + ���k�k� +

2

k2
k�k�k�k�

��
:



The Feynman amplitude for the reaction displayed in Fig. 1 is then given by

M = V�� (p;�p0)���;�� (k)V�� (q;�q0)
= ��2A �B �p � p0 � 2m2

� �
q � q0 � 2m2

�
+ (p � q) (p0 � q0)

+ (p � q0) (p0 � q) + (p � p0) �m2 � q � q0�
+ (q � q0) �m2 � p � p0�+ 2

�
m2 � p � p0� �m2 � q � q0�� ;

d
where

A � i

2�2
;

B � 2� 2��2k2

�2 + 3��2k2
;

which in the nonrelativistic limit reduces to

MN:R: =
i�2m4

2jkj2
�
2� 2 + 2��2jkj2

2 + 3��2jkj2
�

: (5)

Eq. (5) can be rewritten as

MN:R: =
i�2m4

jkj2
�
1� 3M2

0 + 2jkj2
6 (M2

0 + jkj2)
�

; (6)

where M2
0 �

2

3��2
.

From (6) and (2) we promptly obtain

U (r) =
�2m2

8�2

�
� �

4r
� I

12r

�
;

where

I �
Z

1

�1

x sinxdx

x2 +M2
0 r

2
: (7)

From a mathematical point of view integral (7)

makes sense only if � is positive (M2
0 > 0), which cor-

responds to the absence of tachyons in the dynamical

�eld. Assuming that � > 0, integral (7) can be easily

evaluated by the method of contour integration. The

result is

I = �e�M0r :

Therefore

U (r) = m2G

�
�1

r
� 1

3

e�M0r

r

�
:

The associated nonrelativistic gravitational potential

for R+R2 gravity is then given by

V (r) = mG

�
�1

r
� 1

3

e�M0r

r

�
: (8)

Note that (8) gives an acceptable newtonian limit since

there is only a falling exponential and not a oscillating
1

r
term at in�nity.

III. The gravitational �eld outside the Sun in

the framework of R+R2 gravity and in the weak

�eld approximation

The action for R+R2 gravity theory is given by

S =

Z
d4x

p�g
�
2R

�2
+
�

2
R2 + LM

�
; (9)

where LM is the Lagrangian density for the usual mat-

ter. The corresponding �eld equation is[3]

c

2

�2
G�� +

�

2

�
�1

2
R2g�� + 2RR�� + 2r�r�R� 2g��2R

�
+

1

2
T�� = 0 ;



where

�

Z
d4x

�p�gLM� �
Z

d4x
p�gT��

2
�g�� :

In the weak �eld approximation this equation re-

duces to

2

�2
2
�� +

�

2
2 (@�@� � ���2)h+

1

�
T�� = 0 ; (10)

where


�� � h�� � 1

2
���h :

In obtaining the previous equation we have used the

harmonic condition 
 ;�
�� = 0.

Contracting (10), we get

2

�
2

�2
+ 3�2

�
h =

T

�
: (11)

Let us assume that the Sun is a point particle of

mass M located at r = 0. The corresponding energy-

momentum tensor is given by

T�� =M�0��
0
��

3(r) : (12)

From (11) and (12), we promptly obtain

�
1� 1

M2
0

r2

�
r2h (r) = ��

2
M�3 (r) ;

where M2
0 is supposed to be positive since we are as-

suming the absence of tachyons in the dynamical �eld

(see the previous section). This equation is solved in

detail in Ref. [4]. The solution is

h =
�M

8�

1� e�M0r

r
:

From (9) and (12), we have

r2

�
2

�2

00 + �r2h

�
=

M

�
�3 (r) ;

whose solution is

h00 =
M�

16�

�
�1

r
� 1

3

e�M0r

r

�
:

Note that h00(r) =
2

�
V (r) (see the preceding sec-

tion).

From (9) and (12), we �nally get

r2

�
2

�2

ij + �

�
@i@j � �ijr2

�
h

�
= 0 ;

whose solution can be written as

hij =
�M

8�M2
0

�
�ij� (r) +

xixj

r2
� (r)

�
;

where

c

�(r) � 1

3r3
�
1� e�M0r

�� M0

3r2
e�M0r � M2

0

3r
e�M0r � M2

0

2r

�
1� e�M0r

�
;

�(r) � � 1

r3

�
1� e�M0r

�
+
M0

r2
e�M0r +

M2
0

3r
e�M0r :

Of course, hi0 = 0. Therefore, the gravitational �eld outside the Sun takes the form

h��(r) =
�M

8�M2
0

0
BBBBBBBBB@

�M2
0

2r

�
1 +

1

3
e�M0r

�
0 0 0

0 � +
x2

r2
�

xy

r2
�

xz

r2
�

0
yx

r2
� �+

y2

r2
�

yz

r2
�

0
zx

r2
�

zy

r2
� �+

z2

r2
�

1
CCCCCCCCCA



Since in the next section we will need the momentum space gravitational �eld, i. e. ,

h�� (k) =

Z
d3re�ik�rh�� (r) ;

we use the remainder of this section to evaluate h��(k). This calculation is rather involved. Using much algebra

and the integrals listed in appendix B, some of which only exist as distributions, we arrive at the following result

h��(k) = ��M

4

0
BBBBBBB@

1

k2
+
Q

3
0 0 0

0
1

k2
� Q

3
0 0

0 0
1

k2
� Q

3
0

0 0 0
1

k2
�Q

1
CCCCCCCA

;

where Q � 1

M2
0 + k2

, and k � jkj.

IV. Prediction of R+R2 gravity for the de
ection angle of a photon grazing the Sun's surface

Let us now consider the scattering of a photon by the gravitational �eld of the Sun, treated as an external �eld.

The Lagrangian function of the system is

L = �F��F��

4
� �

8

�
h������

����� � 4h�����
�
F��F�� :

The corresponding photon-external-gravitational-�eld vertex is shown in Fig. 3. Therefore, the Feynman am-

plitude for the process displayed in Fig. 3 is of the form

Figure 3. The photon-external-gravitational-�eld vertex.

Mrr0 = ��r (p)�
�
r0(p0)M�� ;

whereupon

M�� = i
�

2
h�� (k)

��������p � p0 + ���p� � p0�
+ 2

�
���p�p

0

� � ���p�p
0

� � ���p�p
0

� + ������p � p0
��

;

where ��r (p) and ��r0(p0) are the polarization vectors for the initial and �nal photons, respectively.

The unpolarized cross-section for the process is proportional to



X =
1

2

2X
r=1

2X
r0=1

jMrr0 j2 ;

where we have averaged over initial polarizations and summed over �nal polarizations. Hence

X =
�2

8

h
4 (p � p0)2 h��h�� � 2h2 (p � p0)2 + 2

�
4p � p0hh��p�p0�

� 8h��h
�
�p

�p0�p � p0 + 4h��h��p
�p�p0�p0�

��
:

Since M2
0 + jkj2 �M2

0 , the momentum space gravitational �eld can be rewritten as

h00 (k) = ��M

4

�
1

k2
+

1

3

1

M2
0

�
;

h11 (k) = h22 (k) = ��M

4

�
1

k2
� 1

3

1

M2
0

�
;

h33 (k) = ��M

4

�
1

k2
� 1

M2
0

�
:

d

Therefore,

X =
�4M2

16

E4

k4
(1 + cos�)

2
;

where E is the energy of the incident photon and � is

the scattering angle. The unpolarized cross-section for

the process in hand can be obtained from the expression

[5]

d�

d

=

1

4

X

(2�)2
: (13)

Thus, the unpolarized cross-section for the scattering

of a photon by the Sun's gravitational �eld, treated as

an external �eld, on the basis of R+R2 gravity, is given

by

d�

d

=

�4M2

256(2�)2
cot4

�

2
;

which, for small angles, reduces to

d�

d

=

16G2M2

�4
: (14)

On the other hand,

d�

d

=

���� r

sin�

dr

d�

���� :

For small �, we get

d�

d

=

����r�
dr

d�

���� : (15)

From (14) and (15) we then have

r2 =
16G2M2

�2
:

So, we come to the conclusion that the prediction of

R+R2 gravity for the de
ection angle of a photon pass-

ing near to the Sun is exactly the same as that given

by Einstein's theory, namely,

� = 1:75 arcsec:

Actually, it is a paradox that two quite di�erent

gravitational theories could lead to the same value for

the solar gravitational de
ection. Where such a strange

coincidence came from? We discuss this important mat-

ter in the next section.



V. A general result

We have argued that the quadratic term of R + R2

gravity theory should give a non negligible contribu-

tion to the gravitational solar de
ection of starlight

(E � 105cm�1). However, a careful calculation at the

tree level showed that the de
ection angle of a pho-

ton passing near to the Sun's surface is the same as

that predicted by Einstein's theory. In other words,

the quadratic term does not contribute anything to the

gravitational solar de
ection. How can we explain this

unexpected result? First of all, we note that at the tree

level, since

h��(k) = h(E)
�� (k) +

�
�M

6M2
0

�
�1

2
��� + �3��

3
�

��
;

whereupon

h(E)
�� (k) =

Z
d3re�ik�rh(E)

�� (r) ;

where h
(E)
�� (r) is the solution of the linearized Einstein's

equation supplemented by the usual harmonic coordi-

nate condition, we may write the Feynman amplitude

as

M�� =M(E)
�� +M(R2)

�� ;

c

where

M(R2)
�� � i

�

2

�
�M

6M2
0

�
�1

2
��� + ��3 �

�
3

��
[�������p � p0

+ ���p�p
0

� + 2
�
���p�p

0

� � ���p�p
0

� � ���p�p
0

� + ������p � p0
��

:

d

Of course, M(R2)
�� � 0. Therefore,

M�� =M(E)
�� ;

which clearly shows why the two theories lead to the

same result for the solar gravitational de
ection.

At the classical level, in turn, the �eld equation

for R + R2 gravity, in the weak �eld approximation

and in the gauge A� � �
 ;�
�� + ��2

2 R;� = 0, where


�� � h�� � 1
2���h, is given by

2h�� � 1

3
R��� = �

�
T���

6
� T��

2

�
:

In this equation R must be replaced by its respective

�rst-order expression:

R =
1

2
2h� 
 ;��

�� :

In this gauge, the Sun's gravitational takes the form

h��(r) = h(E)
�� (r) + �(r)��� ;

where

�(r) � �M�

48�

e�M0r

r
:

Neglecting the product of h
(E)
�� by �, the metric can

be written as

g�� =
h
h(E)
�� + ����

i
�+ ���

= (1 + ��)g(E)
�� :

Thus, in the absence of tachyons (� > 0) and assum-

ing that 1+ �� > 0 (this condition is necessary for the

conformal transformation not to invert the signature of

the metric) , the linearized R + R2 gravity theory is

conformally related to Einstein's linearized theory.

The previous result clearly shows why we arrive at the

same value for the solar gravitational de
ection whether

we use R+R2 gravity or Einstein's gravity.

To conclude, we call attention to the fact that

Whitt[6] and Teyssandier[7] studied the equivalence of

the above theories in a quite di�erent context.
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Appendix A: The propagator for R+R2 gravity

In order to calculate the propagator for R + R2

gravity, we must �rst write out the Lagrangian density

Lg =
�
2R

�2
+
�

2
R2

�p�g in a purely quadratic form in

the gravitational �eld h�� . Going over to momentum

space and using a substantial amount of Lorentz algebra

on symmetric rank-two tensors, we arrive at the follow-

ing expression for L = Lg + Lgf , with the gauge �xing

Lagrangian density given by Lgf =

�
@�h

�� � 1

2
@�h

�2

,

L =
1

2
h��P��;��h�� ;

whereupon

P��;�� = A������ +B
�
������ + ������

�
+ Ck�k�k�k� +D

�
���k�k� + ���k�k�

�
;

where

A � �k2

2
+ ��2k4 ;

B � k2

2
;

C � �2� ;

D � ���2k2 :

Since P��;�� is a fourth-rank tensor dependent only

on the 4-vector k�, Lorentz-covariance therefore im-

poses the following general form for its inverse

P��;�
 = A�����
 + B (����
� + �����
)

+ Ck�k�k�k
 +D (���k�k
 + ��
k�k�) :

Now, taking into account that

P��;��P��;�
 = 1

2

�
�
�
��

�

 + ��
�

�
�

�
;

we promptly obtain

A = �
��2 + 2��2k2

�2 + 3��2k2

�
B ;

B =
1

2k2
;

C =
2

k2
D ;

D =
2�2�2

�2 + 3�2k2�
B :

The graviton propagator is then given by

���;�
 (k) = iP��;�
 (k) :

c

Appendix B: A table of integrals for the calculation of h��(k) (Some of the integrals below only exist

as distributions)

1.

Z
1

0

e�M0r sin krdr =
k

M2
0 + k2

2.

Z
1

0

e�M0r sin kr

r
dr = tan�1 k

M0

3.

Z
1

0

e�M0r sin kr

r2
dr = k � b tan�1 k

M0
� k

2
ln
�
M2

0 + k2
�

4.

Z
1

0

e�M0r sin kr

r3
dr =

1

2

�
M2

0 � k2
�
tan�1 k

M0
� 3M0k

2
+
M0k

2
ln
�
M2

0 + k2
�

5.

Z
1

0

e�M0r sin kr

r4
dr = �11k3

36
+

11M2
0k

12
+
M0

6

�
3k2 �M2

0

�
tan�1 k

M0

+
1

12

�
k3 � 3M2

0 k
�
ln
�
M2

0 + k2
�



6.

Z
1

0

e�M0rcoskrdr =
M0

M2
0 + k2

7.

Z
1

0

e�M0rcoskr

r
dr = �1

2
ln
�
M2

0 + k2
�

8.

Z
1

0

e�M0rcoskr

r2
dr = �k tan�1 k

M0
+
M0

2
ln
�
M2

0 + k2
��M0

9.

Z
1

0

e�M0rcoskr

r3
dr = �3k2

4
+M0k tan

�1 k

M0
+

1

4

�
k2 �M2

0

�
ln
�
M2

0 + k2
�
+

3M2
0

4

10.

Z
1

0

sin krdr =
1

k

11.

Z
1

0

sin kr

r2
dr = k (1� lnk)

12.

Z
1

0

sin kr

r4
dr = �11k3

36
+
k3

6
lnk

13.

Z
1

0

coskr

r3
dr =

k2

4
(�3 + 2lnk)
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