
Brazilian Journal of Physics, vol. 36, no. 2B, June, 2006 557

Phase Diagrams of the Blume-Emery-Griffiths thin Films
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We study the spin-1 Blume-Emery-Griffiths model with bilinear and biquadratic exchange interactions and
single-ion crystal field, using the mean field theory. In addition to the four usual phases: The disordered phase
D, the ferromagnetic phase F, the staggered quadrupolar phase SQ and The ferrimagnetic phase I, we found two
new phases, in the case of a thin magnetic film, namely: the sublattice (A or B) non magnetic phase NM and
the global non magnetic phase G. These phases are studied, for each layer of the film in the temperature-crystal
field plane (T/J,∆/J) for different film thicknesses. It is found that the ferrimagnetic and sublattice phases
are absent for a monolayer film. Whereas, these phases appear for increasing film thicknessses N ≥ 2. On the
other hand, the thermal behaviour of the layer quadrupolar moments qA,qB and layer magnetisations mA,mB
are investigated for negative values of the biquadratic coupling and crystal field. It is also shown that for fixed
values of the biquadratic coupling, the temperature and the crystal field, each layer of the film can belong to a
different phase. To illustrate this situation, an example is given for d/J =−1.5, ∆/J =−3.0 and T/J = 1.3.
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I. INTRODUCTION

The study of ultra-thin magnetic films, with only few
atomic layers thick, is recently subject of modern experimen-
tal methods such as the molecular beam epithaxy technique.
Very little work has been done in the case of the spin-1 model
also called the Blume-Emery-Griffiths BEG. This model was
originally introduced [1] in order to explain the phase sepa-
ration and superfluidity in the 3He-4He mixtures, as well as
to describe other multi-component physical systems, such as
metamagnets, liquid crystal mixtures, microemulsions, semi-
conductor allows, ... etc. The critical properties of this
model, for positive values of both the bilinear and biquadratic
couplings, were established by different approximation tech-
niques [1–4]. The staggered quadrupolar phase, also called
staggered quadrupollar phase, was predicted and investigated
on the square lattice by means of mean-field approximation
(MFA) and by Monte Carlo (MC) simulations [5]. The tran-
sition from the staggered quadrupolar phase to the ferromag-
netic phase was established on a three-dimensional cubic lat-
tice [6–8]. The global MFA analysis [6] on this lattice showed
a number of other remarkable features such as doubly re-
entrant behaviour and a ferrimagnetic phase which appears
between the staggered quadrupolar phase and the ferromag-
netic phase. Latter investigations [8–12] mainly confirmed
these results. Using exact solution on the Bethe lattice [13]
have constructed the full set of phase diagrams for spin-1 Ising
model for both positive and negative biquadratic coupling.
The diagrams showed doubly-reentrant behaviour, staggered
quadrupolar and ferrimagnetic phases, but the phase diagrams
change when changing the coordination number. Extending
the biquadratic coupling constant to negative values [14], de-
tailed phase diagrams of the bulk BEG model were estab-
lished.
On the other hand, the usual phases of the BEG model are
found in Ref. [15], in the case of negative biquadratic cou-

pling, using the cluster variational theory in the pair approx-
imation but only for a bilayer film with five-fold coordina-
tion. The temperature dependey on the order parameters of
the Blume-Emery-Griffiths model with repulsive biquadratic
coupling on a body centered cubic lattice has been estab-
lished, using the pair approximation and the path probability
method with pair distribution [16]. The metastable and unsta-
ble branches of the order parameters and phase transitions of
these branches have been established. On the other hand, the
effect of an external magnetic field on the multicritical behav-
iour of the antiferromagnetic Blume-Emery-Griffiths model
with repulsive biquadratic coupling has been studied [17] us-
ing the lowest approximation of the cluster variation method.
This study showed the existence of five topologies of the phase
diagrams. When applying the linear chain approximation to
establish the Blume-Emery-Griffiths phase diagrams in three
different planes, it has been shown [18] that the system ex-
hibits two different behaviours: a first and second order tran-
sitions depending on the parameter values.
When applying the Monte Carlo (MC) method for the Blume-
Emery-Griffiths model at the ferromagnetic-antiquadrupolar-
disordered phase interface, it is found in Ref. [19] that a bi-
dimensional system does not present any re-entrant behaviour,
while a re-entrance occurs in a bulk system. It is also found
that the staggered quadrupolar phase begins to be unstable for
a bi-dimensional and three three-dimensional systems.
As far as we know, neither the sublattice non magnetic phase,
nor the global non magnetic phase were outlined for the
Blume-Emery-Griffiths Ising films. Our aim in this paper is
to study the BEG spin-1 film with negative values of the bi-
quadratic coupling for different film thicknesses. The phase
diagrams we obtained contain some new phases: The sub-
lattice (A or B) non magnetic phase NM and the global non
magnetic phase G. In addition to the usual phases obtained by
several authors, namely: the disordered phase D , the ferro-
magnetic phase F, the staggered quadrupolar phase SQ and
the ferrimagnetic phase I. The paper is organized as follows.
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In the Sect. 2 we define the model and the used method. Re-
sulting phase diagrams are presented and discussed in Sect. 3.
The final Sect. 4. is devoted to conclusions.

II. MODEL AND METHOD

The Blume-Emery-Griffiths model, with spins si = 0,±1,
is characterized by two order parameters: magnetization m
and quadrupolar moment q, defined respectively by:

m = 〈si〉, q = 〈s2
i 〉 (1)

The case we are studying is a bipartite lattice, i.e. the lattice
is divided on two sublattices A and B, such that every site
belonging to A is surrounded only by sites belonging to B
and vice versa. To account the two-sublattice structure we
need four order parameters: mA,B = 〈si〉A,B and qA,B = 〈s2

i 〉A,B,
where A, B denotes sublattices.
The Hamiltonian describing the model is defined by:

H =−J ∑
<i j>

sis j−d ∑
<i j>

s2
i s2

j +∑∆is2
i (2)

where si takes the values 0,±1, at each lattice site, 〈i j〉 de-
notes a summation over all nearest-neighbour pairs, J and d
are, respectively, the correspondingly bilinear and biquadratic

interaction couplings. ∆i is the crystal field applied on each
site ′i′ of the layer k of the film formed with N layers, so that:

∆i = ∆k = ∆/kα (3)

In all the following we will be limited to the case α = 1, and
a bilinear coupling value J = 1.
From the Hamiltonian Eq.(2), the magnetisation and
quadrupolar moment of each layer k, of the film formed with
N layers, are given for each sublattice A (or B) respectively,
by:

mA(B)
k =

Tr(sA(B)
k exp(−βH0))

Tr(exp(−βH0))
(4)

and

qA(B)
k =

Tr[sA(B)
k ]2exp(−βH0)

Tr(exp(−βH0))
, (5)

where the spin variables sA(B)
k belong to the layer k (k =

1, ...,N) and the sublattice A (resp. B). In the above equa-
tions the trace Tr is performed using the global Hamiltonian
H0 which is the sum of each layer term H0k so that:

H0k =−[4.sB
k + sB

k−1 + sB
k+1]s

A
k − [4.sA

k + sA
k−1 + sA

k+1]s
B
k −d.[4.(sB

k )2 +(sB
k−1)

2

+(sB
k+1)

2](sA
k )2−d.[4.(sA

k )2 +(sA
k−1)

2 +(sA
k+1)

2](sB
k )2 +∆[(sA

k )2 +(sB
k )2] (6)

with the free boundary conditions: mA(B)
0 = mA(B)

N+1 = 0 and

qA(B)
0 = qA(B)

N+1 = 0.
Let Z0 = exp(−βH0) be the partition function of the system;
the global free energy is defined as: F = F0+ < H −H0 >0
with: F0 =− 1

β Log(Z0).
The average spin configuration < ... >0 is performed using
the global Hamiltonian H0 defined as:

H0 =
N

∑
k

H0k (7)

Hence, the global free energy can be written as:

F =−1
β

Log(Z0)+
N

∑
k=1

[
J
4

mA
k (4.mB

k +mB
k−1 +mB

k+1)+
d
4

qA
k (4.qB

k +qB
k−1 +qB

k+1)

+
J
4

mB
k (4.mA

k +mA
k−1 +mA

k+1)+
d
4

qB
k (4.qA

k +qA
k−1 +qA

k+1)] (8)

where β = 1/kBT : T stands for the absolute temperature and
kB the Boltzmann constant.
The equations (4) and (5) are solved numerically using the

iterative method. Different initial guesses can lead to differ-
ent solutions; the one which makes the free energy smallest is
selected as the global minimum.
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The parameters defining the different phases of the BEG model are:

1. The ferromagnetic phase F : mA = mB 6= 0, qA = qB
2. The ferrimagnetic phase I : 0 6= mA 6= mB 6= 0, qA 6= qB
3. The staggered quadrupolar phase SQ : mA = mB = 0, qA 6= qB
4. The disordered phase D : mA = mB = 0, qA = qB 6= 0

5. The global non magnetic phase G : mA = 0 mB = 0, qA = 0 qB = 0

6. The sublattice (A or B) non magnetic phase NM is defined either

{
by: mA = 0 mB 6= 0, qA = 0 qB 6= 0
or : mA 6= 0 mB = 0, qA 6= 0 qB = 0

III. RESULTS AND DISCUSSIONS

In order to investigate the existing phases of a BEG mono-
layer film we plot in Fig. 1 the corresponding phase diagram
in the plane (T/J,∆/J). This diagram shows that the disor-
dered phase D is reached at higher temperatures terminating
respectively, the ferromagnetic phase F for negative and large
values of the crystal field ∆/J, the staggered quadrupolar SQ
phase for ∆/J ≈ 0 and the G phase for ∆/J ≥ 1. In addition,
the disordered phase D appears also at very low temperatures
for positive values of the crystal field ∆/J ≈ 0.5 while the
phase SQ replaces the phase NM at very low temperature val-
ues. It worth to note that the phases I and NM are absent
for a monolayer BEG film. Hence we investigate the phase
evolutions in a BEG bilayer film. As it is shown in Fig. 2a
corresponding to the first layer k = 1, and a biquadratic cou-
pling constant value d/J = −1.5. The phase diagram in the
plane (T/J,∆/J), shows that the ferrimagnetic phase I is ab-
sent for a monolayer film. This phase is found only for low
temperatures between the phases F and SQ. The other phases,
D and G, found for a monolayer film are still present. The
phase D appears for T/J ≥ 0.5 and disappears for lower tem-
peratures where the phase G takes place for positive values of
the crystal field. In addition the phase SQ replaces the phase
NM existing at very low temperatures. The disordered phase
D appears also at very low temperatures for positive values of
the crystal field when ∆/J ≈ 0.5. Concerning a deeper layer
k = 2 of this bilayer film, Fig. 2b, we found that in compari-
son with the first layer, there is two important regions: (i) The
phase I is still present and (ii) the phase D is found even for
T/J ≤ 0.5 provided that the crystal field is kept with positive
values. The other phases: F, SQ and G are also present for
this layer.

In order to envisage the film thickness effect on different
phase, we consider a thin film formed with N = 5 layers.
Keeping the biquadratic coupling at a constant and negative
value d/J = −1.5 we study the behaviour of each layer un-
der the temperature and crystal field effects. The phase dia-
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FIG. 1: Phase diagram of the BEG monolayer film N = 1 in
(T/J,∆/J) plane for d/J = −1.5. The phase D is reached at higher
temperatures surrounding the phases F and G when increasing tem-
perature values. The phases: ferrimagnetic I and sublattice non mag-
netic NM are absent for a monolayer. Solid lines are first order tran-
sitions, whereas dashed lines are second order transitions.

gram of the first layer, plotted in (T/J,∆/J) plane, see Fig. 3a,
shows that the ferrimagnetic phase I is reached at higher tem-
peratures T/J ≈ 1.5 and the phaseG emerges rapidly even for
small and positive values of the crystal field ∆/J. For a deeper
layer k = 3, see Fig. 3b, the phase NM takes place between the
phases I and SQ at low temperatures. While the phase I is still
present and the phase G region decreases in comparison with
that one of the first layer. Concerning the other deeper lay-
ers, the phase I and the phase NM persist and some regions
of the phase I are detached from each other leaving place to
the phase NM. We found that not only the phase G region de-
creases more and more when the order of the layer increases,
but also the region of this phase decreases when increasing
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FIG. 2: Phase diagrams of a BEG bilayer film N = 2 for d/J =−1.5
in (T/J,∆/J) plane: (a) For the first layer k=1: the ferrimagnetic
phase I appears for low temperatures between the phases F and SQ.
It is worth to note that the phases: D and G, found for a monolayer
film, are still present for the bilayer film case. (b) For the second
layer k = 2 one can note two important points: (i) the region of the
ferrimagnetic phase I is greater than that one of the first layer and
(ii) the phase D is found even for T/J ≤ 0.5 provided that the crystal
field is kept with positive values. The other phases: F, SQ and G are
still present for this layer.

the layer order. Moreover the phase D appears even at low
temperatures for the last layer k = N of the film.

To complete this study, we investigate the thermal depen-
dence of the magnetisations mA, mB and quadrupolar moments
qA, qB for a BEG thin film formed with N = 5 layers, for
d/J =−1.5 and ∆/J =−3.0. Indeed, we found that concern-
ing the first layer, see Fig. 4a, the three phases I, SQ and D
shown in Fig. 3a when ∆/J =−3.0, are well illustrated in this
figure, when increasing temperatures. The phase I found at
very low temperature is followed by the phase F and the phase
D is reached at high temperatures. Regarding a deeper layer,
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FIG. 3: Phase diagrams of a BEG thin film with N = 5 layers for
d/J = −1.5 in (T/J,∆/J) plane: (a) The properties of the bilayer
film still exist for the first layer k = 1 of this thin film, but its phase
diagram shows that not only the ferrimagnetic phase I is reached at
higher temperatures T/J ≈ 1.5 but also that the phase G emerges
rapidly even for small and positive values of the crystal field ∆/J.
(b) For a deeper layers, k = 3 for example, the phases: I and NM
persist and some regions of the phase I are detached from each other
leaving the place to the phase NM. The phase G is found for positive
and increasing values of the crystal field ∆/J and low temperature
values.

for example k = 3 see Fig. 4b, we found that the phase NM
appears at low temperature followed by the phase I , then the
phases F and D are reached, respectively. The phase NM per-
sists for deeper layers, whereas the phase I region decreases
and terminates by the phase D. For each layer of the film,
the usual phases: F, SQ, D and I are present in addition to
the new phases, for specific values of temperature T/J, bi-
quadratic coupling d/J and crystal field ∆/J.
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FIG. 4: Thermal dependence of the magnetisations mA, mB and quadrupolar moments qA, qB for a BEG thin film with N = 5 layers, d/J =−1.5
and ∆/J =−3.0. (a) For the first layer k = 1, the three phases: I, SQ and D shown in Fig. 3a, are well illustrated in this figure, for increasing
temperatures. The phase I found at very low temperature is followed by the phase F and the phase D is reached at high temperatures. (b)
For a deeper layer k = 3, the phase NM appears at a very low temperature followed by the phase I, then the phases: F and D are reached,
respectively.

IV. CONCLUSION

In this work we have studied the phase evolutions in the
BEG spin-1 film with biquadratic exchange interactions and
single-ion crystal field, using the mean field theory. We
showed that in addition to the four usual phases: disordered D,
ferromagnetic F, staggered quadrupolar SQ and ferrimagnetic
I, some new phases are present in the case of a thin magnetic
film, namely: the sublattice A (or B) non magnetic phase NM

and the global non magnetic phase G. All these phases are
studied for a monolayer, bilayer and thin film, for each layer of
the film in the temperature-crystal field plane. Moreover, the
thermal behaviour of each layer quadrupolar moments qA,qB
and magnetisations mA,mB are investigated for fixed values of
the biquadratic coupling and crystal field. It is also shown that
for fixed values of the biquadratic coupling d/J, temperature
T/J and the crystal field ∆/J, the different layers of the film
exhibit different phases.
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