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Abstract

In this article, we carry out a Systematic Literature Review (SLR) regarding the mathematical topic of
proportionality. With this SLR, we seek to answer the following research questions: How are the studies on
proportionality in Mathematics Education found in the literature review? What interactions emerge from the
analyses carried out according to the tetrahedral model of the didactic situation? The survey was carried out
considering 41 journals, and based on the search procedures and established filters, we found 58 articles. The
analysis was carried out in two moments. At moment 1, to answer the first investigative question, we noticed that
there is a predominance of some theoretical references that support the work. Still, there is, on the other hand,
diversity in the contexts in which the research took place. At moment 2, to answer the second investigative
question, we used the tetrahedral model of the didactic situation to analyze 22 of the 58 articles, as they carried
out research involving elementary, middle, and high school students. We identified four types of interactions based
on the tetrahedral model: student-content, student-teacher-content, student-content-artifact, and student-teacher-
content-artifact. More than half of the articles (13 of 22) explore student-content interaction. Four articles explore
the student-teacher-content-artifact interaction, with only one explaining the importance of this interaction to
promote the compression of the notion of proportionality. We finalize the SLR by indicating possible paths for
new research, especially those investigating the potential of student-teacher-content-artifact interaction for
teaching proportionality and developing students' proportional reasoning.
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Resumo

Neste artigo, realizamos uma Revisdo Sistemdtica da Literatura (RSL) a respeito do tema matematico
proporcionalidade. Com essa RSL, buscamos responder as questdes de investigagdo: como s@o as pesquisas em
Educacdo Matematica sobre proporcionalidade encontradas no levantamento? Que interagdes emergem das
analises feitas segundo o modelo tetraédrico da situagdo didatica? O levantamento foi realizado considerando 41
periddicos e, a partir dos procedimentos de busca e dos filtros estabelecidos, foram encontrados 58 artigos. As
analises foram realizadas em dois momentos. No momento 1, para responder a primeira questdo investigativa,
percebemos que ha um predominio de alguns referenciais tedricos que fundamentam os trabalhos, mas ha, por
outro lado, diversidade nos contextos em que as pesquisas ocorreram. No momento 2, para responder a segunda
questdo investigativa, utilizamos o modelo tetraédrico da situag@o didatica para analisar 22 dos 58 artigos, pois
sdo aqueles que realizaram a pesquisa envolvendo estudantes da Educagdo Basica. Identificamos quatro tipos de
interacdes a partir do modelo tetraédrico: estudante-conteudo, estudante-professor-contetido, estudante-contetido-
artefato, estudante-professor-conteudo-artefato. Mais da metade dos artigos (13 dos 22) exploram a interagdo
estudante-contetido. Quatro artigos exploram a interagdo estudante-professor-contetido-artefato, sendo que apenas
um dos artigos explicita a importancia dessa interag@o para promover a compressao da nogao de proporcionalidade.
Finalizamos a RSL, indicando caminhos possiveis para novas pesquisas, principalmente aquelas que investiguem
potencialidades da interagdo estudante-professor-conteudo-artefato para o ensino de proporcionalidade e para o
desenvolvimento do raciocinio proporcional dos estudantes.

Palavras-chave: Proporcionalidade. Raciocinio Proporcional. Propor¢do. Modelo tetraédrico da situag@o didatica.
Revisdo Sistematica da Literatura.

1 Introduction

The concept of proportionality officially appears, according to the National Common
Curricular Base (BNCC), in the fourth year of Elementary School, in the Thematic Unit
Numbers, in the context of the different meanings of multiplication and division, and continues
to be a central notion in the later school years of Elementary School, in different Thematic
Units: Algebra, Geometry, Quantities, and Measurements. In High School, the concept is also
mentioned in the BNCC, in the Skills linked to Specific Competence 4!, linked to the study of
polynomial functions (Brazil, 2018).

The expression “proportional thinking” also appears in the BNCC, only once?, when it
mentions that “[...] an aspect emphasized in Elementary School is the development of
proportional thinking” (Brazil, 2018, p. 528). In the United States of America, the National
Council of Teachers of Mathematics (NCTM), in the 1989 Curriculum and Evaluation

Standards document, already emphasized that proportional reasoning: “[...] it is of such great

! According to the BNCC (Brazil, 2018, p. 538), in the context of Mathematics for Secondary Education, Specific
Competence 4 aims to “Understand and use, with flexibility and precision, different mathematical representation
records (algebraic, geometric, statistical, computational, etc.), in the search for solutions and communication of
problem results”.

2 The expression proportional thinking does not appear in the BNCC for High School.
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importance that it merits whatever time and effort that must be expended to assure its careful

development. Students need to see many problem situations that can be modeled and then
solved through proportional reasoning” (NCTM, 1989, p. 82).

Scientific research (e.g., Langrall; Swafford, 2000; Burgos; Godino, 2022) also
highlights the relevance of the proportionality concept and proportional reasoning for students
in elementary and secondary schools. According to Langrall and Swafford (2000), proportional
reasoning is one of the most important skills to be developed during the final years of
Elementary School, as it allows students to consolidate their mathematical knowledge from the
early years of Elementary School and build a solid foundation for Mathematics and algebraic
reasoning in High School. According to the authors, students who do not develop proportional
reasoning will probably encounter obstacles in understanding higher-level Mathematics,
especially Algebra.

Given the importance of the topic for students education, in this article, we conducted a
Systematic Literature Review (SLR) aiming to identify relevant aspects of how researchers
have dedicated themselves to investigating the topic of proportionality, proportion, and
proportional reasoning or thinking throughout elementary and secondary school. Kaiser and
Schukajlow (2024), when presenting the recent proposal of the journal ZDM - Mathematics
Education to introduce, in the journal, a new category of special issues, dedicated specifically
to Reviews of Important Topics in Mathematics Education, defend the importance of review

research (narrative, scoping or systematic) in Mathematics Education. According to the authors,

Mathematics educators are obliged to negotiate the ever-increasing number of
scientific studies in mathematics education that generate new knowledge for
researchers, teachers, and policy makers. This is no easy task, and finding and
systematizing relevant information are major challenges of our time (Kaiser;
Schukajlow, 2024, p. 1).

Thus, we recognize the importance of SLR research, such as the one we are proposing.
There are already other literature reviews on the topic of proportionality or proportional
reasoning in Brazilian academic literature (for example, Menduni-Bortoloti; Barbosa, 2017;
Vieira; Santos, 2019; Melara; Silva, 2021). In the next section, we discuss these works in more
detail, but it is worth mentioning that our research differs from those reviews, since our purpose
in carrying out SLR is to identify, among other aspects, interactions between Student, Teacher,
Content, and Artifact present in the research studies. The interaction between Student, Teacher,

Content, and Artifact, called the tetrahedron model of the didactical situation (Rezat; Straf3er,

Bolema, Rio Claro (SP), v. 39, 2402011, 2025 3



ISSN 1980-4415
X1 DOI: http://dx.doi.org/10.1590/1980-4415v39a2402011

2012), consists of an extension of the triangular model®, since, in addition to considering the

interactions between teachers, students and content in the classroom, it highlights the relevant
role of artifacts in the teaching of Mathematics.

Therefore, in this SLR, we seek to answer the following research questions: what
research about proportionality is found in mathematics education? What interactions emerge

from the analyses made according to the tetrahedron model of the didactic situation?

2 Theoretical basis

According to Petticrew and Roberts (2006, p. 2),

[...] Systematic literature reviews are a method of making sense of large bodies of
information, and a means of contributing to the answers to questions about what works
and what does not — and many other types of questions too. They are a method of
mapping out areas of uncertainty, and identifying where little or no relevant research
has been done, but where new studies are needed. Systematic reviews also flag up
areas where spurious certainty abounds. These are areas where we think we know
more than we do, but where in reality there is little convincing evidence to support
our beliefs.

In the case of the chosen mathematical theme - proportionality - there is a large number
of publications, indicating the need to organize, through an SLR, all this information. The
existing bibliographic survey research on the topic is relevant and points to some pertinent
directions regarding how scientific productions have treated the teaching and learning of
proportionality.

Menduni-Bortoloti and Barbosa (2017) carried out a systematic review of the literature
based on seven relevant journals (Brazilian and non-Brazilian) in Mathematics Education,
namely: Boletim do Grupo de Estudos e Pesquisas em Educa¢do Matematica (Bulletin of
GEPEM); Zetetiké, Boletim de Educa¢cdo Matematica (Bolema);, Educa¢do Matematica
Pesquisa; Acta Scientiae, Journal of Mathematics Teacher Education and ZDM - International
Journal on Mathematics Education. According to the authors, the analysis of seventeen articles
showed a diversity of realizations of this concept, distributed in three scenarios: (a) the
proportionality concept realized as a ratio; (b) the concept of proportionality realized as equality
between ratios; and (c) the concept of proportionality realized as a function. In scenario (a), the

concept of proportionality as a ratio was realized as a comparison between parts, the

* Triadic conceptions of teaching and learning a discipline are not new. According to Herbst and Chazan (2012),
research from the 1960s already provided triadic conceptions (triangular model) of teaching that allow us to
distinguish the roles played in the action of teaching and investigate the relationships between teacher and students
and between students and content in the classroom..
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equivalence of ratios, rate, scale, division, vector, and musical intervals. In scenario (b), the
proportionality concept was described by the equality between ratios, supported by Thales'
theorem, whose realizations were the rule of three and percentage. In scenario (c), the concept
of proportionality was presented as a function, through multiplicative relations, rate of
variation, scale, and percentage.

Vieira and Santos (2019) conducted a literature review and analyzed nine academic
articles. To select the texts, the authors searched the CAPES Journal Portal (Coordination for
the Improvement of Higher Education Personnel) for works that contained the terms
proportionality, proportion, or proportional reasoning in the title. According to the authors, the
results indicated that the reasons for this knowledge lie in the development of proportional
reasoning, mainly in conjunction with the teaching of the concepts of ratio, proportion, and
linear function. The teaching approach most often mentioned in the survey was problem-solving
in different contexts. Finally, the authors state that proportionality, in the elementary and
secondary school Mathematics ecosystem, mainly inhabits the subareas of Algebra, Geometry,
and Numbers and has as its ecological niche: ratio, proportion, similarity, and linear function.

Melara and Silva (2021) conducted a bibliographical research aiming at analyzing three
doctoral theses, produced in Brazil between 2000 and 2019, which investigated issues related
to proportional reasoning in training processes for Mathematics teachers. Among the main
conclusions of the article, the authors mention that the training processes investigated favored
the development of knowledge and the professional outlook of teachers. Based on the theses
analyzed, they also concluded that these highlighted the importance of training processes that
provide teachers with spaces that favor reflection and allow them to become aware of their
pedagogical work (Melara and Silva, 2021).

The three literature reviews mentioned (Menduni-Bortoloti; Barbosa, 2017; Vieira;
Santos, 2019; Melara; Silva, 2021) offer us complementary contributions in terms of results.
While Menduni-Bortoloti and Barbosa (2017) focus their review on the concept of
proportionality, in order to present a Mathematics for teaching this concept, Vieira and Santos
(2019), when investigating the reasons for being and the didactic ecology of proportionality,
point to proportional reasoning and problem solving as a teaching approach as central aspects
of the research analyzed in the review. Melara and Silva (2021), on the other hand, present,
through the doctoral theses analyzed, contributions within the scope of the training processes
of Mathematics teachers.

The SLR proposed in this research differs from those mentioned above both in scope

and purpose. In terms of focus, our interest is in looking at the interaction between Student,
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Teacher, Content, and Artifact present in the investigations carried out. In terms of scope, as
explained in the next section, a greater number of scientific articles will be considered than the
number of works considered in the three surveys mentioned.

Our focus is on the interactions because, as Cohen, Raudenbush, and Ball (2000) point
out, teaching is not created only by teachers, by students, or by content, but by their interactions.
For the authors, interaction does not refer to a particular form of discourse, but to the connected
work of teachers and students on content, in environments such as the classroom.

As Rezat and Strafer (2012) point out, the relationship between teacher and students in
the mathematics classroom has never really been dual, because it has always relied on the
mediation of artifacts (i.e., books, rulers, compasses, tasks or, more recently, digital
technologies) incorporated into the teaching activity®. Due to the ability of artifacts to
restructure the didactic situation as a whole, Rezat and StrdBler (2012) argue that these should
be considered as a fourth vertex, extending the model of the didactic triangle’ to the tetrahedral

model of the didactic situation®, as shown in Figure 1.

artifact

teacher
student

mathematics

Figure 1- Tetrahedral model of the teaching situation
Source: REZAT; STRABER (2012, p. 645)

From this perspective, it is important to consider that not only do students manipulate
artifacts while learning Mathematics, but teachers also interact as they select, produce, and
adapt artifacts while planning or teaching their Mathematics classes.

Thus, for Rezat and StrdBler (2012), each of the triangular faces of the tetrahedron
represents a particular perspective on the role of artifacts: the teacher-student-content triangle
(the didactic triangle) is the basis of the model; the student-artifact-content triangle represents

the activity mediated by the mathematics learning instrument; the teacher-artifact-student

* In the methodological aspects section, we explain what type of artifacts we are considering in this research.

5 Volume 44, issue 5 of the journal ZDM - Mathematics Education is dedicated exclusively to articles that discuss
new  perspectives  for the  didactic  triangle:  teacher, student and content..  Link:
https://link.springer.com/journal/11858/volumes-and-issues/44-5. Accessed on June 7, 2024.

6 Rezat and StriiBer (2012) emphasize that the extension of the didactic triangle to the tetrahedron is not new and
that they were not the first to do so. There are other precursors in Mathematics Education, such as David Tall.
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triangle describes the role of the teacher as an orchestrator and a mediator; the teacher-artifact-

content triangle represents the teacher's activities of doing mathematics and planning
mathematics teaching mediated by the artifact.

Rezat and StridBer (2012) go further in their proposed model since they include the social
and cultural dimensions, proposing a socio-didactic tetrahedral model. We agree with the socio-
didactic tetrahedral model, which considers that social, political, and cultural issues (e.g.,
family, community, the public image that one has about Mathematics and its role in society, the
appreciation and role of the teacher in society, etc.) influence the teaching and learning of
Mathematics. We believe that the tetrahedral model shapes and is shaped by the broader social,
economic, and political context. However, in our research, we will not focus on these aspects
(socio-political-economic-cultural) that influence the teaching and learning of Mathematics’.
We will focus only on the four vertices presented in Figure 1: Student (S), Teacher (T), Content
(C), and Artifact (A).

In a classroom environment, each of the four elements of the tetrahedron performs
specific roles and responsibilities that influence and manifest themselves in the way they
interact with each other. These roles, responsibilities, and interactions produce different
pedagogical models.

From this, it is necessary to understand and explain the roles, responsibilities, and
interactions of the elements that make up the didactic tetrahedron. Thus, in this article, we seek

to understand how such interactions emerge from research in Mathematics Education.

3 Methodological aspects

We begin this section by presenting the seven steps for implementing an SLR, according
to Petticrew and Roberts (2006). In presenting them, we describe and justify our inclusion and
exclusion criteria for both journals and articles to be considered in the survey. For the inclusion
and exclusion criteria of articles, we carried out the process in three phases. Finally, to answer
our research question, we divided the data analysis into two stages. The seven steps for
implementing an SLR, the three phases for selecting articles, and the two stages of data analysis
are explained throughout this section.

Petticrew and Roberts (2006) present seven steps for conducting an SLR: 1) Clearly

define the question that the review is setting out to answer; 2) Determine the types of studies

7 Considering these aspects with regard to the content of proportionality will be a later stage of our studies, in
subsequent articles.
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that need to be located to answer your question; 3) Carry out a comprehensive literature search
to locate those studies; 4) Screen the results of that search (that is, sift through the retrieved
studies, deciding which ones look as if they fully meet the inclusion criteria, and thus need more
detailed examination, and which do not; 5) Critically appraise the included studies; 6)
Synthesize the studies and assess the heterogeneity among the study findings; 7) Disseminate
the findings of the review.

The questions that the research aims to answer, stage 1 of the RSL, are: what research
about proportionality is found in mathematics education? What interactions emerge from the
analyses made according to the tetrahedral model of the didactic situation?

For stage 2 of the SLR, we defined scientific articles published in journals as the type
of studies to be considered to answer the research question. For stage 3 of the SLR, on the
Sucupira Platform, in Qualis Periddicos®, we performed an initial search considering the
following inclusion criteria for journals: (i) classification event: Classification of Journals
Quadrennial 2017-2020; (ii) evaluation area: Teaching; (iii) title: Mathematics; and (iv)
classification: A1, A2, A3 and A4. With these filters, we sought to find journals in the Teaching
area, with Qualis A1, A2, A3, or A4, and that have the word Mathematics in the journal name.
These inclusion criteria are justified by the fact that they include journals in the Teaching area,
with a focus on Mathematics, well evaluated in the latest Qualis Periddicos classification. From
this search, we included 19 journals.

However, we noticed that relevant journals that do not contain the word Mathematics in
their names were left out. For this reason, we returned to the Sucupira Platform and Qualis
Periddicos to conduct a complementary survey, including Qualis A1 and A2 journals
(Classification of Journals for the 2017-2020 Quadrennial Period) with a primary area of
Education. This time, we considered, in the inclusion criteria, journals whose scope indicated
being Mathematics Education, but that do not have Mathematics in their name (for example,
Zétetiké), and journals specific to Science Education that publish works on Mathematics
Education (for example, Aret¢é - Revista Amazonica de Ensino de Ciéncias). In this
complementary survey to the first one, we chose to include only Qualis A1 and A2 journals to
limit the number of journals and, consequently, prevent the high number of articles included in
the SLR from making more in-depth analyses unfeasible.

As exclusion criteria for this complementary survey, we considered non-Brazilian

8 Link:
https://sucupira.capes.gov.br/sucupira/public/consultas/coleta/veiculoPublicacaoQualis/listaConsultaGeralPeriod
icos.jsf
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journals® and those that are explicitly from another area. For example, the following journals
were excluded: Revista Brasileira de Ensino de Fisica; Contemporaneos: Revista de Artes e
Humanidades; Quimica Nova na Escola; Revista de Ensino de Biologia from the Brazilian
Brasileira de Ensino de Biologia; English Language Teaching; Chemistry Education; Revista
de investigacion en diddctica de las matematicas.

After exclusions, we selected 21 other journals (discounting the Qualis Al and A2
journals already considered in the first search). Table 1 presents the journals included in the

SLR.

Qualis JOURNALS
(Quantity included)

Areté (Manaus) - Revista Amazonica de Ensino de Ciéncias

Bolema: Boletim De Educagdo Matematica

Ciéncia & Educagao

Educacdo Matematica Pesquisa

Al
©)

Ensaio: Pesquisa Em Educa¢do Em Ciéncias

Investigagdes Em Ensino De Ciéncias
Pesquisa Em Foco (UEMA)

Revista Brasileira De Pesquisa Em Educagdo Em Ciéncias

Revista Internacional De Pesquisa Em Educagdo Matematica (RIPEM)
Acta Scientiae (ULBRA)
Alexandria (UFSC)

Amazonia - Revista De Educagdo Em Ciéncias E Matematicas (Online)

Caderno Pedagogico

Conexdes: Ciéncia E Tecnologia

Contexto & Educagdo
EAD Em Foco - Revista De Educacao A Distancia

Educagdo Matematica Em Revista

A2
(18)

Perspectivas Da Educacdo Matematica
RBPG - Revista Brasileira Da Pés-Graduagao
RENCIMA

Revista Brasileira Da Educagao Profissional E Tecnologica

Revista Brasileira De Ensino De Ciéncia E Tecnologia

Revista Do Instituto Geogebra Internacional De Sao Paulo

Revista Interagir

Revista Thema
Vidya

® To include non-Brazilian journals, we believe that the criteria should be different from those adopted in this
research. Qualis Periddicos is not an appropriate criterion for international journals, since Qualis is built based on
the scientific production of Brazilian stricto sensu Graduate Programs (PPG) for the purpose of evaluating them.
This means that relevant international journals may not even appear in a Qualis Periddicos stratum if, in the period
evaluated, they did not have a publication by a member of a stricto sensu PPG. For example, the relevant journal
Mathematical Thinking and Learning (Impact Factor (2022): 1.6; CiteScore (Scopus) (2022): 3.0; SNIP (2022)
1.552; SJR (2022) 0.929) is not included in Qualis Periddico (2017-2020).
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Zetetiké

Jornal Internacional de Estudos em Educacdo Matematica

Revemat: Revista eletronica de Educagdo Matematica

Revista Brasileira de Historia da Matematica

A3
™)

Revista de Educacdo Matematica

Revista de Historia da Educagdo matematica

Revista Paranaense de Educagdo Matematica

Tangram: Revista de Educacdo Matematica

Caminhos da Educagdo Matematica em Revista

Ensino da Matematica em Debate

Ad Rematec: Revista de Matematica, Ensino e Cultura

(6) Revista de Educacao, Ciéncias e Matematica

Revista de Produgdo discente em Educacdo Matematica

Revista Sergipana de Matematica ¢ Educagdo Matematica

40 Total number of journals considered in SLR

Table 1 — Journals considered in the Systematic Literature Review
Source: prepared by the authors, 2025

As shown in Table 1, we considered a total of 40 journals, namely: 9 Qualis A1 journals,
18 Qualis A2 journals, 7 Qualis A3 journals, and 6 Qualis A4 journals. In addition to these
journals, we included the journal Quadrante, from Lisbon, Portugal, a Qualis B3 journal that
could contain additional information for our survey. We included Quadrante, even though it
deviates from the pre-established criteria, because it contains publications in Portuguese (which
also facilitates the publication of research conducted by Brazilians in the journal) and because
Portuguese research often has repercussions in Brazil'®. Thus, Quadrante is the only non-
Brazilian journal included in our review.

Once the journals were selected, we began searching for articles that addressed the topic
of proportionality. This is stage 4 of the SLR, which is dedicated to deciding which studies
appear to fully meet the inclusion criteria and therefore require more detailed examination and
which do not. We divided the procedure involving this stage into three phases: Phase 1, Phase
2, and Phase 3.

In Phase 1, we used the search tool, available on the journals' platforms. In the first
journals searched, we used the word proportionality as a keyword. We noticed that words such
as proportion and proportional thinking are also used in research on the topic and, for this

reason, we included these words as keyword. Therefore, we used the words: proportionality,

10 Quadrante is not the not the only journal with these characteristics. For example, there is the journal Educagdo
e Matemadtica: Revista da Associagdo de Professores de Matematica, also from Portugal and with publications in
Portuguese. The inclusion of Quadrante as the only non-Brazilian journal with publications in Portuguese was an
exception adopted by the authors, simply to have a parameter of research published outside Brazil. As mentioned
in footnote 9, including non-Brazilian journals would require other criteria.
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proportion, proportional thinking, and proportional reasoning as search terms.

The search in the journals was carried out throughout the month of February 2024 and
considered all articles that appeared when the aforementioned search keyword were considered,
without limiting by year of publication. Thus, in Phase 1, we collected 197 articles (194 articles
found in national journals and 3 articles found in Quadrante).

Then, in Phase 2, after reading the abstracts and searching for our chosen keywords
(proportionality, proportion, proportional reasoning, and proportional thinking) throughout the
text to verify in which contexts they were being considered, 117 articles were discarded, as they
clearly did not focus on the theme of proportionality in the context we intended. We illustrate
this with four examples: (a) the article by Cintra, Marques Junior, and Sousa (2016), which is
dedicated to making a correlation between the reference matrix and the items involving
Chemistry concepts present in the National High School Exam (ENEM) from 2009 to 2013; (b)
the article by Cavadas and Sa-Pinto (2020), which aims to understand the conceptions of
Portuguese students in initial teacher training about evolution and the origin of life; (c) the
article by Correia and Nardi (2019), in which the word proportion appears in the context of
indicating the proportion between concepts associated with classical astronomy and modern
astronomy presented in the students' responses; and (d) the article by Oliveira and Souza (2018,
p- 240), in which the word proportionality appears twice throughout the text to say that a student
investigated “used a notion of proportionality to argue about the existence of a relationship
between a person's height and the size of their feet”. In other words, these examples indicate
that several articles were disregarded because they only mention some of the search terms, but
do not focus on the topic of proportionality.

After these studies were discarded, 80 articles remained. Then, in Phase 3, the 80 articles
were read in full, seeking to understand whether they were in fact focused on the topic of
proportionality. During this reading, the following information was recorded in an Excel
spreadsheet: the context of the research (i.e., whether it was with students in elementary and
secondary schools, in initial teacher training, in continuing teacher training, with textbooks,
with curricular documents, or whether it was a theoretical work), main theoretical references
(emphasizing references on teaching and learning proportionality, proportion or proportional
reasoning and thinking) and the way in which the topic of proportionality was addressed
(whether it was within another mathematical topic, such as Thales' Theorem or function, or in
the context of multiplicative structures, or whether it was directly the topic of proportionality
via some teaching approach, for example, problem-solving, mathematical modeling,

mathematical tasks, etc.).
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From this reading of the 80 articles, we noticed that there were still articles that did not
focus on the proportionality theme. For example, in the article by Pontes and Guimaraes (2021,
p. 48), which discusses the construction of bar graphs, the theme of proportionality appears
when students needed to represent “a simple bar graph, with a non-unitary scale, taking into
account the proportionality of the bars”. Thus, some articles with this characteristic were
excluded, resulting in 58 articles that effectively constituted the corpus of our research.

From these 58 articles, we proceeded to stages 5 and 6 of data processing, following
Petticrew and Roberts (2006). We carried out the analyses in two stages. In stage 1, we extracted
two relevant pieces of information from the articles: the context of the research and the main
theoretical frameworks used. With this, we sought to understand, in a broad way, how the theme
of proportionality has been addressed in Mathematics Education research (first
researchquestion). In stage 2, using information obtained in stage 1, we selected only articles
whose research was conducted with students in elementary or secondary schools. With this, we
sought to identify, using the tetrahedral model, which themes and interactions emerge between
Students, Teachers, Content, and Artifact (second research question).

A summary of the procedures for the SLR is presented in Figure 2.

Stage 3
Conduct a broad
bibliographic

search

Stage 1
Define the
research question

Stage 2
Define the types of
studies

Stage 6
Data processing:
Synthesis of
included studies

Stage 5
Data processing:
Critical analysis of
included studies

Stage 4
Apply inclusion
and exclusion
criteria

Stage 7
Dissemination of
findings

Moment 1 of

=T @ @

Moment 2 of
the analysis

Figure 2 - Summary of the stages, phases and moments carried out in the RSL
Source: prepared by the authors, 2025

Finally, it is worth noting that, at vertex A of the tetrahedron, we are interested in
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specific artifacts, such as manipulable materials'! and digital technologies!2. Our interest is in

identifying, in the research reviewed, how interactions (Student, Teacher, Content, and Artifact)
occur involving artifacts other than those routinely used in the classroom. Therefore, in our
analyses, we are not considering the use of language, writing, textbooks, or mathematical tasks

(problems) at vertex A of the tetrahedral model.

4 Data analysis

4.1 Stage 1 of analysis

In Table 2, we seek to organize the main theoretical frameworks on proportionality
(proportion, proportional reasoning, proportional thinking) adopted in the research surveyed.
We present only the three theoretical frameworks most mentioned in the research. Others were
also mentioned, but on fewer occasions, if compared to the three presented in Table 2. For
example, the perspective of Silvestre and Ponte (2013) and Ponte et al. (2010) appeared in four
studies, and the perspective of Maranhdo and Machado (2011) was also mentioned in four
studies. Considering this discrepancy, we chose to organize and discuss only the three most

mentioned theoretical frameworks.

Theoretical Frameworks

Survey articles

Proportional reasoning, according
to Susan Lamon (e.g., Lamon
(2012)'%)

Faria and Maltempi (2019); Cyrino (2016); Fernandes (2021); Cebola and
Brocardo (2021); Garcia Silva, Candido and Souza (2018); Fernandes
(2022); Bezerra, Martins, Borssoi, and Silva (2022); Scheller and Bonotto
(2020); Coutinho and Tortola (2020); Souza, Galvédo, and Poggio (2016);
Melara and Silva (2021); Candido and Garcia Silva (2018); Costa, Martins,
Pagani, and Allevato (2023); Garcia and Cyrino (2019); Neres and Almeida
(2021); Barros Nunes and Costa (2016); Garcia Silva, Candido, and
Pietropaolo (2018)

Proportional reasoning, according
to Lesh, Post and Behr (1988) or
other works by the Rational
Number Project group (RNP)!,

Cyrino (2016); Garcia Silva, Lopes, and Galvao (2020); Garcia Silva,
Candido, and Souza (2018); Bezerra, Martins, Borssoi, and Silva (2022);
Scheller and Bonotto (2020); Silva and Palanch (2021); Souza, Galvao, and
Poggio (2016); Melara and Silva (2021); Candido and Garcia Silva (2018);

Viana and Miranda (2016); Garcia and Cyrino (2019); Barros Nunes and
Costa (2016); Garcia Silva, Candido and Pietropaolo (2018)

Fields

Theory of Conceptual Ramos, Silva, Luz, Firme, and Saraiva (2021); Alpha and Almouloud

! “Manipulative materials are those which the pupil is able to feel, touch, handle, and move. They may be real
objects which have social applications in our everyday affairs, or they may be objects which are used to represent
an idea or a characteristic of number or of the number system. Such objects as a measuring cup, ruler, scales,
thermometer, and milk bottles of different size are used in our daily affairs” (Grossnickle; Junge; Metzner, 1951,
p. 162).

12 Digital technologies are understood here as digital artifacts “both physical (computers, cell phones, tablets, etc.)
and virtual (internet, social networks and data clouds, among others)” (Brasil, 2018, p. 474).

13 We mentioned the third edition of the book (Lamon, 2012), but several studies use previous editions.

! The RNP began in 1979 with researchers Merlyn Behr, Thomas Post and Richard Lesh as members. Other
researchers joined the project, such as Kathleen Cramer. This group of researchers presented several empirical and
theoretical research results on the teaching and learning of rational numbers.
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(Multiplicative Structure) | (2021); Tieppo, Cappelin, Zanatta, Nogueira, and Rezende (2023); Fioreze,
according to the works of Gérard | Barone, Basso, and Isaia (2013); Cebola and Brocardo (2021); Aragdo,
Vergnaud (e.g. Vergnaud (1990)). | Lauterta, and Schliemann (2022); Milagre and Santana (2018); Silva,
Pessoa, and Carvalho (2020); Scheller and Bonotto (2020); Rodrigues and
Rezende (2021); Miranda, Rezende, and Nogueira (2021); Viana and
Miranda (2018); Espindola and Moura (2018); Peron, Nogueira, and
Rezende (2019); Vergnaud (2018); Rodrigues and Rezende (2023); Viana
and Miranda (2016)

Table 2 — Main theoretical references considered in the articles
Source: prepared by the authors, 2025

From Table 2, we can see which theoretical references have supported the research
published in Brazil (and three in Portugal) when it comes to the topic of proportionality. Gérard
Vergnaud's Theory of Conceptual Fields and the notion of Proportional Reasoning according to
Susan Lamon's work were predominant!®.

Regarding the strong presence of Vergnaud's work, mainly involving the Conceptual
Field of Multiplicative Structures, the insertion and influence of this important researcher (and
of Mathematics Didactics in general) in Mathematics Education in Brazil is recognized,
whether through his own productions (also) in Portuguese (as is the case of the article Vergnaud,
2018), mentioned in Table 2), or through consolidated research groups in the country that carry
out investigations from Vergnaud's perspective. For example, the Study and Research Group on
Mathematics Didactics (GEPeDiMa)'® one of the leaders of which is researcher Veridiana
Rezende, appeared in several articles in Table 2.

Regarding the presence of Lamon's works, it is clear that her book “Teaching fractions
and ratios for understanding: Essential content knowledge and instructional strategies for
teachers’ has a great influence on the research surveyed that deals with Proportional Reasoning.
We also noted that most of the articles that mention Susan Lamon's works also consider
proportional reasoning from the perspective of Lesh, Post and Behr (1988) or the RNP.

Table 2 indicates that, at least with regard to the theoretical perspective, much of the
research is strongly centered on the same theoretical references, suggesting little foundational
plurality on the topic.

In Table 3, we organize the articles based on the contexts in which the research was

developed.
Research contexts Articles Quantity
A literature review or article | Menduni-Bortoloti and Barbosa (2017); Vieira and Santos 3
analysis (2019); Melara and Silva (2021)

15 In this text, we are not interested in presenting a number that indicates exactly how many times a given
theoretical framework has appeared. That was not the purpose of Table 2. The purpose was to provide an overview,
a broad idea of what has predominated in the research analyzed.

16 Link to access the Group in the CNPq Directory: https://dgp.cnpq.br/dgp/espelhogrupo/521078 . Acessed on
April 27,2024.
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Textbook analysis Ramos, da Silva, da Luz, Firme, and Saraiva (2021); Alpha
and Almouloud (2021); Rodrigues and Rezende (2021);

Lazzaretti and Mathias (2023); Santos and Santos-Wagner 6
(2016); Peron, Nogueira, and Rezende (2019);
Document analysis Alpha and Almouloud (2021); Vieira, Barros and Santos
(2020); Tieppo, Cappelin, Zanatta, Nogueira, and Rezende 7
(2023); Silva, Pessoa, and Carvalho (2020); Silva and Palanch
(2021); Miranda, Rezende, and Nogueira (2021); Lima (2013).
Early Years or Early Childhood | Bezerra, Martins, Borssoi, and Silva (2022); Castro and
Education students Castro Filho (2018); Coutinho and Tortola (2020); Rodrigues 4
and Rezende (2023).
Early Secondary or Middle Oliveira and Clareto (2020); Fioreze, Barone, Basso, and Isaia
School Students (2013); Cebola and Brocardo (2021); Aragdo, Lautert, and

Schliemann (2022); Siqueira and Gaertner (2015); Savioli and
Silva (2015); Viana and Miranda (2016); Quitembo and
Domingas (2020); Viseu (2015); Viana and Miranda (2018); 16
Espindola and Moura (2018); Teixeira (2020b); Neres and
Almeida (2021); Cabral, Dias, and Lobato Junior (2019);
Oliveira, Fernandes, and Fermé (2007); Andreatta; Allevato,
and Pinto (2018).

Secondary School Students Parameswari, Purwanto, Sudirman, and Susiswo (2023);
Souza, Galvao, and Poggio (2016); Teixeira (2020a); Costa, 4
Martins, Pagani, and Allevato (2023).

Initial Teacher Training Fernandes (2021); Burgos, Godino, and Rivas (2019); Garcia

(Bachelor's Degree in Silva, Candido, and Souza (2018); Fernandes (2022); Scheller
Mathematics, Bachelor's and Bonotto (2020); Bisognin, Fiorez, and e Cury (2005); 9
Degree in Pedagogy) Candido and Garcia Silva (2018); Nunes and Costa (2016);

Garcia Silva, Candido, and Pietropaolo (2018).
Continuing training of teachers | Faria and Maltempi (2019); Cyrino (2016); Menduni-

who teach mathematics Bortoloti and Barbosa (2018); Garcia Silva, Lopes, and Galvao 6
(2020); Milagre and Santana (2018); Garcia and Cyrino
(2019).
Construction workers Silva (2011). |
Theoretical work Silva (2012); Fossa (2020); Vergnaud (2018). 3

Table 3 — Contexts in which the research was developed
Source: prepared by the authors, 2025

From Table 3, we noticed!’ that the context in which research is most often conducted
is with students in the Early Secondary or Middle School. Regrouping the studies into four
larger categories, we obtain: (a) document analysis (including literature review, analysis of
textbooks and documents); (b) elementary and secondary school students (including Early
Childhood Education, Elementary Education, and Upper Secondary or High School); (c)
teacher training (including initial and continuing teacher training); and (d) other contexts
(including construction workers and theoretical studies).

We noted that the elementary and secondary school students’ category is the one with
the most studies conducted, totaling 24, followed by the teacher training category, with 16

studies.

17 The sum of the number of articles presented in Table 3 is 59 and not 58, as the article Alpha and Almouloud
(2021) appears twice, as it investigated textbooks and also curricula in the Republic of Mali.
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Identifying the context of the research was also relevant for moment 2 of data analysis,
which considered the category of elementary and secondary school students to analyze the
interactions between Student (S), Teacher (T), Content (C), and Artifacts (A), according to the

tetrahedral model.

4.2 Stage 2 of analysis

At this stage of the analysis, we focused on 22 of the 24 articles in the category of
elementary and secondary school students. The article Teixeira (2020a) was excluded because,
despite involving 7th-grade or Early Secondary School students, it presents characteristics of a
report of classroom experience, with the absence of a theoretically based analysis. The same
occurred with Andreatta, Allevato and Pinto (2018), a work also with characteristics of a report
of a classroom experience and focusing on the problem situations presented, not on the
discussion involving proportionality.

From the 22 remaining papers, we conducted the analyses by categorizing each of the
articles depending on the focus of the interaction considered. Such interaction may involve an
edge of the tetrahedron, for example, SC (student and content) and SA (student and artifact); a
face of the tetrahedron, for example, STC (student, teacher, and content); or the tetrahedron as
a whole, that is, STCA (student, teacher, content, and artifact).

We based our coding process on Stylianides, Stylianides, and Moutsios-Rentzos
(2024) based on the idea of focus. For example, consider an article investigating how students
deal with proportionality in the context of classroom discussions. If the teacher, although
present in these discussions and sometimes influential in the issues discussed by the students,
did not appear prominently'® in the analysis of the article's data, the article was coded as SC. If
the role of the teacher and the role of the students are explicit in the article (not only
theoretically, but also during the data analysis), then the article was coded as STC. The same
happens with regard to the use of the artifact; if the use of the material in the interaction between
student, teacher, and content is explicit, the article was coded as STCA. In the subsections

below, we present the four categories that emerged from the data.

18 By prominence, we refer to whether or not the teacher appears during classroom dialogues with students. If,
during the analysis of the data in the articles, no speech by the teacher appears or if only one speech by the teacher
appears to present a task, we consider that this teacher did not appear prominently. However, if during the analysis
of'the data, different speeches by the teacher are presented, in the sense of interacting with the students, we consider
that this teacher appeared prominently..
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4.2.1 Student and Content (SC)

The articles that fall into this category are: Castro and Castro Filho (2018), Rodrigues
and Rezende (2023), Aragdo, Lautert and Schliemann (2022), Viana and Miranda (2016, 2018),
Quitembo and Domingas (2020), Espindola and Moura (2018), Teixeira (2020b), Neres and
Almeida (2021), Cabral, Dias and Lobato Junior (2019), Parameswari et al. (2023), Souza,
Galvao and Poggio (2016) and Costa et al. (2023).

It is possible to perceive that most of the articles, 13 of the 22, focus on SC interaction.
The central point of the articles in this category is almost always the written production of
students when solving a problem (or test). Occasionally, there is mention of a didactic
intervention (for example, in Viana and Miranda (2018) and Castro and Castro Filho (2018)),
but the analyses are aimed at understanding the strategies used by students when solving the
requested problems. Castro and Castro Filho (2018) mention that one of the objectives was to
verify how an intervention, based on the use of digital technologies, can significantly contribute
to changing the performance of these children. However, in the analyses, the authors only deal
with the pre-test and post-test, without indicating how the mentioned intervention actually took
place.

To illustrate the main characteristic of this category, that is, the focus on SC interaction,
we present the objectives of some research. Aragdo, Lautert, and Schliemann (2022) sought to
analyze how students solve problems of double and multiple proportions. Rodrigues and
Rezende (2023) aimed to analyze operational invariants associated with the concept of function,
mobilized by 5th-grade elementary school students, while solving mixed situations of the
simple proportion and measurement transformation type. Espindola and Moura (2018) aimed
to identify the difficulties of 6th-grade elementary school students in relational and numerical
calculation when solving problem situations in the multiplicative conceptual field.

With regard to the results presented by the research contained in this category, in
general, SC interaction is often analyzed based on what the problem (or test) provided (or not)
or would have the potential to provide to students. For example, Aragdo, Lautert, and

Schliemann (2022, p. 202, our translation) conclude that:

The totality of correct answers associated with the mixed strategy [...] deserves to be
highlighted because it suggests that students when using this strategy, consider the
multiple relationships present in the problem statement. [...] The lack of use of the
rule of three, despite this algorithm being part of the 7th-grade textbook, may be
related to the fact that the numerical relationships in the problems are easy to
determine mentally.

Viana and Miranda (2016, p. 194) conclude that “The results indicate that there was

Bolema, Rio Claro (SP), v. 39, 2402011, 2025 17



ISSN 1980-4415
X1 DOI: http://dx.doi.org/10.1590/1980-4415v39a2402011

no parallel between the strategies for the two types of problem and the work suggests that

different situations should be offered to broaden the conceptual field that refers to
proportionality”.

Teixeira (2020b, p. 19) states that most students “[...] sought to solve the problems
with the knowledge they had already acquired in previous years” and that “[...] the concept of
proportionality through the model of a linear function was not used by any of the study subjects
in solving the problems proposed in the evaluation sheet”.

Here, we present the objectives of some research (Aragao; Lautert; Schliemann, 2022;
Rodrigues; Rezende, 2023; Espindola; Moura, 2018) and the results of others (Aragio; Lautert;
Schliemann, 2022; Viana; Miranda, 2016; Teixeira, 2020b) to illustrate the main characteristic
of all the works in this category: the focus is on the way students deal with mathematical
content, regardless of the teacher's actions or the use of some artifact. The research in this
category may differ in the way they approach students (using problems, tasks, or tests) or in the
mathematical theme to be considered (direct proportionality, inverse proportionality, double
and multiple proportions, function, aspects of proportional reasoning), but they all investigate

SC interaction.

4.2.2 Student, Teacher, and Content (STC)

The articles that fall into this category are: Oliveira and Clareto (2020), Cebola and
Brocardo (2021), and Savioli and Silva (2015).

To illustrate the main characteristic of this category, that is, the focus on STC interaction,
we present the objectives of the three studies. Oliveira and Clareto (2020) aimed to present a
writing essay from a mathematics classroom through fables. Cebola and Brocardo (2021) aimed
to analyze the articulation between concepts, resolution strategies and representations used by
students, supported by numerical relations and properties of operations to characterize a model
of the conceptual evolution of multiplicative comparison. Savioli and Silva (2015) sought to
identify, analyze, and discuss aspects of algebraic thinking and language manifested by 6th-
grade students of a public school in Palotina, Parana when solving problems involving algebraic
content.

Regarding the results presented by the research contained in this category, we noticed
that the STC interactions that emerged point in different directions: the diversity of ways of
doing mathematics present in a classroom, the strategies for the teacher to provide a conceptual

understanding of multiplicative comparison by students, and the aspects of algebraic thinking
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manifested by students.

Oliveira and Clareto (2020) underscore the different ways of doing (mathematics) in a
classroom. Student, teacher, textbook, History of Mathematics, mathematicians, each one has
a way, a way of doing mathematics (in this case, the topic of proportionality) and, in the end,
“This is how the classroom is made: with lives and inventions and productions and code
shuffling: this is how I do it!” (Oliveira and Clareto, 2020, p. 950, emphasis in the original).

Cebola and Brocardo (2021, p. 147) present results regarding the model of the
conceptual evolution of multiplicative comparison, stating, for example, that “the construction
of the concept of multiplicative comparison prevails in the work in two measurement spaces
and in the exploration of the multiplicative relationship between the corresponding quantities
within each one”. Thus, in their conclusions, the authors suggest to teachers to organize
teaching aimed at students' conceptual understanding of multiplicative comparison.

Savioli and Silva (2015) point out results that concern the algebraic thinking expressed
by sixth-grade students, indicating that they used, for example, syncopated language to express
themselves mathematically and direct proportionality to solve the proposed problem.

In all three cases, although the focus of the data analysis was not on the teacher, their
role is well defined in the work. In all of them, during the data analysis, the teachers clearly
appeared as mediators in the student-content interaction and, for this reason, they were

considered in this category (STC).

4.2.3 Student, Content, and Artifact (SCA)

The articles that fall into this category are: Fioreze et al. (2013), and Siqueira and
Gaertner (2015).

To illustrate the main characteristic of this category, that is, the focus on SCA interaction,
we present the objectives of the two studies. Fioreze ef al. (2013) aimed to analyze the
construction of proportionality concepts using digital resources, especially the Virtual
Geoplane. The objective of Siqueira and Gaertner (2015) was to analyze the contributions of
the teaching methodology called Interdisciplinary Islands of Rationality!®, in the learning of the

concept of proportionality.

% According to Siqueira and Gaertner (2015), the Interdisciplinary Islands of Rationality are a teaching
methodology focused on Scientific and Technological Literacy, proposed by Gérard Fourez, which aims to develop
critical and autonomous students. This methodology is a means of directing the work that will be done in the
classroom, and this work is not determined by the various disciplines linked to the theme, but by the project, its
purpose and the context.
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Regarding the results presented by the studies contained in this category, we perceive

that the SCA interactions that emerged go in the direction of recognizing the importance of
artifacts in the student-content relationship.

Fioreze et al. (2013, p. 275-276) conclude that comparing the results obtained in the
previous analysis?’, after experimenting using the Virtual Geoplane software as an artifact, the
student “expanded the concept of similarity of flat figures explicitly, that is, in addition to
making this concept explicit, it is closer to the concept accepted by the scientific community”.

Siqueira and Gaertner (2015, p. 160) used the Interdisciplinary Islands of Rationality
teaching methodology to address the concept of proportionality by exploring food labels as an
artifact. In conclusion, the authors state that “teaching, when presented in a contextualized and
interdisciplinary manner, provokes in students the desire to construct their own knowledge in a
more sophisticated way, promoting Scientific Literacy”.

In both cases, the artifacts (Virtual Geoplane software and food labels) seem, as
indicated by the authors of the research, to allow students to carry out experiments that lead
them to the formalization of the concept of proportionality.

Neither article focuses on the teacher. Siqueira and Gaertner (2015) mention, in the
Research Methodology, the interactions between students and students and teacher, but, during
the data analysis, the teacher did not appear. Fioreze et al. (2013) also emphasize the role of the
teacher (in this case, the teacher and researcher are the same person), but they do so only in the
theoretical discussion and in the conclusions and do not provide data (transcribed excerpts of
speech, for example) related to the teacher's interventions during the analysis.

Because they did not include teachers during the data analysis, both articles were

included in this category (SCA).

4.2.4 Student, Teacher, Content and Artifact (STCA)

The articles that fall into this category are: Bezerra et al. (2022), Coutinho and Tortola
(2020), Viseu (2015), Oliveira, Fernandes, and Fermé (2007).

To illustrate the main characteristic of this category, that is, the focus on STCA
interaction, we present the objectives of the four studies. Bezerra et al. (2022) aimed to
investigate the mobilization of Proportional Reasoning in a mathematical modeling activity

developed in the context of remote teaching. Coutinho and Tortola (2020) aimed to investigate

20 According to the authors, the preliminary analysis refers to a stage prior to the use of the Virtual Geoplano
software, in which the aim was to verify what the students knew about proportionality.
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how Early Childhood Education students (nursery school III class, 3 and 4 years old) mobilize
proportional reasoning in a mathematical modeling activity. Viseu (2015) sought to characterize
the activity that 9th-grade students carry out with modeling tasks, using a graphing calculator
and sensors, in the study of functions and the difficulties they reveal in these activities. Finally,
Oliveira, Fernandes, and Fermé (2007) aimed to describe, analyze, and understand how students
learn Mathematics using robots as mediating elements of learning.

Regarding the results presented by the research contained in this category, we noticed
that the STCA interactions that emerged are closely linked to the teaching approach adopted by
the teacher in the context of the research. Three out of the four articles (Bezerra et al., 2022;
Coutinho; Tortola, 2020; Viseu, 2015) used mathematical modeling?' as a teaching
methodology. Oliveira, Fernandes, and Fermé (2007) focused on the use of technologies in
Mathematics classes, investigating the contribution of robots to the learning of Mathematics.

Bezerra et al. (2022) carried out a mathematical modeling activity called Cooking with
Mathematics and had as its theme the production of a sweet. The ingredients and utensils to
make the recipe?? were used as artifacts. Regarding the research results, the authors consider
that some aspects of proportional reasoning (Lamon, 2012), such as measurement, were
mobilized more spontaneously because the activity is part of the daily lives of some students,
involving informal measurement strategies. According to the authors, considering situations
that may be present in the daily lives of students is inherent to mathematical modeling, a fact
that contributed to the evidence of aspects of proportional reasoning.

The authors also state that not all aspects of proportional reasoning (Lamon, 2012) were
present in the development of the mathematical modeling activity, and emphasize that their
mobilization could have been required by the teachers through questions. Thus, the research
indicates possibilities and the importance of the teacher in mediating the student-content-
artifacts interaction.

Coutinho and Tortola (2020) carried out a mathematical modeling activity called
Swinging or balancing on the seesaw?, and the students investigated the factors that determine
their movement and balance. The artifacts used were seesaws and the students' and teachers'
own bodies or packages containing 1 kg of beans and 5 kg of rice. Regarding the results of the

research, the authors indicate that five of the seven aspects of proportional reasoning (Lamon,

2l Viseu (2015) uses modeling tasks, but here we are including them in the same category of mathematical
modeling, used by Bezerra et al. (2022), Coutinho and Tortola (2020).

22 It is worth mentioning that the research was developed in a remote context, that is, the recipe was produced
together with the students' families, in their homes.
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2012) were mobilized by the students during the activity: quantities and covariation, relative

reasoning, sharing and comparison, unitization, and measurement.

Just like Bezerra et al. (2022), Coutinho and Tortola (2020) indicate that aspects of
proportional reasoning that were not highlighted can be stimulated by the teacher so that
students can mobilize them.

Viseu (2015) proposed seven modeling tasks to students, two of which were modeled
by the direct proportionality function, three by the inverse proportionality function, one by the
quadratic function, and one by the cubic function. The author only analyzes three of the tasks.
A graphing calculator and sensors were used as artifacts. Regarding the results of the research,
the author suggests that the use of artifacts was essential for the students to solve the proposed
tasks, not only to perform calculations but also to collect data, organize them in statistical lists,
consult these lists, create other lists, and construct the graph that modeled the situation under
study.

Despite importance of the graphing calculator and sensors, the author noticed some
difficulties that the students had when dealing with the tasks. The students did not always
distinguish between direct and inverse proportionality, they expressed confusion in the
designation of the type of proportionality and were only able to distinguish through the
graphical representation of the function to decide which of the two hypotheses was the most
correct.

Oliveira, Fernandes, and Fermé (2007) engaged students in five tasks, focusing on direct
proportionality as a function. Tape measures, cardboard, boards, and robots were used as
artifacts. Regarding the results of the research, the authors indicate that the robots helped
students to attribute a new meaning to the concept of direct proportionality, previously seen as
depending solely and exclusively on the quotients between the quantities. Furthermore, they
conclude that the robots allowed students to associate the constant of proportionality with a real
and observable characteristic, in this case, the robots speed.

The four articles in this category evidenced STCA interactions during the data analysis.
The teacher appears explicitly in the dialogues analyzed during the research, interacting with
the students and leading the discussions in the classroom (a fact that did not occur in the articles
classified as CS and SCA). As we stated previously, perhaps due to the teaching approaches
(mathematical modeling and use of technologies in Mathematics classes) adopted in the four
studies, the role of the teacher was evident throughout the texts. Such evidence, combined with
the fact that the research also involved the use of the mentioned artifacts, allowed these four

articles to be included in the STCA category.
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Finally, it is worth highlighting that Oliveira, Fernandes, and Fermé (2007), in their

general considerations of the results obtained, weave reflections that are close to the tetrahedral
model (STCA) considered in this research. As shown in Figure 3, the authors highlight
interactions between Instruments (robots), Object (proportionality), and Subject (students). The
teacher is present both in the Instruments, through the way he questioned the students, and in
the Community (classroom). Other interactions are established, such as the Rules (of school
Mathematics) and the Division of Labor (horizontal division of tasks among the different
members of the community, and vertical division of power and statutes).
Instruments

Robots, structure of worksheets,
teacher's questions

A

Subject ) Objecl§ )
Groups of students_, < > Direct proportionality
such as a function

Results
Redefining the concept
of direct proportionality
\ 4

< y < y
< > < >

Rules Community Division of labor
Rules of School The classroom
mathematics

Figure 3 - Structure of the mathematical activity of the class analyzed by Oliveira, Fernandes, and Fermé (2007)
Source: Oliveira, Fernandes and Fermé (2007, p. 102)

As a result of these interactions, Figure 3 indicates the redefinition of the concept of

direct proportionality by students.

5 Conclusions and Final Considerations

We return to our research questions to carry out stage 7 of the SLR, that is, to disseminate
the conclusions of the review: what research about proportionality is found in mathematics
education? What interactions emerge from the analyses carried out according to the tetrahedral
model of the didactic situation?

Regarding what the research in Mathematics Education on proportionality is like, in
stage 1 of the analysis, we note that, in the theoretical foundations of the articles, there is a
predominance of the works of Lamon (2012) and Lesh, Post, and Behr (1988) or works of
Vergnaud, especially when the authors of the researches are Brazilian. If we consider, for

example, Burgos, Godino, and Rivas (2019), Parameswari et al. (2023), and Oliveira,
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Fernandes, and Fermé (2007), articles whose authors are not Brazilian, we perceive a variation
in relation to the perspectives adopted. These articles do not make use of Lamon (2012) and
Lesh, Post, and Behr (1988) or the work of Vergnaud, which suggests that research carried out
outside Brazil can offer us new perspectives on the teaching and learning of proportionality.

In addition to the theoretical references, we also noted that there is research involving
students from Early Childhood Education, through Elementary School, to High School, and
most of it is in the context of the final years of Elementary School. There are studies involving
the initial and continuing education of teachers who teach Mathematics, as well as theoretical
research or analysis of documents and textbooks. Therefore, we found that there is a diversity
of contexts in which research on proportionality is being conducted.

Based on the diversity of contexts and theoretical frameworks used, in stage 2 of the
analyses, we concluded that the interactions that emerged based on the tetrahedral model were:
SC, STC, SCA, and STCA. The SC interaction was the one that appeared in the greatest quantity
and the focus of these interactions concerns the way in which students solve a problem, a task,
or a test. In these cases, the research often seeks to understand which strategy was used to solve
the problem or identify the difficulties expressed by the students. In the works identified in this
category, the interest was centered on the direct interaction between SC, without the
intermediation of the teacher, and artifacts different from those traditional in the classroom
(tasks, pencils, notebooks).

In the STC interaction, we did not notice a specific focus. When considering the teacher
in the interactions, the studies diversify their perspectives. They pay attention to the different
ways of doing mathematics in a classroom, to the teacher's strategies, and to aspects of the
students' thinking.

In the SCA interaction, the focus is on the potential that the artifacts (Virtual Geoplano
software and food labels) have to provide students with opportunities for experimentation that
lead them to formalize the mathematical concept.

We noticed in the STCA interaction that the attention is not only focused on the artifact
used but on the classroom environment in a broader way. The teaching approaches
(mathematical modeling and use of technologies) enhanced the STCA interaction, since they
allowed students to carry out mathematical experiments using artifacts and, evidently, mediated
by the teacher.

We highlight that the work of Oliveira, Fernandes, and Fermé (2007) was the only one
that explicitly considered the importance of STCA interaction in a classroom environment as a

way of promoting proportionality understanding (Figure 3). It is worth noting that this article
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was one of two articles found in the only non-Brazilian journal (Quadrante) included in our
survey. In other words, the only study that more explicitly addresses STCA interaction is not
published in Brazil. Therefore, we suggest that new research on the potential of this STCA
interaction in the teaching of proportionality and the development of proportional reasoning be
carried out in the Brazilian context.

Thus, based on the SLR presented in this article, a questions for a research agenda arises:
what theoretical approaches underlie international research on proportionality? How does
international research address STCA interaction in the teaching of proportionality? What
contributions can this international research bring to Brazilian research and, mainly, to the
teaching of proportionality (and the development of proportional reasoning) in Brazilian
schools? What mathematical tasks can be planned for teaching proportionality to explore STCA
interaction in the classroom? What formative tasks can be planned to work on in the (initial and
continuing) training of teachers who teach Mathematics, in the Brazilian context, with a view
to promoting STCA interaction in the classroom?

Finally, we highlight that a limitation of this research concerns the choices made to
restrict what we are considering as Artifacts. Other research can complement this one, in the
sense of including, for example, mathematical tasks as Artifacts and investigating STCA

interactions in the classroom.
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