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Abstract. Let X{, X5, ... be a strictly stationary and negatively associated sequence of
random variables with mean zero and positive, finite variance, set S, = X| + --- + X,
M, = maxj<j<y, |Sk|. Under appropriate moment conditions, we obtain precise rates in law

of the logarithm for the moment convergence of S,, and M,,.
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1 Introduction and main results

A finite family of random variables, X1, X>, ..., X,, is said to be negatively
associated if, for every pair of disjoint subsets 7 and 75 of {1, 2, ..., n},

Cov(fi(Xi,i € T), fo(X;,j € 1)) <0,

whenever f| and f, are coordinatewise increasing and the covariance exists.
An infinite family is negatively associated if every finite subfamily is negatively
associated. This definition was introduced by Alam and Saxena [1] and Joag-
Dev and Proschan [7], and has found many applications in percolation theory,
multivariate statistical analysis and reliability theory [2].
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32 THE RATES IN COMPLETE MOMENT CONVERGENCE

Under appropriate conditions, lots of results have been obtained for negatively
associated sequences, the central limit theorem (CLT) [13], probability inequal-
ities [15, 17], weak convergence [19, 20], almost sure convergence [12], law of
the iterated logarithm (LIL) [16] and complete convergence [8, 9], precise rates
[5,21,22].

Let X1, X3, ... be asequence of independent and identically distributed (i.i.d.)
random variables. Gut and Spataru [6] obtained a result below.

Theorem A. Suppose that EX, = 0 and EX? = o* < oo. Then, for
0<d6<1,

25+2E|N|25+2

S $
1ime25+2z(logT”)P(|Sn| > ey/nlogn) = A Eh (1.1)
n=1

€l0 §+1

where N is a standard normal random variable.

Liu and Lin [11] proved the following theorem for i.i.d. random variables.

Theorem B. Suppose that
EX, =0,EX? =0% and EXi(log" |X)* < oo. (1.2)

for0 <o < 1. Then

lim €2 Z%ES2 (|Sn| > e\/nlogn) =
n?

0
€t n=2

Conversely, if (1.3) is true, then (1.2) holds.

2a+2

E|INP*T2. (1.3)

The purpose of the present paper is to investigate precise asymptotics in com-
plete moment convergence, our results not only extend (1.3) to negatively as-
sociated sequences, but give a maximal analog of (1.3) and other versions. To
formulate our results,we need some extra notation. Let X, X, ... be strictly
stationary and negatively associated random variables, EX| = 0, EX % < 00,
ol =EXi+2Y 2, EX1X, > O,setS, = Xi+--+X,, M, = maxj <<, |Skl,
write log for the natural logarithm, logx = log,(x V e), [z] denotes the integer
part of z, C stands for a positive constant whose value may be different from
line to line. Our results read as follows.
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Th L1 IFEX3(log|X,])' ™ 8 > 2, then we h
eorem 1.1. If EX{(log|X| < oo for any § > 2, then we have

o0

. _ 1

111'1'166 2 E nz(log—n)z/‘sESnZIOS” = EO'\/;(logn)l/a)
n=2

€l0

(1.4)
3(2)° 541
= I s
JT(8 —2) 2
and .

lime*™ ) ;EMZI(Mn > ea+/n(logn)'’?)

€l0 ~ n*(logm)*> " -
(1.5)

25(\/—)‘S (3 i (—1)"
JEE=2) = @Qnt 1)@

Conversely, if (1.5) is true, then EXf(log X172 < oo. Where T'(:) is the

Gamma function.

Theorem 1.2. If EX?(log | X1|)® < oo for any § > 0, then we have

s (logn)™t
lim e ZTESnI(lSn| > eo/nlogn)
n=2

€l0
(1.6)
28+1 5 + 3
\/_8
and
o (logn)*~!
liﬁ)l e Z —2EM31(M,1 > €o+/nlog n)
€ n
n=2
(1.7)

25+2F 5+ i (="
(2I’l+ )28+2

n=

Conversely, if (1.7) is true, then EX%(log |X1|) < 00

Without loss of generality, throughout the paper, we will suppose that
o2 =1.

2 Proof of Theorem 1.1

In order to verify this result, we first give three elementary but useful lemmas.

Comp. Appl. Math., Vol. 29, N. 1, 2010



34 THE RATES IN COMPLETE MOMENT CONVERGENCE

Lemma 2.1. [13]. Let {X,: n > 1} be a strictly stationary and negatively

associated sequence of random variables with mean zero and

o0
0<o’=EX;+2) EX|X, < oo,
n=2
then
S, /o2 N, 1) as n — oo. 2.1)

Lemma 2.2. [18]. Let {X,,: n > 1} be strictly stationary and negatively asso-

2

ciated sequence of random variables, EX1 = u, 0 < VarX; = 0~ < oo and

B?=EX;+2Y 2" EX\X, > 0,set S, =Y 1 X, write
1
W,(t) = B—ﬁ(Sm+(nt—m)Xm+1 —nt,u), m<n<m+1,0<¢t<T.

Then

W, (t) 2 W) in C[O0, T], 2.2)
where {W(t): t > 0} is a standard Wiener process and C|0, T] is the usual C
space on [0, T].
Lemma 2.3. [10]. Let {X,: n > 1} be a negatively associated sequence of

random variables with mean zero, EX: ﬁ < 00, set S, = ZZZI Xz, BZ =
> i) EX?. Then, for any a > 0 and b > 0, we have

P( max | S| > a) <
1<k=<n

5 (2.3)
2P X > b)) +2 @ (9 B g (149
1k = P\ e T )BT R ) )
Observe the following formula.
- 1 2 1/
;WESHI“SM = 6\/}’_1(10gn) )
=1
= ¢? ~P(|S,] > 1 1/8 2.4
e;n (1S4 = ev/n(logm)'?) 2.4)
o 1 00
—_— 2x P(|S,| = x)dx. 2.5
+n2:;n2(10gn)2/5 /eﬁ(logn)l/s X (| |_x) X (2.5)
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Similarly, one can obtain the corresponding equation for M,,. In the rest of this
section, we give the following propositions.

Proposition 2.1. We have

oo 8
lim Zl P(IN| > e(logn)'/*) = @Wﬂ)

2.6
el “—n JT 2 26)
and

N 1 1/8

lim e —P( sup |W(t)| = e(logn) )
2.7

_ 221 ( i (=1
f (2n + 1)26+2°

n=0
where N is a standard normal random variable and {W (t): t > 0} is a standard

Wiener process.

Proposition 2.2. Under the conditions of Theorem 1.1, we have

lime® " %‘P(|Sn| > ey/n(logn)'’) — P(IN| > e(logn)l/‘s)’ =0, (2.8
2

=1
lime' 3 ~| P(M, = ev/nllogm'”)
n
- 2.9)
- P < sup |W(t)| > e(logn)1/5> ‘ = 0.

0<t<l

Remark 2.1. The proofs of Propositions 2.1 and 2.2 are very standard, so we
omit them.

Proposition 2.3. Under the conditions of Theorem 1.1, we have

o0
1 o0
li HE:—/ 2xP(|N| > d
i ¢ sl xP(IN| = x/+/n)dx
"= (2.10)

2(/2)° S+ 1
:ﬁ(a—z)r( ; )
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and

o 1 00
: 8—22
151?()16 nzsz 2xP(Sup |W(t)| ZX/\/E)dX

ey/n(logn)l/s 0<t<1

4([)8 5+1 00 ( l)n
J6-2) Z @n + B+

n=0

(2.11)

Proof. It follows that

o0
1 o0
1ime5—2§ —/ 2xP(|N| > x/+/n)dx
— n2(logn)2/8 e /n(logn)l/é

= lime®™ / —dy/ 2xP(|N| = x)dx
2 y(logy)/? €(log )/

= f t8_3dt/ 2xP(|N| > x)dx
0 t

268 o° © 2 —u?
— x‘s_ldx/ exp (_u) du
“s-2), x 27 2
2(v/2)° s+1
= r .
S8 —2) 2
Using the following result of Billingsley [3].

P(sup W (s)] zx) —1- ) (—l)kP((Zk—l)x§N§(2k+1)x)

0<s<l

=2 Z(—l)"P(|N| > (2k + Dx),

k=0
one can obtain (2.11). O

Proposition 2.4. Under the conditions of Theorem 1.1, we have

o]

2xP(|S,| > x)dx
/n(logm)!/?

.52
lelﬂ)l ¢ Z nz(log n)2/8
(2.12)

_/OO 2xP(IN| > x/\/ﬁ)dx‘ =0,

e/n(logn)!/
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and

f 2xP(M, > x)dx

= 1
lim €272 —_—
€l0 n2=2: I’lz(logl’Z)Q/‘S Jn(logn)l/s

(2.13)
—f 2xP(sup |W(t)|2x/\/ﬁ)dx‘=0.

J/n(logn)1/3 0<r<1

Proof. We only prove (2.12), let H(e) = [exp(M/e®)],M > 4,0 < € <
1/4,8 > 2, denote A, = sup, |P(|S,| > +/nx) — P(|N| > x)|, we have

nd 1

/ 2xP(|S,,| > x)dx

Z n2(10gn)2/5 Jn(logn)1/8

n=2

— /:O 2xP(IN| = x/ﬁ)dx‘

Jillogn)1/5
R— / ) ( )
- w2 (log )2/ 2x P(|S,] > x)dx
n<H(e) n2(logn)2/5 e/n(logn)!/s
oo
—/ 2xP(IN| = x/ﬁ)dx‘
e/n(logn)l/s
1 o]
+ n2(log n)2/3 f 2x P(|S,| = x)dx
n>2H;e) n?(logm)*° 1 Je figognyirs ( )

— /:O 2xP(IN| > x/ﬁ)dx‘

n(logm)!/8

=: 21 + 22.

We first estimate X;, it follows that

1 o
< —(/ 2(x + €)P(IN| = (x + €)(logn)'?)dx
neHo "\ tegm
_1/5A;1/4

(logn)
+/ 20+ )| P(IS)] = (x + €)Vn(logm) )
0

—P(INI = (x + €)(logm) ) |dx

Comp. Appl. Math., Vol. 29, N. 1, 2010



38 THE RATES IN COMPLETE MOMENT CONVERGENCE

+/‘°° 2(x +)P(1S] = (x +€)\/Z(10gn)1/5)dx)
(

logn)*l/‘;A,TI/

= ) %(23 + B4 + ).
n<H(e)
The estimate of X5 is easy. By Toeplitz’s lemma, one can complete the proof of
term X4. As to X5, taking a = e /n(logn)!'/?, b = a/m in Lemma 2.3, it turns
out that

25 1/00 (y+€)72m+1n7m(10gn)72m/8
(

n <C ; . RN (m n EXz)—m
n<H(e) n<H(e) ogn) n k=1 k

+C / 1/4(y +eP(IX1| = (v + e)/nlogn)'* /m)dy
(

n<H(e) logn)=1/8 A,
=: ¥+ X7.

An easy calculation leads to

1 > —2m+1
ZéECZW./ 4()’+€) dy

(logm)~1/2 2,/

n<H{(e)
(log H(e))! 7%/ 1 A=1/2
(log H (€))!1-2/3 n(logn)2/s "
n<H(e)
2-5 p1-2/5 1
- =7  __AmL2 (2.14)

(log H (€))1-2/3 n(logn)?/% "

n<H¢(e)

by Toeplitz’s lemma, we have lim, o €*72%¢ = 0. Turn to X+, it follows that

% < C Y E v +eI(m(y+e) <|Xi|/v/n(logn)'*)dy
(logn)—l/‘sA;l/4

n<H{(e)
1 2
< C)Y WEXJ(MX”;JZ)
n<H(e)
1 H —-2/6+1 1
¢ dog H(©)) EX2I(m|X\| > /n)

(log H (€))~2/5+1 oL (log n)?/3

2-8 f1-2/8

(log H (€))~2/5+1 EX%I(m|X1| >/n), (2.15)

1
Z n(logn)?/4

n<H(e)

Comp. Appl. Math., Vol. 29, N. 1, 2010



YUEXU ZHAO, ZHEYONG QIU, CHUNGUO ZHANG and YEHUA ZHAO 39

applying Toeplitz’s lemma again, we have lim. o€’ ™?%; = 0. Now let us
consider X,, notice that

o< C Y ;/m 2xP(IN| > x/+/n)dx

w2108 M S rtog s
1 0
| 20P(S,] = x)dx
n>;(e) n2(logn)2/5 ey/n(logn)l/s ( )
=! Xg+ Xo.

Applying Markov’s inequality, one can complete the estimate of Xg. By
Lemma 2.3, taking m > 6/2, it turns out

c Z /oo (y+€) 2m+1 m(logn)—Zm/Bd
“m Y
n>H(e) Zk=l EX/%)

29

IA

+C ) / o +eP(Xil = (v + e)/nlogn)* /m)dy

n>H(e)

IA

¢ 3 g [, 0O

+CE([ra T 1(Watogn' < mixil/o + o)
n>H(e)

1

C —2m—+2 Z
2m/8
e n(logn)?m/

A

—i—CE(/Oo X (log|X\| —log(y + €) °I(y + € < m|X |)dy>
o Fe ‘ ‘

1-2/5

< Cez_‘sM_z’”/’Hl+CEX%((log|X1|) —(1oge)1—2/“), (2.16)

we have lim, g €272%9 = 0. The proof of (2.12) is now complete. O

Proof of Theorem 1.1. Combining Propositions 2.1 ~ 2.4, we have

(ﬁ)‘sr<8+1>

hme Z (18,1 > ex/nlogn)'/?) = N 5

n=

(2.17)
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o
1 o
lime’ =2y :—/ 2xP(|S,| > x)dx
€l0 s n2(logn)?/% Je frtiogny!ss ( )
(2.18)

2(v/2)° s+1
= r .
VT —2) 2
Then, the proof of (1.4) follows from (2.17) and (2.18), similarly, one can ob-
tain (1.5).
For the sufficient part, using the standard method, we first show that

P <1mkax | Xl > eﬁ(logn)l/a) — 0 as n — oo. (2.19)
<k=n
It is easy to see that
| Xl = 180 — Sp—1l < |Sul + |Sn—l|a (220)

furthermore, we have

(1mkax | Xi| > 2eﬁ(logn)1/5>
<k<n

C (lml;ax |Sk| > eﬁ(logn)1/5> U (1 Iilax 1 | Sk| > eﬁ(logn)l/‘s) . (221
Recalling (1.5) and (2.4), which yields

1
- (lml?x | Xi| > eﬁ(logn)l/a)
<k<n

Mg

n
n=2

%Z < max [ X;| > 6«/2_’"(10g2’”)1/3> (2.22)

1<k<

Hence, we have

P ( max | X;| > evzm(log2"1)1/5> — 0, (2.23)

1<k<2”
So (2.19) follows from (2.22) and (2.23). We next show that
P (max | Xi| > ef(logn)l/‘s) > CZP | Xkl > e/nlogn)'?). (2.24)
k=1
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By the result of Joag-Dev et al. [7], it turns out that
P <lmkax | Xe| > eﬁ(logn)l/‘s)
<k=n
> 1-]] (1 — P(1X] > eﬁ(logn)l/s))
k=1
> 1 —exp ( ~ S P(Ixl = e\/ﬁ(logn)l/‘s)), (2.25)
k=1

by (2.19), for sufficiently large n, we have

ZP(|Xk| > ey/n(logn)'?) — 0 for any € > 0. (2.26)
k=1

By (2.26) and using elementary inequality, we have

P <1ml?x | Xy > e\/ﬁ(logn)l/‘s)

n

> P(1Xel = evntlogn' ) (1= Y P(1Xil = ev/nllogm "))
k=1

k=1

v

C> P(IXk| = ev/n(logn)'?). (2.27)

k=1

v

Finally, the sufficient part follows from (2.27) together with

0o > Z%/Oooz(x + 1P (M, > (x + )/n(logn)'"*)dx
n=2

%

C Z /OO(x + DP(1X1] = 2(x + 1)/n(logn)'/*)dx
n=N 0

A%

CE| [ wre X 1/atogn! < mixil/ v+ erdy
0

n>H(e)

%

00 X2
CE ( / L—(log |X1] — log(y +€)) >’ I(y + € < m|X, |>dy)
o (+e)

1-2/8

%

CEX:(log|X])
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3 Proof of Theorem 1.2

According to the proof of Theorem 1.1, we only give the main ideas of the
proofs of (1.6) and (1.7). Observe (2.4) and (2.5), it is natural to give the follow-
ing Propositions.

Proposition 3.1. We have

lim €25+2 i logn)’ , P(IS,] = ey/nlogn) = 2 (5 + 3) . (3.0
€10 ~ n f(é +1) 2

and

o (logn)®
lim e**? % " ~—=—"P(M, > e\/n1
i ¢ 2., (M, = e/nlogn)
(3.2)

PP (543) o (=D

J_(S +1) Z (2n + 1)2+2°

n=

Proof. By a careful calculation, it follows that

, (1ogn)‘S 20+1 3
151?01 c20+2 Z . (|N| > e,/logn) J—(S D (5 + 5) . (33

Then, along the same lines as those of the proof of Proposition 2.2, we have

% 5
limez‘”zz (IOng)‘P(ISnI > ey/nlogn)—P(IN| > ew/logn)‘ =0. (3.4
n=2

€l0

With the help of Billingsley’s result, one can complete the proof of (3.2).

Proposition 3.2. Under the conditions of Theorem 1.2, we have

o0 1 5—1 00
lime® Y %/ 2xP(IS,| > x)dx
n=> n eq/nlogn

€l0
(3.5)

26+1 3
=—T(6+=),
NZZICES)) (+2)
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and -
1 5—1 00
lim e 3 0081 / 2xP(M, > x)dx
€10 2 n eq/nlogn
_2UrE3) g b
S8+ 1) = (2n + 1)28+2°

Proof. Recalling the proof of Proposition 2.3, it is easy to get

S 1 §—1 00
lime? Y j%/ 2 P(IN| = x//n)dx
n
=2 €

€l0 nlogn

25+1 3
= 6T (“5>'

The following proof is similar to that of Proposition 2.4, so we have

o
1 §—1
lime2 3" (ognm)™" ”2)
n
n=2

oo
/ 2xP(|Sy| = x)dx
€l ey/nlogn

—/ 2xP(IN| Zx/ﬁ)dx‘ —0.
e /nlogn

43

(3.6)

(3.7)

The moment condition EXf(log |X1])® < oo is used as follows, note the

corresponding part of Xy, we have

5—1 e’
C Z M[ 2xP(|X1| zx)dx
eq/nlogn

n>H(e)

<C Z (logrl)‘s/0 (y+e)P(|X1| > (y+e)\/nlogn/m)dy

n>H(e)

IA

n>H(e)

IA

v +e

A

CEX}((log|X,])’ — (loge)),
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0

o0 XZ
CE (/ ! (IOngll_log(J’+€))6_1[(y+€§m|X1|)dy)
0

(3.8)
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we then complete the proof of (3.5). Finally, observe that

P ( sup |7(1)] = x) <2P(IN| = x),

0<r<l

along the same proof lines of (3.5), one can complete the proof of (3.6).

Proof of Theorem 1.2. By virtue of Propositions 3.1 and 3.2, one can obtain
(1.6) and (1.7). With the help of (2.27), the sufficient part is obvious.
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