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ABSTRACT: Two stiffness models for a flexible hinge with large rotation angle are established based on the pseudo-rigid body
method and the series or parallel relationship of flexible units. Finite element simulation of the flexible hinge is conducted in
ANSYS to verify the two stiffness models of the flexible hinge. A multi-objective optimization method is used to optimize the design
parameters of the hinge. The stiffness models of the flexible hinge are used to establish the optimized objective function of an
optimization model to improve the rotation angle of the hinge under a certain radial stiffness. After optimization, the rotation
angle can reach 70 deg when the rotational and radial stiffnesses are 1.29 N-mm/rad and 1.37 N/mm.
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INTRODUCTION

The solar sail, which is generally formed by articulating several solar panels, is the main source of energy for the spacecraft in
orbit. It plays an important role in the normal work of the spacecraft (Fenci and Currie 2017; Meguro et al. 2009; McGuire et al.
2016). The gaps and frictions in the traditional hinges can cause vibration, which is bad for the control of space status (Li et al. 2016;
Sun and Chen 2016). However, one advantage of flexible hinges without gap, friction, and lubrication, is integrated processing.
Flexible mechanism as a new type of mechanisms uses the elastic deformation of material to transfer motion, force and energy
(Delimont et al. 2015; Dewalque et al. 2016). To realize the deployment of space structures, the flexible hinge should rotate in
large rotational angle. The usually studied hinges have a small allowable rotational angle or a large volume. The hinges are hard to
realize the deployment of structures. Therefore, designing a hinge with a large rotational angle and a small volume is important.

Four classes of the design methods used for the compliant structure design are freedom and constraint topology (FACT), the
screw theory, type synthesis, and a building block approach (Hopkins and Culpepper 2011; Sun and Hopkins 2017; Hopkins and
Panas 2013; Su and Yue 2013; Naves et al. 2017). Elliptic integral methods and pseudo-rigid-body methods are the main methods
for the stiffness calculation of flexible hinges (Liu and Yan 2017; Midha et al. 2015; Salini¢ and Nikoli¢ 2018; Howell 2001; Qiu
et al. 2014). Nonlinear multi-objective constrained optimization can be conducted by using the constraint majorized function
of MATLAB.

In this study, a kind of flexible hinge is designed based on the constraint analysis of plane and line. Two stiffness models of
hinge are established in the third section to express the relationship of the out-of-plane and in-plane deformations with the load
on the hinge. The stiffness models can also be used to build the optimization model. Finite element simulation is conducted to

verify the stiffness model in the fourth section. In the fifth section, the optimization is conducted to optimize the size of the hinge.
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FLEXIBLE HINGE DESIGN BASED ON CONSTRAINT ANALYSIS

A constraint plane, which limits two translational degrees of freedom and one rotational degree of freedom in one plane, can
be considered as three constraint lines (two parallel lines and one intersecting line) in the same plane. The five constraint lines can be
replaced by five bars. The five bars, which are located in two planes, are equal to two constraint planes. As shown in Fig. 1, the
constraint plane 1 can be replaced by three bar units B , B, and B,, which restrict the translations in the x and z directions, and
the rotation in xz plane. The constraint plane 2 can be replaced by bar units B, B,, and B,. The bar units limit the translations
in the y and z directions, and the rotation in xz plane. There is a redundant constraint corresponding to the translation in z

direction. Therefore, these two planes limit five degrees of freedom.
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Figure 1. Plate-constraint of flexible hinge.

There are two kinds of spatial locations for two planes, parallel and intersection. The two constraint planes can be replaced
by two plates. The plate constraint can be divided by the spatial location and the deformed form. The deformation types of the
plates can be bend or torsion.

Based on the constraint analysis, two intersecting plates can be enough to limit the five degrees of freedom and achieve a
rotational motion. Three plates uniformly distributed in the rotational plane are adopted in the flexible hinge to increase the
stability. In order to design a flexible hinge with characteristics of large rotation angle and high radial stiffness, the bending and
torsional deformations and the series and parallel relationships are included in a hinge. A hinge includes six flexible units, shown
in Fig. 2. The flexible hinge consists of three parts, one inner cylinder, one outer ring, and six flexible units. Two flexible units in
one plane are defined as one group. A flexible unit is composed of five straight beams connected in a series and numbered as 1 to
5. The series beams can enlarge the allowable rotation angle of the hinge. The radii of the inner cylinder and outer ring are r and
R, respectively. The lengths of the beams 1, 3, and 5 are L, L,, and L, respectively. The lengths of the beams 2 and 4 are L, and L,
respectively. The width and thickness are b and h, respectively. In this design, L,=L,L =L,L,=L +L,+r-R.

Flexible unit

4 er ring

— R W U

,i" Inner ‘cerlinder

Figure 2. The structure of flexure hinge.
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STIFFNESS MODELING
THEORETICAL BASIS

Pseudo-Rigid Body Method

In the pseudo-rigid body method the flexible structures are replaced by torsional springs and bars. Then, a compliant mechanism
can be defined as a mechanism consisting of rigid bodies. The relationship of the force and deformation of the mechanism with
rigid bodies is similar to the compliant mechanism. When the flexible hinge is under a z-direction torque, the flexible unit in the
flexible hinge can be replaced by the fixed-guide beam unit, which is one type of structure in the pseudo-rigid body method (Liu
and Yan 2017; Midha et al. 2015). The model is shown in Fig. 3.

________ /_\ \ 0
y"
a (I-y) L2
L | L |

Figure 3. The deformation of fixed-oriented beam.

In Fig. 3, F and M are the force and moment applied on the end of the beam. The length of the beam is expressed by L. The
horizontal length of the deformed beam is a. The characteristic radius coeflicient of the pseudo-rigid body model of the fixed-guide
beam is y. The rotation angle in the fixed-guide beam model is 6. Because the anti-symmetry of the fixed-guide beam deformation

about the midpoint exists, the force and moment satisfy M = Fa/2. Stiffness constant of spring can be given as (Eq. 1) (Howell 2001):

EI
Kt = 2]/](97 (1)

where: y = 0.85; k, is the stiffness coeflicient, k, = 2.65; E is elastic modulus; and moment of inertia I can be given as I = bh*/12.

Series-Parallel Connection of Flexible Unit

One flexible unit contains five beams, shown in Fig. 2. Each beam can be equivalent to a spring. The stiffnesses of beams
1to 5are expressed as K, K, K, K,, and K, respectively. The relationship between the total stiffness and the stiffness of each beam
is given in Fig. 4. According to the parallel relationship of springs, the stiffnesses of the six flexible units of the flexible hinge can
be expressed as K, ~ K

wp Where K, = ~=K_ .

Figure 4. The equivalent stiffness of flexure hinge.
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Based on the series relationship, the stiffness of one flexible unit is given as (Eq. 2)

1

K = i=I~VI
1 K;
The overall stiffness of the hinge K can be derived from the parallel relationship of the springs (Eq. 3)
K = 6K, ©)

Rotational Stiffness of Flexible Hinge

When torque is applied on the inner cylinder in z direction, the inner cylinder rotates on its own axis. Due to the symmetry
of the structure, the stiffness of one flexible unit can be calculated to get the stiffness of the hinge. The deformation type of the
five beams in one flexible unit can be divided into two types, bend and torsion. Because the size of the beams 1 and 5 are equal,

and the beams 2 and 4 are equal, the relationships between the stiffnesses satisfy (Eq. 4)

K=K, K,=K, )

BENDING BEAM

In Fig. 5, when the rotation angle of pseudo-rigid body is 6,, the rotation angle of the end of the beam 1 relative to the inner
cylinder is & . The arc length, which correspondsto the angle 6, in pseudo-rigid body; is s,. The arc length, which correspondsto the
angle «, is s,. Torque applied on the beam 1 is M [, the rotational stiffness of beam 1 in pseudo-rigid body can be given as (Eq. 5)

) (%)

1

KBI

(%)

Xoc1 Xel

= L

r

Figure 5. The Pseudo-rigid-body Model of Beam 1.
The geometry function of the relationship between s and s, is established. The difference between s, and s, is calculated
when « changes from 1° to 90°. The difference increases with the angle « . The minimum difference is 12%, when &, = 1°.

The maximum difference is 19%, when «, = 90°. Therefore, in order to simplify the geometrical relationship, it is assumed that

the arc s, corresponding to «, is equal to the arcs,. Therefore, the relationship of 6, and «, can be given as (Eq. 6)
OyL =R ©
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The stiffness constant of the spring in beam 1 can also be expressed as K*' = 2k, EI /L , where the inertia moment of beam 1
is I, = I = bh’/12. Based on the Egs. 5 and 6, the bending stiffness of the beam 1 in the hinge is (Eq. 7)

M2  k REbK
KB o
! a, 6L, 2 @

Based on the same deducing, the bending stiffness of the beams 1, 3, and 5 can be given as (Eq. 8)

o _ ko REDI
' 6L,°

(i=1,3,5) (8)

TWIST BEAM

The stiffnesses of twist beams 2 and 4 in flexible unit have been given in mechanics of materials. The stiffness of beam 2 can

be written as

3
K™ = bh G(l—o.zlﬁj
L, \3 b

where: G is the shear modulus, G = E/(2 (1 + p)). The Poisson’ ratio of the material is .
When the twist beams deformed, the deformation diagram of a flexible unit is shown in Fig. 6. The twist angles of the torsion
beams 2 and 4 are equal to 6,, which correspond to the arc length s,. The angle of the outer ring in relation to the inner cylinder

is a,, which corresponds to the arc length s,.

Beam 5
Beam4 —
Beam 3
L, 0 S,
2 N
R 3
Beam 2
T Beam 1

R

Figure 6. The corresponding arc and angle diagram of the torsion beam.

Because L, is close to the distance of the outer ring from the inner cylinder, the angles 6, and a, are close to each other when
the rotation of the hinge is caused by the torsion of the beams 2 and 4. Since the arc lengths of 6, and «, are approximately equal,
the angles satisfy (Eq. 10)

62L3 :azR (10)
Based on Egs. 9 and 10, the torsional stiffness of beams 2 and 4 can be given as (Eq. 11)
M 3
K™= a=ﬂ[l_0.21ﬁj (11)
a, LL \3 b

Considering the series relationship of the deformed beams, the rotational stiffness of one unit of the hinge can be given as (Eq. 12)
o1 1 1)
Ki=| —+—F+—+—
(KIB kP KD KTJ (12
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Based on the parallel relationship of the beams, the bending stiffness of flexible hinge can be given as (Eq. 13)

Ky = 6K, (13)
The rotational stiffness of the hinge is given as (Eq. 14)
Kr = 5 26
12(L, "+(2L+r—R)") N (2L +r—-R)L, (14)
3
kREbh GRbK (% - 0.21%)

RADIAL STIFFNESS OF FLEXIBLE HINGE

When force F in y direction is applied on the inner cylinder of the flexible hinge, the inner cylinder will move in y direction.

The radial stiffness of flexible hinges is expressed as K.

Strain Energy Calculation
The directions of the three groups of flexible units are defined as 1, 2 and 3. Every group contains two flexible units. The
definitions of one flexible unit are shown in Fig. 7a. The half of the flexible unit I is shown in Fig. 7b.

L

2

—
B Beam 2 C

‘ X

-1 |12

h
ol

Figure 7. The definition and the force diagram. (a) Load and definition of flexible unit; (b) half of flexible unit I.

Based on the static indeterminacy theory, the force in each group can be given as F, = 2F, = 2F, = 2/3F, where F, F,, and F,
are the forces in groups 1, 2, and 3. Because the structure shown in Fig. 7b is symmetrical with respect to the centre of point D,
the stiffness of the half of the flexible unit is calculated. The half of the unit consists of three sections, AB, BC and CD. The total

displacement energy of the deformed beam is given as (Eq. 15)

V€ :V;AB+V[BC+I/ECD (15)

The internal force equation of the three-section can be given. In section CD (Eq. 16),

MéD(x3):0’FéD(x3):FI (16)

In section BC (Eq. 17),
Mi.(x,)=F'x,,Fy.(x,) =0
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In section AB (Eq. 18),
M/LB(xl):F[LzﬂF/iB(xl):Fl (18)

The entire deformation energy of one half of one flexible unit is given as (Eq. 19)

+J'L1 (FAIB(X1))2 dx _’_J‘LI (M/I\B(x1))2 dx,
0 2FEA 0 2FEI

19
:(FI)Z( L _}_Lz3 +L22L1+ L J 1

4FEA 6EI 2EI 2EA

The Stiffness Calculation of Single Flexible Unit
The vertical displacement of point D is € when force F' is applied on the point D. The elastic strain energy caused by force F!
is written as (Eq. 20)
1o
W==Fg¢
5 (20)
Because the elastic strain energy caused by force F' is equal to the deformation energy, F'e/2 = V. The total deformation energy
of the unit I is F'e. The radial stiffness of the flexible unit I is (Eq. 21)

e _F 1 Ebh
T 2e 2 L. 12 L} (1)
(Ll +?3)+b72(L22L1 +72)

Total Radial Stiffness Calculation
Since there are two flexible units in one group, based on the force balance, the force satisfies F' = F,/2 = F/3. Therefore, the

radial stiffness of the flexible hinge can be expressed as (Eq. 22)

K,=3K'= 3Ebh

121, (22)
(Lt /3)

2(L, +;4 2L+r - R))+

FINITE ELEMENT SIMULATIONS

In order to verify the accuracy of the stiffness model, the analysis of the stiffness of the flexible hinge was conducted by using
software ANSYS. The material of flexible hinge is Polypropylene. The elastic modulus E = 1.4 GPa. The Poisson’s ratio y = 0.42.
The allowable stress o = 34 MPa. The allowable shear stress [7] = 17 MPa. Based on the size of the hinges given in Delimont et al.
(2015), Dewalque et al. (2016), and Naves et al. (2017), the parameter values of the hinge are set. The radii of the inner cylinder
and outer ring are r = 6 mm, R = 30 mm. The beam length L, = 20 mm, L, = 5 mm. The width and thickness of the beam section

are b=25mmand h=0.2 mm.

SIMULATION FOR ROTATIONAL STIFFNESS
In the nonlinear analyses, the stiffness of structures decreases with the applied load. The deformation of the hinge
calculated by using linear theory is larger than the deformation calculated by using nonlinear when the load is constant.

Therefore, the rotational angle calculated by using linear analyses method can be achieved. At the same time, the stiffness

J. Aerosp. Technol. Manag., Sdo José dos Campos, v11, e3319, 2019
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model does not contain the nonlinear characteristic of the hinge. To verify the stiffness model of the hinge, the linear
analyses were conducted.

The inner cylinder was modeled by solid, which was divided by using hexahedral mesh. The flexible beam was modeled by
beam elements. The three displacements in space were constrained and the rotation on z direction was relaxed when z-direction
torque was applied. When the rotation angle of the inner cylinder was 55°, the stress and deformation of this hinge were analyzed,
which are shown in Fig. 8. The maximum von Mises stress is 12 MPa. The corresponding moment, checked by finding the reaction
force in ANSYS, is 1.58 N-mm. The rotational stiffness of the hinge is 1.64 N-mm/rad. Therefore, the allowable rotation angle can
be larger than 55°.

ANSYS

R16.2
G 9 2018
10:32:24

ELEMENT SOLUTION

2672407 5332407 SoozroT Lo7z108
133407 00407 cerEs07 533407 120240

Figure 8. The stress and deformation of the hinge under the zdirection torque.

When a set of different torques was applied to the flexible hinge, the corresponding rotation angles were calculated. It can
be seen from Fig. 9 that the simulation results are close to the theoretical results when the flexible hinge deformed under the

z-direction torque. The error is about 1% to 2%.

1.57

—*— Pseudo-rigid Body
—=— ANSYS

g 4

= 1

Z

5

g 05+

2

0 T T T T T T T T 1

5 10 1520 2530 3540 4550 5
Rotational angle (deg)

Figure 9. Comparison of simulation and theoretical results.

SIMULATION FOR RADIAL STIFFNESS

When a force in the y direction was applied on the inner cylinder, the flexible hinge deformed. The displacement of
the inner cylinder is in y direction. The stress and displacement were analyzed. The stress and displacement diagram are
shown in Fig. 10. When the displacement of the inner cylinder is 1 mm in vertical direction, the reaction force in this
direction is 0.98 N. The radial stiffness of the flexible hinge is 0.98 N/mm.

Different forces were applied to the hinge to obtain simulated displacement values. The radial stiffness of the theoretical

and simulation are 0.98 N/mm and 0.99 N/mm. The accuracy of the stiffness model was verified.
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e @ 2018
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Figure 10. Stress and deformation of the hinge.

STRUCTURE OPTIMIZATIONS OF FLEXIBLE HINGE
DESIGN VARIABLE
When the flexible hinge has been determined, the structural dimensions L, L., b, and h are set to be the design variables (Eq. 23).

X=[x x, x )c4]T=[L1 L, b h]" (23)

OBJECTIVE FUNCTION

The performance of the flexible hinge mainly includes the rotational and radial stiffness. Therefore, an objective function is

established to get the rotation capability and radial stiffness of the flexible hinge. The objective function can be given as (Eq. 24)

N PACY
minimize £(x) (24)

6 3Ex.x
2 2 ,and fz(x): - =
1206 +Q2x+7-R)")  CxHr-R)x, 1 12x

where  f,(x)= 2 :
+ +r-R)+ "2 (x, +
kREx,x,’ GRx,x, (1/3-0.21x, /x,) 20n+(2x+-R) (+x, /3))

2
3

RESTRICTIONS
e Restrictions of the size (Eq. 25)

b<lL,
h<b

L /b<2 (25)
3<L /L,

e Restrictions of boundary (Eq. 26)

12<L,<22
2<L,<10
1<b<10 (26)
02<h<2
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e Performance constraints
Assume that the torque and force applied on the flexure hinges are M = 1.5N-mm and F = 2N, respectively. The corner marks

« »

of the stresses caused by torque and force are “a” and “b”, respectively. The stress of the hinge satisfies (Eq. 27):

o, <[o]
o, <[o] (27)
7, <[o]/2

The optimization of flexible hinge is conducted by MATLAB. The optimization function “fgoalattain” is used to minimize a multi-objective

optimization problem. The parameters of the optimization function are set based on the design variable, objective function, and restrictions.

COMPARING THE PERFORMANCE OF THE FLEXIBLE HINGE BEFORE AND AFTER OPTIMIZATION

The sizes of the rings are given as r= 6 mm and R = 30 mm. The other dimensions and stiffness before and after multi-objective optimization
are shown in Table 1. The rotational stiffness decreases by 21.8%. At the same time, the radial stiffness increased by 38%. The rotational
stiffness significantly decreased, when the radial stiffness significantly increased. After the optimization, because the rotational stiffness

of the hinge decreases when the radial stiffness is almost constant, the rotational performance of the flexible hinge is relatively improved.

Table 1. Before and after optimization.

L, (mm) 20 22
L, (mm) 5.0 4
b (mm) 2.5 2.2
h (mm) 0.2 0.2
K, (N-mm/rad) 1.65 1.29
K, (N/mm) 0.99 1.37

CONCLUSIONS

In this paper, the theory of the fixed-guide beam structure in the pseudo-rigid body method and the series-parallel relationship of
the flexible beam are used to establish the equivalent rotational stiffness model of flexible hinge. The radial stiffness model of the hinge
is established based on deformation energy theory. The finite element analysis is conducted to verify the stiffness models. The finite
element analysis in ANSYS validates the correctness of this model.

In order to improve the rotation angle under the premise of ensuring the radial stiffness, an optimized model was established in
MATLAB, and the multi-objective optimization algorithm was used to optimize the structural parameters of the flexible hinge. The
optimization results show that the rotational stiffness decreases from 1.65 N-mm/rad to 1.29 N-mm/rad, the radial stiffness increases
from 0.99 N/mm to 1.37 N/mm. The rotational stiffness of the flexible hinge obviously decreases. That is to say the rotation angle and

accuracy have been improved by using the optimization method.
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