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ABSTRACT. In this paper, we propose two new methods for generating the set of all efficient solutions
to a discrete multi-objective optimization problem under uncertainty, also known as stochastic multiple ob-
jective integer linear programming problem. The suggested approaches follows the standard state-of-the-art
formulation requiring a two-stage integer stochastic formulation with fixed recourse and using the L-shaped
method as a main framework. Furthermore, the suggested method can be perceived as adaptations of de-
terministic discrete multi-objective optimization methods to the stochastic context. Finally, the obtained
computational results show that our methods can solve large-scale randomly generated instances. A com-
prehensive computational study on structured benchmark problems, including the well known George B.
Dantzig (GBD) benchmark instances and the newly introduced stochastic bi-objective knapsack problem
(SBKP) benchmark instances, further demonstrates the practical efficiency of the proposed approaches.

Keywords: stochastic programming, integer programming, multi-objective programming, L-shaped
method, linear programming.

1 INTRODUCTION

In real-world problems, multi-objective modeling is inevitable. Therefore, finding a solution that
simultaneously optimizes all objectives is almost impossible due to conflicting objectives. Subse-
quently, the aim is to find a subset of feasible solutions that realize the best compromise between
objectives. The multi-objective linear problems in the continuous case have been widely stud-
ied and several resolution methods have been introduced by researchers. The reader may refer
to Branke (2008) for a full literature review. The introduction of discrete variables makes them
significantly more complex to solve. However, a major issue with this type of problem is that
the admissible set is not convex, which induces significant difficulties. In the last decade, sev-
eral methods have been developed to solve the MOILP, among them we mention: Zionts (1977),
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2 EFFICIENT SET OF MULTI-OBJECTIVE STOCHASTIC INTEGER LINEAR PROGRAMS

Klein & Hannan (1982), Marcotte & Soland (1986), Teghem Jr et al. (1986), Sylva & Crema
(2004), Sylva & Crema (2007), Chankong & Haimes (2008), Lokman & Köksalan (2013) and
Helfrich et al. (2023). Additionally, multi-objective problems have been addressed from several
point-of-views, according to practical requirements such as decision maker’s preferences, called
the optimization over the efficient set problem. We mention, for example, Zaidi et al. (2025)
in deterministic case, and Badaoui et al. (2024) in stochastic case. We note that generating the
entire efficient set and optimizing over an efficient set are different problems in multi-objective
optimization. The former aims to enumerate all efficient solutions, whereas the latter aims to op-
timize a given preference function over the efficient frontier. In particular, Badaoui et al. (2024)
address the optimization over the efficient set problem, relying on the branch-and-bound frame-
work of Amrouche & Moulaı̈ (2012) as their underlying search strategy. In contrast, our work
focuses on efficiently generating the complete efficient set using novel algorithmic strategies,
positioning the method of Amrouche & Moulaı̈ (2012) as our primary point of comparison.In
the rest of this section, we present an overall view over the research work related to this paper
followed by a section of background.

1.1 Literature review

The main characteristic of the problems that emerge from industry is uncertainty. Thus, in this
situation, stochastic optimization is a potential alternative for solving such problems. Stochastic
optimization was pioneered by George Dantzig (1955). The problem essentially involves two di-
rections in terms of formulation and solving approaches. First, we should mention that stochastic
programming problems are commonly recognized as being difficult, both theoretically and com-
putationally. To be more precise, their difficulty manifests in the mathematical modeling of these
problems. This latter consists of two categories of data: stochastic and deterministic. Conse-
quently, for a stochastic optimization problem, the mathematical model is not necessarily unique.
The commonly used formulations and approaches in the literature are: a model with chance con-
straints see Charnes et al. (1958), Abdelaziz (2012). Such a model has at least one constraint
that can be violated with a certain probability, which somehow represents the reliability of the
system to be modeled. Furthermore, we mention two alternative stochastic linear programming
modeling approaches: ”Wait and see” and ”here and now”. In ”Wait and See” (W-S) models, one
would actually be allowed to wait for the realization of the random experiment, then solves the
deterministic (non-stochastic) linear programming problem based on the corresponding values
that are observed. This is known as a situation of a priory information (see Madansky (1960),
Bereanu (1967), and King (1986)). Regarding the ”Here and Now” (H-N) class of stochastic pro-
gramming, it deals primarily with problems where a decision must be made about the field under
uncertainty without waiting for the realization of certain random variables. The combination of
the last two models results in the new two-stage model.

In 1955, Dantzig, presented the two-stage linear program model under uncertainty. This approach
was further developed for future investigation by by Wets (1966), Walkup & Wets (1967), and
Walkup & Wets (1969). His strategy for the decision variable is based on an integration and
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dynamic relation between the W-S and H-N models, also known as two-stage programming
(see Slowinski & Teghem Jr (1988), Bakir & Byrne (1998), and Wets (2002)). This approach
can be summarized as follows: in the first stage, some initial decisions are made that optimize
current costs while minimizing recourse costs, and the feasibility issue is addressed in the second
stage. This cutting plane technique is called the L-shaped method in stochastic programming.
The idea of feasibility and optimality cuts in the dual decomposition method may be traced to
Benders (1962). This method has been extended into stochastic programming under the name of
the L-shaped method. The L-shaped method for two-stage stochastic linear programming with
continuous variables in both stages was first proposed by Van Slyke & Wets (1969).Laporte
& Louveaux (1993) presented the integer L-shaped method, which is also based on Benders
decomposition methodology. Only a limited number of research papers focus on pure integer
variables (see Schultz et al. (1998), Ahmed et al. (2004), and Kong et al. (2006)).

Stochastic optimization and multi-objective optimization have seen impressive progress. Notice
that these two domains developed largely independently of one another, and their interaction
is still covered by only a small number of publications including Goicoechea (1977), Teghem
(1983), Stancu-Minasian (1984), Teghem Jr et al. (1986), Slowinski & Teghem Jr (1988), Urli
& Nadeau (1990), Kall & Wallace (1994), and León et al. (2020). These methods have been ap-
plied to real problems such as planning electricity contracts, location under uncertainty, process
engineering, and many more. Moreover, in the case of the stochastic multi-objective linear prob-
lem with integer variables, and to the best of our knowledge, this problem is solely addressed
by Amrouche & Moulaı̈ (2012). This method is based on classical branch and bound approach
and L-shaped method. In this work, the main contribution is the development of two methods
for Multi-Objective Integer Stochastic Linear Programming problem (SMOILP), for two-stage
models with fixed-recourse. The suggested methods can be perceived as adaptations of state-of-
the-art deterministic algorithms. The first method is based on Sylva & Crema (2004), we call it
Stochastic Sylva and Crema (SSC), and the second is based on Lokman & Köksalan (2013), we
call it Stochastic Lokman and Kökslan (SLK).

This paper is organized as follows: in the next section, we present an overview of the addressed
problem and the related basic concepts. In Section 3, we present a description of the suggested
methods with detailed steps and we illustrate them with didactic examples. In section 4, we report
the results of the computational experiment, in which, we assess the performance of the proposed
algorithms against the state-of-the-art algorithm introduced by Amrouche & Moulaı̈ (2012). Fi-
nally, we conclude the paper with a discussion of the proposed methods and directions for future
extensions.

2 BACKGROUND

This section introduces the basic notions required for the proposed methods, including: basic
concepts of multi-objective programming in general and stochastic programming with multiple
objective function, mainly, we recall the well known two stage approach with fixed recourse.
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4 EFFICIENT SET OF MULTI-OBJECTIVE STOCHASTIC INTEGER LINEAR PROGRAMS

2.1 Multi-objective Programming

A Multi-Objective Integer Linear Problem (MOILP) can be stated as follows:

(MOILP)

{︄
”max” zk(x) = ckx, k ∈ {1, . . . , p},

s.t., x ∈ S.
(1)

Where, S = D∩Zn, D = {x ∈ Rn : Ax≤ b, x≥ 0}, A ∈ Zm×n, b ∈ Zm, ck ∈ Zn, and p≥ 2. We
assume throughout this paper that S is not empty and D is a bounded convex polyhedron.

Efficiency and dominance can be defined as follows: a feasible solution x∗ ∈ S is an efficient
solution if and only if there is no x ∈ S such that zk(x) ≥ zk(x∗), for all objective function k ∈
{1, . . . , p} and zk(x) > zk(x∗) for at least one i. Otherwise, x∗ is not an efficient solution, and
(z1(x∗),z2(x∗), . . . ,zp(x∗)) is said to be dominated. A feasible solution x∗ ∈ S is weakly efficient
if there is no other x ∈ S such that, we have zk(x)> zk(x∗), for all k ∈ {1, . . . , p}. If x∗ is weakly
efficient, then z(x∗) is called a weakly non-dominated point.

The following proposition states that the optimal solution obtained from a single-objective linear
program (Pt ) below is also an efficient solution of MOILP. This result allows us to avoid weakly
efficient solutions by introducing a small positive constant.

Proposition 1. Consider the following problem:

(Pt)

⎧⎨⎩ max ctx+ ε ∑
k ̸=t

ckx,

s.t., x ∈ S.
(2)

The optimal solution x∗ of (Pt) is an efficient solution of (MOILP). To avoid weakly efficient
solutions, we choose an ε sufficiently small strictly positive constant (see Steuer (1986)), thus
this objective function generates the best efficient solution in terms of the tth objective.

Using the program (Pt), we can construct a program that allows to enumerate all efficient
solutions as follows :

Proposition 2. Sylva & Crema (2004) Consider the following single-objective integer linear
program t = p, at step (ℓ):

(P(ℓ))

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

max cpx+ ε

p−1

∑
k=1

ckx,

s.t., Ax≤ b,
ckx≥ (ckxi +1)yi

k−Mk(1− yi
k), ∀ i ∈ {1, . . . , ℓ} ,∀ k ∈ {1, . . . , p},

p−1

∑
k=1

yi
k ≥ 1, ∀ i ∈ {1, . . . , ℓ},

yi
k ∈ {0,1}, ∀ i ∈ {1, . . . , ℓ} ,∀ k ∈ {1, . . . , p},

x ∈ N.

(3)

Let x(1), . . . ,x(ℓ) be efficient solutions to the problem (MOILP). If x̂ is an optimal solution to (P(ℓ)),
then x̂ is an efficient solution to problem (MOILP). Furthermore, if problem (P(ℓ)) is infeasible,
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{cxi}ℓi=1is the entire set of non-dominated criterion vectors for problem (MOILP).
Where M = (M1 M2 . . .Mp) is a sufficiently large positive constant used to create a lower bound
for zk(x) = ckx.

2.2 Stochastic programming

Consider the Stochastic Multiple Objective Integer Linear Programming problem (SMOILP)
which is defined as follows Chaabane & Mebrek (2013):

(SMOILP)

⎧⎪⎪⎪⎨⎪⎪⎪⎩
”max” zk(ξ ) = ck(ξ )x, k ∈ {1,2, . . . , p},
s.t., Ax≤ b,

T (ξ )x≤ h(ξ ),
x ∈ Nn.

(4)

Here, the set S = {x ∈ Rn : Ax ≤ b,x ∈ Nn} represents the deterministic constraints, ck(ξ ) ,
T(ξ ) and h(ξ ) are matrices of random variables of respective dimensions: (1×n), (m1×n), and
(m1×1) with probability vector P(r), where r ∈ {1,2, . . . ,R} which is defined on a probability
space (Ω,E,P).

The corresponding deterministic problem is defined as follows:

(P0)

{︄
”max

x
” E(zk) = E(ck), k ∈ {1, . . . , p},

s.t., x ∈ S.
(5)

The general formulation of a two-stage stochastic problem with fixed recourse, with expected
value z̃ = E(zk), is represented by the following mathematical program:

(PS)

{︄
”max

x
” z̃k = c̃kx−Q(x), k ∈ {1, . . . , p},

s.t., x ∈ S.
(6)

Where, the function Q is the expected minimum penalty value given by

Q(x) =
R

∑
r=1

P(r)×Q(ξ (r),x), (7)

and thus, the recourse problem is defined by

Q(ξ (r),x) = min
{︂

q(ξ (r))y |Wy = h(ξ (r))−T (ξ (r))x, y≥ 0
}︂
. (8)

In the above question, q(ξ ) represents the penalty cost vector relative to the scenario ξ . In our
case, we assumes that the fixed recourse matrix W ∈ Nm1×n1 .

Note that, for a given scenario r, the stochastic constraints T (ξ (r))x ≤ h(ξ (r)) of (4) form a sin-
gle block, common to all the objective functions zk(ξ

(r)),k ∈ {1,2, . . . , p}. The recourse repairs
a violation of these constraints; its cost is accordingly assumed common to all the objective func-
tion, the penalty cost vector q(ξ (r)) not depending on the criterion index. The recourse problem
(8) is then a single-objective linear program, so that the expected minimum penalty value Q(x)
depends only on the first stage decision x and is subtracted from each objective function in (6).
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2.2.1 L-Shaped Method

The L-Shaped decomposition method, also known as the Benders decomposition method, is a
fundamental approach for solving two-stage linear problems with recourse. It was initially intro-
duced by Benders (1962) and later extended by Van Slyke & Wets (1969). This method consists
mainly of dividing the problem into two-stages. The main problem uses a linear approximation
of the recourse function through an auxiliary variable to determine the first stage decision. This
will be used in the second stage to generate feasibility and optimality cuts based on the solution
of the dual problem for different scenarios ξ (r). These cuts improve the approximation of the
recourse function.

Feasibility test To verify the feasibility of the optimal solution x∗ obtained by solving the
problem (P0) (5), we solve the dual of the second stage program (8) as stated below:

F (r)(x∗)

⎧⎪⎨⎪⎩
max σ t [h(ξ (r))−T (ξ (r))x∗],
s.t., σ tW ≤ 0,

∥σ∥1 ≤ 1.
(9)

According to Farkas’s lemma, the set {x : Wx = h(ξ (r))−T (ξ (r))x∗, x ≥ 0} ̸= ∅, if and only
if,
(︂

σ t ≤ 0 implies σ t [h(ξ (r))−T (ξ (r))x∗]≤ 0
)︂

. Therefore, the program Q(ξ (r),x∗) is infeasi-

ble, if and only if, the set P = {π|π tW ≤ q(r)
t} has an extreme ray σ̂ such that σ̂ (r)t [h(ξ (r))−

T (ξ (r))]x∗ > 0. If a direction vector σ̂ (r) is an optimal solution to the program (9) then it verifies
that the corresponding value of σ̂ (r)t [h(ξ (r))−T (ξ (r))x∗] ≤ 0, for all the scenarios r, then x∗ is
feasible.

The following proposition focuses on identifying scenarios in which a given solution fails to
meet the requirements of a second-stage problem. To address this, the proposition introduces a
feasibility cut that imposes additional constraints to ensure the solution’s feasibility.

Proposition 3 (Feasibility cut). If the inequality (σ̂ (r))t [h(ξ (r))−T (ξ (r))x∗]> 0, is checked, for
at least one r ∈ {1, . . . ,R}, where σ̂ (r) is a solution of (9), we have found a scenario ξ (r) for
which x∗ not yield a feasible second-stage problem. In this case, we create the feasibility cut:

σ
(r)t [h(ξ (r))−T (ξ (r))x]≤ 0. (10)

And F(ℓ) =
ℓ⋃︂

i=1

{σ (r)t
i [h(ξ (r))−T (ξ (r))x]≤ 0} is the set of feasible cuts at step ℓ, with F(0) =∅.

Optimality test To check if the solution x̂ is optimal, we solve the following program:

O
(r)
p (x̂)

{︄
max π t [h(ξ (r))−T (ξ (r))x̂],
s.t., π tW ≤ (q(r))t .

(11)

If Q(x̂) ≤ θ , x̂ is considered as an optimal solution. The following proposition presents a cut to
enhance the value of the main problem when Q(x̂)> θ .
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Proposition 4 (Optimality cut). If Q(x̂)> θ , we introduce an optimality cut to the main problem
which can be written as follows:

θ ≥
R

∑
r=1

P(r)(π(r)t [h(ξ (r)−T (ξ (r)x]. (12)

Such that, in the first step θ is set to −∞. We define the set

O(ℓ) =
ℓ⋃︂

i=1

{θ ≥
R

∑
r=1

P(r)(π
(r)t
i )[h(ξ (r))−T (ξ (r))x]},

as being the set of all optimatility cuts at step ℓ, such that O(0) =∅.

3 SUGGESTED METHODS

As it is mentioned above, we propose two exact solving approaches to determine all stochastic
efficient solutions to SMOILPs (6): one is inspired by Sylva & Crema (2004) and the other is
based on Lokman & Köksalan (2013), we call them Stochastic Sylva and Crema (SSC) and
Stochastic Lokman and Kökslan (SLK).

3.1 Stochastic Sylva and Crema

We initiate the process by solving (SP(0)) with S(0) = S and XE f f = ∅. We solve the determin-
istic relaxed problem (i.e., without the stochastic constraints) and let x(0) be an optimal integer
solution. This is tested for feasibility (9) of x(0) for each scenario. If for at least one scenario it
is not feasible, we add the feasibility cut proposition (3), re-optimize and retest feasibility until
we find a feasible solution. Otherwise, if x(0) is feasible for all scenarios, we test its optimality.
If x(0) is not optimal, we add the optimality cut proposition (4). Otherwise, x(0) is an efficient
solution. As a result, x(0) ∈XE f f . The subsequent step involves reducing the feasible region S(0)

to construct the new region S(1), which does not contain x(0) or any other solutions dominated
by it. This reduction is achieved by introducing new binary variables y(ℓ)k that improve the op-
timal solution of the ℓth efficient solution and a set of constraints as shown in proposition (2).
Therefore, at each iteration (ℓ), we solve SP(ℓ) and a new efficient solution is found. The feasible
region at each iteration is reduced in such a way that it does not contain the efficient solutions

Pesqui. Oper., Rio de Janeiro, Vol. 46, 2026: e301123



8 EFFICIENT SET OF MULTI-OBJECTIVE STOCHASTIC INTEGER LINEAR PROGRAMS

already found. The method stops when the feasible region is empty (i.e., SP(ℓ) is infeasible) and
returns the set XE f f of all stochastic efficient solutions of (SMOILP).

(SP(ℓ))

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

max z̃ = E(cp(ξ ))x+ ε

p−1

∑
k=1

E(ck(ξ ))x,

s.t., x ∈ S,
z̃k(x)≥ (z̃i

k +1)yi
k−Mk(1− yi

k), ∀i ∈ {1, . . . , ℓ},∀k ∈ {1, . . . , p−1},
p−1

∑
k=1

yi
k ≥ 1, ∀i ∈ {1, . . . , ℓ},

x ∈ F(i), ∀i ∈ {1, . . . ℓ},
x ∈ O(i), ∀i ∈ {1, . . . ℓ},
yi

k ∈ {0,1}, ∀i ∈ {1, . . . , ℓ},∀k ∈ {1, . . . , p−1},

(13)

where z̃k = E(ck(ξ )) and S(ℓ) is the feasible region of SP(ℓ). The following theorem deals with
the convergence and completeness of the proposed algorithms.

The general steps of the method are summarized in Algorithm 1, with clarifications in Appendix
A.

Theorem 1. Let x1, . . . ,xℓ be the efficient solutions to (SP) and let x∗ is the new efficient solution
after adding all cuts to S(ℓ), then x∗ is an efficient solution to (SP). If (SP(ℓ)) is infeasible:

1. all efficient solutions are found,

2. the first proposed method terminates in finite iterations and generates all efficient solutions
of the problem (SP(ℓ)).

Proof. Let us suppose there exists x̀ ∈ F(SP) such that E(cx∗)≤ E(cx̀), with at least one strict
inequality, where F(SP) is feasible set of (SP) .

As x∗ is an efficient integer stochastic solution to F(SP)−
ℓ⋃︂

i=1

{O(i)
p ∪F (i)∪Bi}, where, Bi = {x∈

Zn : E(ck(ξ ))x≤E(ck(ξ ))xi}, it follows that x̀ cannot belong to feasible set {F(SP)−
ℓ⋃︂

i=1

{O(i)
p ∪

F (i)∪Bi}}, thus, x̀ ∈
ℓ⋃︂

i=1

{O(i)
p ∪F (i)∪Bi}, thus x̀ ∈

ℓ⋃︂
i=1

{F (i)} or x̀ ∈
ℓ⋃︂

i=1

{Bi} or x̀ ∈
ℓ⋃︂

i=1

{O(i)
p }.

1st case ( x̀∈
ℓ⋃︂

i=1

{Bi}): Let x̀∈
ℓ⋃︂

i=1

{Bi}. Therefore, x̀∈Bi for at least one i∈{1 . . . ℓ}. According to

the definition of Bi, E(cx̀)≤ E(cxi). As E(cx∗)≤ E(cx̀)≤ E(cxi), we have x∗ ∈ Bi contradicting

that x∗ ∈ E f f (MOILP)−
ℓ⋃︂

i=1

{O(i)
p ∪F (i)∪Bi}.
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2nd case (x̀ ∈
ℓ⋃︂

i=1

{F (i)}): Let x̀ ∈
ℓ⋃︂

i=1

{F (i)}. So, x̀ ∈
ℓ⋃︂

i=1

{(σ(r))
t [h(ξ (r))− T (ξ (r))x(i)] ≤ 0 }.

Therefore, it exists at least one direction vector σ̂(r) such that σ̂ t
(r)[h(ξ

(r))− T (ξ (r))x̀] > 0,
contradicting that x̀ ∈ F(SP).

3rd case (x̀ ∈
ℓ⋃︂

i=1

{O(i)
p }): Let x̀ ∈

ℓ⋃︂
i=1

{O(i)
p }, it implies that it exists a step i ∈ {1, . . . , ℓ}, such that

θ ≥
R

∑
r=1

P(r)(π̀(r))
t [h(ξ (r))−T (ξ (r))x̀],

therefore, Q(x̀)> θ , so x̀ is not optimal in terms of stochasticity, contradicting that x̀ ∈ F(SP). □

3.2 Stochastic Lokman and Kökslan

The idea of the second method is to reduce computational time by avoiding the use of binary
variables. Instead, we generate sub-models for all possible combinations of yk. By dividing the
feasible region into sub-regions, we ensure that each region does not contain all the efficient
solutions already found by computing all possible bounds as mentioned in (15). We solve the
associated stochastic problem for each bound and add the best solution in terms of pth objective to
XE f f . Thus, at each step, a new efficient solution is found. The algorithm stops when all bounds
are infeasible and provides the efficient set of the problem (14). To improve the performance
of our algorithm, we used an approach proposed by Lokman & Köksalan (2013) for finding
integer efficient solutions, which consist of subdividing the main model into sub-models. It is
known that one constraint is sufficient to define the region that contains the non-dominated points
with respect to the already available points. Based on this, it is concluded that the values of the
right-hand side of each (p-1) objective for each sub-model can be determined more efficiently.

(Pbs,η
)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

max zp(x)+ ε

p−1

∑
k=1

zk(x),

s.t.,
zk(x)≥ bs,η

k , ∀k ∈ {1, . . . , p−1},
x ∈ S.

(14)

Where, bs,η = (bs,η
1 ,bs,η

2 , . . . ,bs,η
p−1) for s ∈ {0, . . . ,η} defines a lower bound for each of the first

p−1 criteria. If (Pbs,η
) is infeasible, then we assign z(P

bs,η
) = (−M, −M, . . . ,−M).

Proposition 5. (Lokman & Köksalan (2013))

Let Sη = {zℓ,1≤ ℓ≤ η} countain the avaible non dominated point and K the set of all possible
combination of s = (s1,s2, . . . ,sp−2) satisfying sk ∈ {0,1, . . . ,η} and zs j j +1≤ zs jk for all indices
sk,s j ̸= 0 and j < k. Given the bounds vector bs,η = (bs,η

1 ,bs,η
2 , . . . ,bs,η

p−1) and the set Ss
η = {zℓ :
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10 EFFICIENT SET OF MULTI-OBJECTIVE STOCHASTIC INTEGER LINEAR PROGRAMS

Algorithm 1: Stochastic Sylva and Crema Algorithm for SMOILP
Result: The set of efficient solutions XE f f for SP problem.
Input Data:
↓ p,m,n,m1,n1: the size of the problem.
↓ R,P(r): the number of scenarios and corresponding probability r.
↓ A(m×n),b(m×1): the deterministic constraints.
↓ T(m1×n),h(m1×1): the stochastic constraints.
↓W(m1×n1)

: fixed recourse.
↓ q(n1×1): penalties of constraint violations.
Output Data:
↑XE f f : the set of stochastic efficient solutions.
↑ ZE f f : the set of non dominated solutions.

Initialization XE f f ←∅, ZE f f ←∅, θ ←−∞, Exist← True, S0← S, Q← 0, ℓ← 0.
Compute c̃k (i.e., E(ck(ξ )) the expected value of ck(ξ ).
Compute z̃ the main criterion vector.
Solve the deterministic relaxed problem (SP(ℓ)).
↑ xℓ,↑ c̃× xℓ = Pb relaxed(↓ z̃,↓ A,↓ b).
if the problem is not feasible then

Exist← False.
else

while Exist do
while r ≤ R do

feasibility← False
while feasibility=False do

σ (r)← Solve F (r)(xℓ)
if σ (r)[h(ξ (r))−T (ξ (r))xℓ]> 0 then

Sℓ← Sℓ ∪{ f easibility cut}
xℓ← Solve(SPℓ)

r← 0
feasibility←True

end
r← r+1

end
end
for r← 1 to R do

Q(xℓ,ξ (r))← Solve O
(r)
p (xℓ)

Q← Q+P(r)×Q(xℓ,ξ (r))

end
if θ < Q then

Sℓ← Sℓ ∪{Optimality cut}
xℓ+1← Solve (SPℓ).

else
xℓ+1← xℓ

end
XE f f ←XE f f ∪{xℓ+1}
ZE f f ← ZE f f ∪{c̃∗ xℓ+1}
if (SPℓ) infeasible then

Exist← False.
else

xℓ← xℓ+1

end
end
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zℓk ≥ bs,η
i ,k ∈ {1, . . . , p− 2}, zℓ ∈ Sη}, let s∗ be the chosen index z(P

bs∗ ,η
)

p = max
s∈K
{z(P

bs,η
)

p },
where,

bs,η
k =

{︄
−M, if sk = 0,

zskk +1,∀k ∈ {1, . . . , p−2}, otherwise,
bs,η

p−1 =

⎧⎪⎨⎪⎩
−M, if Ss

η =∅,

max
zℓ∈Ss

η

zℓ(p−1)+1, otherwise,

(15)
where, Ss

η contains the available non-dominated points, and bs,η = (bs,η
1 ,bs,η

2 , . . . ,bs,η
p−1) denotes

the corresponding bound vector for each sub-model. If z(P
bs∗ ,η

)
p = −M, then the sets Sη = {zℓ :

1 ≤ ℓ ≤ η} contains all non-dominated points of the original problem (SMOILP). Otherwise

zη+1 = z(P
bs∗ ,η

).

Description of the suggested method

The proposed method consists of finding all efficient solutions for a SMOILP with fixed recourse,
see (PS), by going through several steps and adding a series of cuts to feasible region SI(s) of the
problem SIP(s) where SI(0) = S.

(SIP(s))

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

max z̃ = E(zp(x))+ ε

p−1

∑
k=1

E(zk(x)),

s.t.,
x ∈ S,
z̃k(x)≥ bs,η

k ∀k ∈ {1, .., p−1},∀s ∈ {0, ..,η},
x ∈ F(s), ∀s ∈ {0, ..,η},
x ∈ O(s), ∀s ∈ {0, ..,η}.

(16)

Where,

O(s) =
s⋃︂

i=1

{θ ≥
R

∑
r=1

P(r)(π
(r)t
i )[h(ξ (r))−T (ξ (r))x]},

and

F(s) =
s⋃︂

i=1

{σ (r)t
i [h(ξ (r))−T (ξ (r))x]≤ 0},

with F(0) =∅, O(0) =∅.

In each step, we optimize the total addition of the pth objective function and the sum of other
objectives scaled by a small positive constant. We solve this single deterministic relaxed program
using the L-Shaped method, i.e., we begin by calculating the expected value of the objectives of
each scenario. Next, we solve the deterministic problem and let x0 be the optimal solution. Note
that we test the feasibility of x0 for each scenario. If, for at least one scenario, it is not feasible,
we add the feasibility cut (3) and reoptimize until we find a feasible solution. Otherwise, if x0

is feasible for all the possible scenarios, we test it for optimality. If x0 is not optimal, we add
the optimality cut (4). Otherwise, x0 is an efficient solution. Next, we start by separating the
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feasible region into sub-regions, such that each region doesn’t contain all the efficient solutions
already found by calculating all possible bounds as mentioned in (15). We solve the associated
deterministic problem (16) for each bound and add the best solution in terms of the pth objective
to ZE f f . Therefore, in each step, a new non-dominated solution is found. When all bounds are
infeasible, the algorithm stops and provides the entire non-dominated set of problem (14). The
general steps of the method are summarized in Algorithm 2, while additional details are provided
in Appendix B.

This method introduces key improvements to avoid extra model-solving by significantly reducing
the number of bounds to solve through two specific conditions: (i) Bound Overlap: if bs1,η1 lies
between bs,η and its relative solution z(pbs,η

), it produces the same criterion vector as bs,η . (ii)
Infeasible Bounds: if bs,η (stored in the Infeasible list) is infeasible and the bs1,η1 > bs,η , then
bs1,η1 is also infeasible.

4 NUMERICAL ILLUSTRATION

As an illustration of our second proposed method, we show how it computes all non-dominated
points of a SMOILP on an instance with three objective functions and two scenarios. We present
the following example:

(P1)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

max 3x1 + x2,

max 7x1− x2,

max 2x1−3x2,

s.t.,
4x1−2x2 ≤ 8,
x1 + x2 ≤ 5,
x1 +2x2 ≤ 3,
−2x1 + x2 ≤ 5,
x1,x2 ∈ N.

(P2)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

max −9x1 + x2,

max 3x1−3x2,

max 2x1 + x2,

s.t.,
4x1−2x2 ≤ 8,
x1 + x2 ≤ 5,
x1 ≤ 6,
3x1 +4x2 ≤ 1,
x1,x2 ∈ N.

Two scenarios affect stochastic objectives and constraints. Assume that the realizations of ξ (r)

are equiprobable, with:

P(ξ (1)) =
1
2

and P(ξ (2)) =
1
2
·

Penalties for Constraint Violations The penalties for the two scenarios are defined as follows:

• For scenario ξ (1):
q(ξ (1)) = (1,0,6,2),

• For scenario ξ (2):
q(ξ (2)) = (5,3,2,1).
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Algorithm 2: Stochastic Lokman and Kökslan Algorithm for SMOILP
Result: The set of non dominated solutions ZE f f for SMOILP problem.
Input Data:
↓ p,m,n,m1,n1: the size of the problem.
↓ R,P(r): the number of scenarios and probability of each scenario r.
↓ A(m×n),b(m×1): the deterministic constraints.
↓ T(m1×n),h(m1×1): the stochastic constraints.
↓W(m1×n1),q(n1×1): fixed recourse and penalties of constraint violations.
Output Data:
↑XE f f : the set of efficient solutions. ↑ ZE f f : the set of non-dominated solutions.

Initialization:
XE f f ←∅, ZE f f ←∅, θ ←−∞, Exist← True, S← SI0,

b0,0← (−M,−M, ...,−M), Q← 0, In f easible←∅, η ← 0.
Compute c̃k (i.e., E(ck(ξ )) the expected value of ck(ξ ).
Compute z̃ the main criterion vector.
Solve the deterministic relaxed problem (SIP(s)).
↑ xs,↑ z̃s = Pb relaxed(↓ z̃,↓ A,↓ b).
while Exist do

Calculate the bounds bs,η .
Sη ←∅ .
for s← 0 to η do

if (bs is not solved yet ||bs /∈ Infeasible) then
for k← 1 to p-1 do

Add cut z̃k(x)≥ bs
k to (SIP(s)) .

xs, z̃s← solve bound (SIP(s)).
if (SIP(s)) is infeasible then

In f easible← In f easible∪bs,η

zs,η ←−∞ Continu;

while r ≤ R do
feasibility← False.
while feasiblility=False do

σ (r)← Solve F (r)(xs).
if σ (r)[h(ξ (r))−T (ξ (r))xs]> 0 then

SIs← SIs−1∪ {feasibility cut } .
xs← Solve(SIPs)

r← 0
else

feasiblility← True

r← r+1

for r← 1 to R do
Q(xs,ξ (r))← Solve O

(r)
p (xs).

Q← Q+P(r)×Q(xs,ξ (r)).

if teta < Q then
SIs← SIs ∪{optimality cut} .
xs← Solve(SIP(s)) .

zs,η ← c̃× xs.
else

zs,η relative to bs
i .

Sη ← Sη ∪ zs,η .

z̃←− max
zs,η∈Sη

(zs,η (p)).

if z̃ =−∞ then
Exist← False.

else
XE f f ←XE f f ∪{x̃}. ZE f f ← ZE f f ∪{z̃}. η ← η +1.
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A fixed recourse matrix W is given by:

W =

(︄
−2 −1 2 1

3 2 −5 −6

)︄
·

Given the probabilities of the two scenarios, the expected values of the objectives are:

E[c1(ξ )] = P(ξ (1))c1(ξ (1))+P(ξ (2))c1(ξ (2)) =−3x1 + x2,

E[c2(ξ )] = P(ξ (1))c2(ξ (1))+P(ξ (2))c2(ξ (2)) = 5x1−2x2,

E[c3(ξ )] = P(ξ (1))c3(ξ (1))+P(ξ (2))c3(ξ (2)) = 2x1− x2.

We start by solving the relaxed program with a single criterion:

(P0)

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

max E[c3(ξ )]+ εE[c1(ξ )]+ εE[c2(ξ )],

s.t.,
4x1−2x2 + x3 = 8,
x1 + x2 + x4 = 5,
x1,x2,x3,x4 ≥ 0,

where x3 and x4 are slack variables, ZE f f = ∅ and XE f f = S = ∅ represents, respectively,
the sets of non-dominated stochastic integer solutions and the set of efficient stochastic integer
solutions.

First Iteration In the first iteration, we found the following solution: z = (−6,10,4), which
defined the set S0 = {(−6,10,4)}. The corresponding decision variable value is x = (2,0). This
solution is identified as the optimal solution to the first-stage problem, denoted as (P0).

Feasibility test To test the feasibility of the solution x = (2,0), we solve the problem (9)
independently for each scenario.

F
(1)
s (x)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

max −σ
(1)
1 +3σ

(1)
2 ,

s.t.,

−2σ
(1)
1 +3σ

(1)
2 ≤ 0,

−1σ
(1)
1 +2σ

(1)
2 ≤ 0,

2σ
(1)
1 −5σ

(1)
2 ≤ 0,

−5σ
(1)
1 −6σ

(1)
2 ≤ 0,

σ
(1)
1 +σ

(1)
2 ≤ 1.

F
(2)
s (x)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

max 6σ
(2)
1 −7σ

(2)
2 ,

s.t.,

−2σ
(2)
1 +3σ

(2)
2 ≤ 0,

−1σ
(2)
1 +2σ

(2)
2 ≤ 0,

2σ
(2)
1 −5σ

(2)
2 ≤ 0,

−5σ
(2)
1 −6σ

(2)
2 ≤ 0,

σ
(2)
1 +σ

(2)
2 ≤ 1.

The obtained solutions are: for F 1
s (x) is σ (1)t = (0.6667,0.3333), and for F 2

s (x) is
σ (2)t = (0.7143,0.2857). Furthermore, we have

σ
(1)t [h(ξ (1))−T (ξ (1))] = 1.6667 > 0 and σ

(2)t [h(ξ (2))−T (ξ (2))] = 2.2857 > 0.
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Hence, we add the feasibility cut either by using σ (1) or σ (2). This indicates that the solution is
not feasible for both scenarios. To adress this, we introduce a feasibility cut in the form of (10).
We find 5

3 x2 ≥ 11
3 , and we add this cut to F (1) as 5

3 x2 ≥ 11
3 , as well as to (P0) to resolve. Upon

solving the problem with this new cut, we obtain the solution x̂ = (2,3). To test the feasibility of
this new solution, x̂ = (2,3), we solve the problem (9) again, corresponding to each scenario.

F
(1)
s (x̂)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

max −5σ
(1)
1 +6σ

(1)
2 ,

s.t.,

−2σ
(1)
1 +3σ

(1)
2 ≤ 0,

−1σ
(1)
1 +2σ

(1)
2 ≤ 0,

2σ
(1)
1 −5σ

(1)
2 ≤ 0,

−5σ
(1)
1 −6σ

(1)
2 ≤ 0,

σ
(1)
1 +σ

(1)
2 ≤ 1,

F
(2)
s (x̂)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

max 4σ
(2)
1 −17σ

(2)
2 ,

s.t.,

−2σ
(2)
1 +3σ

(2)
2 ≤ 0,

−1σ
(2)
1 +2σ

(2)
2 ≤ 0,

2σ
(2)
1 −5σ

(2)
2 ≤ 0,

−5σ
(2)
1 −6σ

(2)
2 ≤ 0,

σ
(2)
1 +σ

(2)
2 ≤ 1.

The obtained solution of F
(1)
s (x̂) is σ (1)t = (0,0), and that of F

(2)
s (x̂) is σ (2)t = (0,0). We

observe that σ (1) ≤ 0 and σ (2) ≤ 0. This indicate that x̂ = (2,3) is feasible for both scenarios
ξ (1) and ξ (2).

Optimality cut

To test the optimality of the solution x̂ = (2,3), we solve the problem (11) corresponding to each
scenario.

O
(1)
p (x̂)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

max −5π
(1)
1 +6π

(1)
2 ,

s.t.,

−2π
(1)
1 +3π

(1)
2 ≤ 1,

−1π
(1)
1 +2π

(1)
2 ≤ 0,

2π
(1)
1 −5π

(1)
2 ≤ 6,

−5π
(1)
1 −6π

(1)
2 ≤ 2,

O
(2)
p (x̂)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

max 4π
(2)
1 −17π

(2)
2 ,

s.t.,

−2π
(2)
1 +3π

(2)
1 ≤ 5,

−1π
(2)
1 +2π

(2)
1 ≤ 3,

2π
(2)
1 −5π

(2)
1 ≤ 2,

−5π
(2)
1 −6π

(2)
1 ≤ 1.

The obtained solution of O
(1)
p (x̂) is π(1)t = (−1,−0.5), and of O

(2)
p (x̂) is π(2)t = (1,0).

Q(x,ξ (1)) = π t
1[h(ξ

(1))−T (ξ (1))] = 2 and Q(x,ξ (2)) = π t
2[h(ξ

(2))−T (ξ (2))] = 4.

Q(x) = P(ξ (1))×Q(x,ξ (1))+P(ξ (2))×Q(x,ξ (2)) =
1
2
×2+

1
2
×4 = 3.

Since, θ = −∞ < Q, thus, we introduce the optimality cut to O
(1)
p of the form (12), we have

θ ≤ 1
4 −

1
2 x1 +

5
4 x2. We introduce the new variable θ along with this new constraint, and we

re-optimize the problem. The new solution is x̄ = (2,3,3), where x̄(3) = θ . Thus, x1 = (2,3) is
an efficient integer solution. The criterion vector for this solution is z1 = (−3,4,1). Hence, The
sets XE f f and ZE f f are initialized as follows: XE f f = {(2,3)}, ZE f f = {(−3,4,1)}.
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Next, we identify the bounds using all possible combinations of s defined in 15, such that η is
the number of non-dominated solutions, where s ∈ 0, . . . ,η . For η = 1 and s ∈ {0,1}, we get

b(s,1)1 =

{︄
b(0,1)1 =−M, s = 0,

b(1,1)1 = zs11 +1 =−2, j = 1,
and b(s,1)2 =

⎧⎪⎨⎪⎩
b(0,1)2 = max

zt∈S0
1

= 4+1 = 5, S0
1 ̸=∅,

b(1,1)2 =−M, S1
1 =∅.

After finding the bounds for all k, we add these bounds as cuts to the initial problem separately.
Before solving the bounds, we check if each bound has already been solved. Two cases are
possible:

1. The bound is infeasible: we compare it with the infeasible bounds already found. If the
bound is greater than at least one of them, then the bound is infeasible.

2. The bound has already been resolved: we compare it with the previously resolved bounds
that have already been found. For each bound, test feasibility and optimality. We choose
the best in terms of z(p), which means max

s∈K
z(p)bs,η

.

In summary, the efficient set is XE f f = {(2,3),(1,3),(1,4),(0,4),(0,5)}, with the correspond-
ing non-dominated set is ZE f f = {(−3,4,1),(0,−1,−1),(1,−3,−2),(4−8,−4),
(5,−10,−5)}. Table 1 presents the obtained results at each iteration of the numerical example.

5 COMPUTATIONAL STUDY

To further evaluate the performance of the proposed algorithms, we compare them against the
state-of-the-art algorithm proposed by Amrouche & Moulaı̈ (2012). Our algorithms, as well
as the Amrouche and Moulaı̈ algorithm, have been implemented in MATLAB and IBM ILOG
CPLEX 12.6 as the integer programming solver. All computational experiments have been car-
ried out on a HP Intel(R) CORE(TM) i5-4210U CPU @1.70GHz 2.40 GHz RAM 4Go. We
conducted an empirical study to assess and compare the computational efficiency.

Three sets of experiments are reported below: randomly generated instances of various configu-
rations (i.e., sizes and number of scenarios), and two state-of-the-art structured instances. In all of
them, a time limit of 1200 seconds is imposed on each individual run, its role differing between
the two kinds of instances. On the benchmark instances, a configuration is a single instance: a
run reaching the limit is interrupted. On the random instances, a configuration is a sample of 10
instances and is processed in two steps. The 10 runs are first executed under the limit and the
configuration is marked unsuccessfull for an algorithm if none of them terminates. Otherwise, if
at least one run terminates under the limit, all configurations are executed again without limit and
the statistics of Table 2 are computed from this second runs, which is why some averages exceed
1200 seconds. The first step thus decides whether a configuration can be solved by an algorithm
within the limit, while the second one measures its runtime distribution over the whole sample.
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Table 1 – Table containing all the steps and results of the numerical example.

η s bs,η Zbs,η
Solve Pbs,η

xbs,η
SLK feasible SLK optimal Z∗

0 0 (−M,−M) (-6,10,4)
√

(2,0) (2,3) (2,3,3) (-3,4,1)

1 0 (−M,5) infeasible identical to Pb0,0
(2,0) - - (0,-1,-1)

1 (−2,−M) (-2,3,1)
√

(1,1) (1,3) (1,3,3.5) -

2 0 (−M,5) infeasible identical to Pb0,0
(2,0) - - (1,-3,-2)

1 (-2,0) infeasible identical to Pb0,0
(2,0) - - -

2 (1,−M) (1,-2,-1)
√

(0,1) (1,4) (1,4,4.75) -

3 0 (−M,5) infeasible identical to Pb0,0
(2,0) - - (4,-8,-4)

1 (-2,0) infeasible identical to Pb0,0
(2,0) - - -

2 (1,-2) infeasible identical to Pb2,2
(0,1) - - -

3 (2,−M) (2,-4,-2)
√

(0,2) (0,3) (0,4,5.25) -

4 0 (−M,5) infeasible identical to Pb0,0
(2,0) - - (5,-10,-5)

1 (-2,0) infeasible identical to Pb0,0
(2,0) - - -

2 (1,-2) infeasible identical to Pb2,2
(0,1) - - -

3 (2,-7) infeasible identical to Pb3,3
(0,1) - - -

4 (5,−M) (5,-10,-5)
√

(0,5) (0,5) (0,5,7) -

5 0 (−M,5) infeasible identical to Pb0,0
(2,0) - - All found

1 (-2,0) infeasible identical to Pb0,0
(2,0) - - -

2 (1,-2) infeasible identical to Pb2,2
(0,1) - - -

3 (2,-7) infeasible identical to Pb3,3
(0,1) - - -

4 (5,-9) infeasible identical to Pb4,4
(0,5) - - -

5 (6,−M) infeasible
√

(0,5) - - -

The symbol ’-’ indicates that this linear program has already been solved.

5.1 Evaluation on randomly generated instances

In this section, we present the results of computational experiments conducted to evaluate the
performance of the proposed algorithms (i.e., SLK and SSC) and to compare them with the state-
of-the-art algorithm proposed by Amrouche & Moulaı̈ (2012), using random SMOILP instances
generated according to the following strategy.
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5.1.1 Random Instance Generation

The deterministic and stochastic components of each instance were randomly generated as
follows.

• The first-stage objective coefficients c = (c1,c2, . . . ,cp), where zk(x) = ckx for all k ∈
{1, . . . , p}, are drawn from a discrete uniform distribution over [−100,100].

• The constraint matrix A and the right-hand side vector b are drawn independently from
discrete uniform distributions over [0,30] and [90,130], respectively. Since all coefficients
of A are non-negative, the feasible region D = {x ∈ Nn : Ax≤ b} is bounded.

• The technology matrix T (ξ ) and the stochastic right-hand side vector h(ξ ) are drawn inde-
pendently from discrete uniform distributions over [0,30] and [90,130], respectively. The
non-negative support of T (ξ ) ensures that the induced feasibility set {x | h(ξ )−T (ξ )x ∈
posW} remains non-trivial Kall & Wallace (1994), while the support [90,130] for h(ξ ) is
chosen consistently with the range of b, so that the stochastic right-hand side remains in a
realistic range relative to the first-stage constraints Birge & Louveaux (1997).

• The recourse matrix W and the second-stage cost vector q are drawn from discrete uni-
form distributions over [5,10] and [0,10], respectively. The matrix W is fixed across all
scenarios, yielding a fixed recourse structure Wets (1974); this means that only the right-
hand side h(ξ )−T (ξ )x varies with the scenario ξ , while the recourse technology remains
constant. Since all entries of W are drawn from a strictly positive support and W has full
row rank, the three definitions of the feasibility region coincide, ensuring that the expected
recourse function Q(x) is well-defined and finite on the feasibility region Wets (1974).
Moreover, since q ≥ 0 and y ≥ 0, the recourse value satisfies Q(x,ξ ) ≥ 0 > −∞ for all
realizations of ξ Wets (1974).

Accordingly, we generated 10 instances of 18 different sizes (i.e., 5 to 250 variables and 3 to 125
constraints) and 10 instances with 30 variables and 13 different number of scenarios (i.e., 2 to
4000 scenarios).

5.1.2 Experimental results

In this experimentation study, we assessed the performance of the suggested methods. First, we
aim to compare the efficiency of our algorithms, against the state-of-the-art method, in solving a
SMOILP, using different instance sizes. On the other hand, the second part of this study focused
on varying the number of scenarios to compare its effect on the CPU time required for each
algorithm. The obtained results are resumed in Table 2, where

• N is the average number of solutions.

Pesqui. Oper., Rio de Janeiro, Vol. 46, 2026: e301123



SARRA KENTACHE and DJAMAL CHAABANE 19

• For each method, we estimate the maximum (max), minimum (min), mean (Average), and
standard deviation (std) runtimes for every instance.

• For SLK method, we included: the number of bounds solved (RIS), the number of infeasi-
ble bounds (INF), and the number of bounds already solved that we avoid their resolution
for a second time (RES).

• As a performance measure, we use average runtime.

As it is mentioned above, for each parameter (i.e., row), we generated 10 instances to ensure the
consistency of our evaluation.

5.1.3 Results Discussion

One can observe in Table 2 that our proposed algorithms are significantly faster than Amrouche
and Moulaı̈’s method Amrouche & Moulaı̈ (2012). One can also notice when comparing SSC
method and SLK method, the latter proved to be more efficient in terms of execution time. This
is due to visiting more solutions and adding more binary variables and constraints, making the
SSC method slower at each iteration. In other words, more sub-problems are solved, but each
one keeps the same number of constraints and binary variables while yielding the same efficient
set. For larger instances this observation stands. For example, when solving an instance with
50 variables, Amrouche and Moulaı̈’s method is the largest solved instance where it required
around 1200 seconds, against, 12.05 seconds required for SLK method and 92.43 seconds for
SSC method. Furthermore, the suggested methods completed in a significantly shorter duration,
i.e., 100 variables for SSC method and at least 250 for SLK method. Hence, we can conclude that
the competing methods’ order by efficiency is : SLK method, SSC method, and then Amrouche
and Moulaı̈’s method.
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Table 2 – Performance comparison of the proposed algorithms against state-of-the-art Amrouche and Moulaı̈’s algorithm on random instances.

Stochastic Lokman and Kökslan Stochastic Sylva and Crema Amrouche and Moulaı̈
Instances Bound Time in seconds Time in seconds Time in seconds

K R n×m N RIS INF RES min max average std min max average std min max average std
3 2 5×3 13.45 30.64 70.27 66.55 0.03 1.89 0.71 0.64 0.02 2.10 0.65 0.68 0.02 1.36 0.53 0.46

10×5 27.27 66.09 161.82 519.09 0.47 7.67 2.15 2.17 0.26 26.94 4.42 8.00 0.37 16.28 4.56 4.73
15×5 53 108,00 184.50 1524.00 3.00 6.29 4.65 2.33 6.14 18.80 12.47 8.95 16.04 32.70 24.37 11.78
15×7 33.09 80.09 453.27 579.00 0.41 8.30 3.11 3.09 0.15 29.04 7.38 10.01 2.08 57.21 15.86 16.82
20×7 32.50 67.00 256.50 257.50 2.28 3.91 3.10 1.15 4.00 5.66 4.83 1.17 128.20 230.98 179.59 72.68
20×10 40.82 122.36 268.09 1211.36 1.47 21.88 6.14 5.76 0.78 96.27 22.99 47.64 3.11 67.84 25.08 21.25
30×15 50 96 416.71 782.14 2.71 29.60 9.41 9.96 5.22 104.55 24.77 36.13 47.40 261.09 130.90 84.38
40×20 48.20 141.36 360.91 1026.00 5.26 31.01 12.18 6.96 3.26 412.21 72.17 125.71 78.85 495.14 242.60 149.61
50×25 48.00 88.00 418.60 891.60 1.93 27.08 12.05 12.66 1.64 368.52 92.43 158.05 687.26 2888.94 1284.63 1072.79
60×30 41 115.55 340.09 718.09 3.74 57.90 21.67 16.11 4.74 239.95 76.98 91.47 - - - -
70×35 119.80 313.60 1622.00 5836.20 43.44 137.90 84.24 45.65 289.65 1643.19 769.32 525.40 - - - -
80×40 54.45 138.73 739.55 1563.91 14.38 125.02 43.35 30.09 6.40 2494.19 366.15 725.08 - - - -
90×45 63.18 202.27 713.18 2126.27 8.43 215.34 67.25 56.12 6.87 3557.10 641.62 1044.83 - - - -

100×50 73.25 208.22 712.78 2486.56 38.05 284.07 98.11 77.58 167.03 4625.77 1480.75 1529.39 - - - -
150×75 77.83 222.67 926.17 2305.17 107.79 294.69 205.86 81.29 - - - - - - - -
180×90 117.50 280.33 1768.33 7322.83 103.29 824.07 481.95 302.81 - - - - - - - -

200×100 74.17 272.33 467.33 3934.33 156.28 496.46 377.19 132.79 - - - - - - - -
250×125 148.50 299.00 2677.50 8907.67 436.17 3560.51 1440.39 1122.88 - - - - - - - -

3 2 30×15 81.17 202.67 1196.83 2837.33 5.61 29.46 15.87 9.85 17.87 1170.42 262.07 455.42 46.35 454.10 300.73 157.18
5 30×15 22.50 156.17 148.67 267.67 1.14 36.11 12.91 14.72 0.50 63.62 17.16 24.23 28.60 407.13 192.56 141.30

10 30×15 55.33 123.67 673.83 2219.50 0.86 34.21 13.48 14.13 0.46 3788.69 699.74 1516.93 34.15 1560.12 507.26 628.57
20 30×15 57.50 143.67 552.67 2025.67 4.41 81.27 21.40 29.52 4.65 822.41 150.87 329.22 204.23 2449.84 832.75 840.92
50 30×15 41.83 88.67 442.50 680.50 1.29 24.63 14.13 9.75 0.67 70.73 29.38 26.25 12.38 2332.52 1342.92 793.25
100 30×15 72.67 237.33 951.50 2712.67 18.26 354.73 100.28 130.02 11.92 379.72 123.93 162.25 - - - -
200 30×15 39.00 95.50 386.00 961.00 2.10 95.69 38.70 32.15 0.87 38.47 20.62 15.64 - - - -
500 30×15 90.33 182.67 1007.50 4225.17 27.04 490.13 236.74 152.80 15.01 169.47 96.51 50.05 - - - -
750 30×15 42.50 130.33 340.17 700.50 31.78 252.13 155.23 85.75 17.75 111.00 65.09 31.53 - - - -

1000 30×15 52.83 137.50 746.50 1430.50 65.54 1862.27 592.63 666.16 64.29 385.54 165.18 112.73 - - - -
2000 30×15 48.83 166.17 321.67 1422.83 117.42 1488.99 812.84 591.12 74.69 2960.85 672.29 1127.22 - - - -
3000 30×15 53.67 169.33 922.67 1110.17 693.43 4100.11 2153.47 1614.83 291.92 723.19 530.18 204.45 - - - -
4000 30×15 51.8 - - - - - - - 689.00 4101.20 1770.20 1377.50 - - - -

Bold values indicate best results obtained in the correspondent row.

The symbol ‘-’ indicates that none of the 10 runs of the configuration terminated within the per-run time limit of 1200 seconds.
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We can also observe the performance of proposed algorithms for SMOILP by comparing them
to method Amrouche & Moulaı̈ (2012), as it is shown in Figure 1, which is illustrates using a
tri-objectif with two scenario instances.
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Figure 1 – Illustration of the proposed algorithms performance against the Amrouche and
Moulaı̈ algorithm regarding the instance size.

One can observe that the curve representing the Amrouche and Moulaı̈’s method shows a steep
increase, reaching 1200 seconds for just 50 variables. In contrast, our first algorithm, repre-
sented in red, processes 100 variables within the same execution time. Similarly, the blue curve
progresses further, handling up to 250 variables in the same duration.

As to assess the overall contribution of the suggested algorithms, compared to the state-of-the-
art approach, in terms of efficiency for solving SMOILPs, we adopt the speedup factor as the
metric for comparison. This latter is defined as the ratio of Amrouche and Moulaı̈ algorithm
runtime over that of a suggested algorithm. Figure 2 illustrates the obtained results regarding the
speedup factors. One can observe that, across all instance sizes, the obtained speedup factors are
greater than 1 and attaining more than a factor of 10 for SSC method and 100 for SLK method.
Furthermore, the speedup factor tends to increase when increasing the instance size. Hence, these
results indicates a clear superiority of the suggested methods over the state-of-the-art method. On
the other hand, as it is mentioned above, the experimental study has shown that SLK method is
superior, in terms of efficiency, when compared to SSC method. Thus, we calculated the speedup
factor between these latter to assess the overall SLK contribution over SSC method. The overall
average speedup factor is 5.38 and the obtained maximal value is 15.1.

Considering the second part of Table 2, the obtained results show that both of the proposed
algorithms, SSC method and SLK method, consistently outperformed Amrouche and Moulaı̈’s
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Figure 2 – Illustration of the speedup factors obtained for all competing algorithms.

method with respect to execution time, thereby reaffirming their computational advantages re-
ported above. Notably, SLK method exhibited greater stability and superior efficiency compared
to SSC method, as the number of scenarios increased. This indicates that SLK method is more
effectively suited to adapt to problem instances with a small and medium number of scenarios.
However, for large number of scenarios, exceeding 200 scenarios, SSC method is shown to be
slightly more efficient than the SLK method.

Futhermore, one can notice in Table 2 that the number of scenarios has almost no impact on the
performance of the suggested methods. This is in contrast with the state-of-the-art method, which
surpasses the predefined time limit of 1200 seconds at only 50 scenarios. This observation can be
clearly drawn from Figure 3. On the other hand, SLK method is shown to be comparable to SCC
method for small and medium number of scenarios, and yet SCC method is slightly superior for
large ones. Hence, the last drawn conclusion stands.

5.2 Evaluation on the GBD Benchmark Instance

To further assess the efficiency and the generality of the proposed algorithms on structured bench-
mark instances from the stochastic programming literature, we consider the George B. Dantzig
(GBD) instance. GBD is a well-known benchmark derived from the aircraft allocation problem
described by Dantzig (1963) and studied in Linderoth et al. (2006). In this problem, aircraft
of different types must be allocated to routes in order to maximize profit under uncertain pas-
senger demand. In addition to the cost of operating the aircraft, costs are incurred for bumping
passengers when the demand for seats exceeds the available capacity.
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Figure 3 – Illustration of the proposed algorithms performance against the Amrouche and
Moulaı̈ algorithm regarding small and medium number of scenarios.

This instance features n= 17 integer first-stage variables, m= 4 deterministic constraints, m1 = 5
equality recourse constraints, and n1 = 10 continuous second-stage variables. The stochastic
right-hand side values follow independent discrete distributions, generating a large Cartesian
product of scenarios. The instance has fixed recourse, meaning that the technology matrix T , the
recourse matrix W , and the penalty vector q do not depend on the scenario, and the recourse
constraints are in equality form.

To obtain instances of varying difficulty, we use Sample Average Approximation (SAA) with
sample sizes R ∈ {10,40,70,100,130} drawn from the full scenario space Linderoth et al.
(2006). The SMPS data files used in our experiments are taken from Wright (2005). We note
that the recourse structure of the GBD instance differs from that of our randomly generated in-
stances, as the recourse penalty vector contains both zero and non-zero entries with a specific
pattern characteristic of real-world decomposition-based formulations. Furthermore, to create a
bi-objective setting compatible with our SMOILP formulation, a second objective was generated
using independent uniform random coefficients c2

j ∼U (10,100).

Table 3 reports the results obtained with a time limit of 1200 seconds, where |YN | denotes the
number of efficient solutions found by each method for each scenario size R. Both SSC and SLK
consistently identify the complete efficient set (i.e., 25 to 62 efficient solutions), whereas the
Amrouche and Moulaı̈ method finds at most three solutions within the 1200-second time limit.
SLK achieves the fastest times across all scenario counts, confirming the scalability advantages
observed on the random instances.
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Table 3 – Performance comparison on the GBD benchmark instance with varying the number of scenarios.

Instances Stochastic Sylva and Crema Stochastic Lokman and Kökslan Amrouche and Moulaı̈
R |Xe f f | |YN | Time (s) |YN | Time (s) |YN | Time (s)
10 62 62 125.65 62 36.00 1 -
40 28 28 111.74 28 69.63 1 -
70 28 28 160.91 28 118.11 3 -
100 25 25 213.90 25 156.57 2 -
130 25 25 240.83 25 198.85 1 -
Bold values indicate best results obtained in the correspondent row.

The symbol ‘-’ indicates that the algorithm surpassed the predefined time limit of 1200 seconds.

5.3 Evaluation on the Stochastic Bi-Objective Knapsack Problem

Here, we evaluate the proposed methods on a classic combinatorial optimization problem un-
der uncertainty. We introduce a structured experimental study centered on the Stochastic Bi-
Objective Knapsack Problem (SBKP). This problem can be seen as a capacity-planning problem
inspired by the pre-disaster pre-positioning of emergency supplies (Rawls & Turnquist, 2010):
an agency must decide which essential items to procure before a disaster season, balancing
population coverage against economic efficiency under uncertain post-disaster demands.

The SBKP is formulated as a two-stage stochastic bi-objective binary program, following the
general SMOILP framework introduced in Section 2.2:

(SBKP)

⎧⎪⎪⎪⎨⎪⎪⎪⎩
”max

x
” z̃k = c̃kx−Q(x), k ∈ {1,2},

s.t.,
n

∑
j=1

ai jx j ≤ bi, ∀i ∈ {1, . . . ,m},

x j ∈ {0,1}, ∀ j ∈ {1, . . . ,n}.

(17)

where, following Equation (7), Q(x) = ∑
R
r=1 P(r)Q(ξ (r),x) is the expected recourse penalty for

unmet stochastic demand, and the recourse problem for each scenario ξ (r) is defined by:

Q(ξ (r),x) = min
{︂

q(ξ (r))y |Wy = h(ξ (r))−T (ξ (r))x, y≥ 0
}︂
. (18)

Here, W = In is the identity matrix, T (ξ (r)) is a diagonal technology matrix representing item
effectiveness, h(ξ (r)) is the stochastic demand vector, and q(ξ (r)) is the emergency procurement
cost vector for scenario ξ (r).

These instances were generated following established knapsack benchmarking principles
(Pisinger, 2005). Anti-correlated objectives ensure a diverse and non-trivial Pareto front: c1

j ∼
Uniform(50,150) and c2

j = 200− c1
j , so that items with high utility necessarily have low cost-

effectiveness, and vice versa. Stochastic parameters are generated using stratified Latin Hyper-
cube Sampling (McKay et al., 2000) with Poisson-distributed demands and exponentially scaled
recourse penalties. All instances are provided in standard SMPS format (i.e., .cor, .tim, and
.sto files). The complete instance set, including the generation methodology, SMPS-format data
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files, and application context, is publicly available at https://github.com/kentachesarra/SBKP-
Benchmark-instances.git.

We compared three methods on these benchmark instances: SSC, SLK, and the Amrouche
and Moulaı̈ method. Problem dimensions scale across n ∈ {10,20,30,40} variables and R ∈
{10,30,50,70,100} scenarios.

Table 4 reports the obtained results for the runtime and the number of efficient solutions found
|YN | within the 1200 seconds time limit. For all instances, both SSC and SLK successfully enu-
merate the complete Pareto front within the 1200 seconds time limit, with SLK consistently
achieving the fastest times. Amrouche and Moulaı̈ method times out for all instances with
n ≥ 20, finding only partial frontiers. These findings confirm the clear superiority of the pro-
posed methods over the Amrouche and Moulaı̈ method, with SLK exhibiting the best overall
scalability.

Table 4 – Performance comparison of the proposed algorithms against state-of-the-art Amrouche and
Moulaı̈’s algorithm on SBKP instances.

Instances Stochastic Sylva and Crema Stochastic Lokman and Kökslan Amrouche and Moulaı̈
n R |Xe f f | |YN | Time (s) |YN | Time (s) |YN | Time (s)
10 10 9 9 5.01 9 3.84 9 101.58

30 10 10 32.01 10 12.85 10 148.19
50 9 9 25.07 9 19.93 9 253.48
70 11 11 34.41 11 6.59 11 333.06

100 12 12 48.03 12 42.05 12 771.80
20 10 14 14 37.98 14 54.35 13 -

30 12 12 69.10 12 68.70 11 -
50 14 14 52.24 14 41.57 10 -
70 13 13 60.01 13 57.76 10 -

100 12 12 87.84 12 86.76 9 -
30 10 18 18 56.72 18 47.96 8 -

30 31 31 250.19 31 240.14 5 -
50 28 28 192.21 28 176.31 5 -
70 31 31 276.13 31 253.08 5 -

100 24 24 327.22 24 296.34 4 -
40 10 43 43 177.07 43 115.79 4 -

30 44 44 499.51 44 395.55 4 -
50 42 42 553.75 42 458.62 4 -
70 41 41 869.78 41 759.60 4 -

100 39 39 1094.17 39 1060.15 4 -
Bold values indicate best results obtained in the correspondent row.

The symbol ‘-’ indicates that the algorithm surpassed the predefined time limit of 1200 seconds.

6 CONCLUSION

In this paper, we have presented two new exact algorithms for solving a discrete multi-objective
stochastic linear program, designed to generate the entire efficient set of solutions. The primary
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contribution of this work is the development of two novel methods that improve execution time
by combining the classical L-shaped method with efficient state-of-the-art techniques adapted
for discrete optimization. Moreover, the proposed approach extends practical efficacy in find-
ing the entire efficient set of solutions for stochastic programs with fixed recourse and integer
variables. Computational experiments demonstrate that our algorithms significantly outperform
the recent state-of-the-art algorithm on randomly generated instances. Furthermore, an extended
computational study on structured benchmark instances, including the GBD aircraft allocation
instance and the newly introduced Stochastic Bi-Objective Knapsack Problem (SBKP), confirms
the efficiency of both proposed methods on problems with real-world structural characteristics
beyond randomly generated instances. Finally, as short-term perspectives, one can further ex-
tend the practicality of this approach by adapting it to non-linear problems and/or incorporating
heuristic approaches.
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APPENDIX A FLOWCHART OF SSC METHOD

In this appendix, we present the flowchart illustrating the process of the SSC suggested method.

Initialization: ℓ= 0, XE f f = /0

Solve the deterministic problem SP(ℓ)

SP(ℓ) is feasibleSTOP. XE f f is the efficient set of SMOILP no
Let x∗ be the optimal solution of SP(ℓ)

yes

x∗ feasible in all scenarios

Include the feasible cuts.

no

x∗ is optimal for all scenarios

yes

Include the optimal cut

no
Add x∗ to the efficient set XE f f . Construct the new SP(ℓ+1)

yes
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APPENDIX B FLOWCHART OF SLK METHOD

In this appendix, we present the flowchart illustrating the process of the SLK suggested method.

Initialization: s = 0, ZE f f = /0, INF = /0,SB = /0

Solve the deterministic problem SIP(s)

If z̃(p) ̸=−∞STOP. ZE f f is the efficient set of SMOILP no ZE f f ← ZE f f ∪ z̃, s = 0
yes

Determine all the bounds bs,η using z̃

If bs,η /∈ INF ||SBIf bs,η ∈ INF
no

s = s+1

yes

If bs,η ∈ SB
no

Relative value zs of bs,η

yes

while s≤ η

yes

Resolve SIP(s)

yes

If, xs feasible in all scenarios.

Include the feasible cut

no

If, xs is optimal for all scenarios.

yes

Include the optimal cut

no

zs← c̃× xs and Sη ← Sη ∪ zs,s← s+1, (bs,η ,zs) ∈ SByes

z̃ = max
zs∈Sη

zs(p) and η = η +1

no
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