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Green’s function for the lossy wave equation

(Fungdo de Green para a equagio da onda dispersiva)
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Using an integral representation for the first kind Hankel (Hankel-Bessel Integral Representation) function
we obtain the so-called Basset formula, an integral representation for the second kind modified Bessel func-
tion. Using the Sonine-Bessel integral representation we obtain the Fourier cosine integral transform of the zero
order Bessel function. As an application we present the calculation of the Green’s function associated with a
second-order partial differential equation, particularly a wave equation for a lossy two-dimensional medium. This
application is associated with the transient electromagnetic field radiated by a pulsed source in the presence of
dispersive media, which is of great importance in the theory of geophysical prospecting, lightning studies and
development of pulsed antenna systems.
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Usando uma representagao integral para a funcao de Hankel de primeira espécie (representagdo integral de
Hankel-Bessel) obtemos a chamada férmula de Basset, uma representacao integral para a fungao de Bessel modi-
ficada de segunda espécie. A partir de uma representacao integral de Sonine-Bessel obtemos a transformada de
Fourier em co-senos da funcdo de Bessel de ordem zero. Como uma aplicagdo, apresentamos o célculo da fungao
de Green associada a uma equacao diferencial parcial de segunda ordem, a saber, a equagao da onda em um meio
dissipativo de dimensao dois. Esta aplicagao estd associada ao campo eletromagnético transiente irradiado por
uma fonte tipo pulso na presenga de meios dispersivos, o qual é de grande importancia na teoria de prospeccao

geofisica, estudos sobre luz e desenvolvimento de sistemas de antenas tipo pulso.
Palavras-chave: Sonine-Bessel, representacao integral, equagdo da onda dissipativa.

1. Introduction

In the study of classical special functions, e.g., Bessel
functions and Legendre polynomials, two fundamental
methods must be mentioned: Rodrigues type formula
where the particular special function is presented in
terms of derivatives, and integral representations where
the particular special function is given by an integral in
the complex plane. We mention in passing that all clas-
sical special function can be presented by a Frobenius-
type series.

Several authors prefer to work with Rodrigues for-
mula [1-3]. This method is convenient to study several
properties of special functions as, for example, their re-
currence relations. Other authors prefer to work with
a suitable integral representation in the complex plane
[4]. This method is best suited when one uses inte-
gral transforms (Laplace, Fourier, Hankel and Mellin
integral transforms) to solve an ordinary or partial dif-
ferential equation.

Here we follow the second method because we are
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interested in calculating the Green’s function associated
with the wave equation. Moreover, we use the Laplace
and Hankel integral transforms (the joint transform me-
thod) to solve a non-homogeneous second order partial
differential equation.

As possible applications we may cite the radia-
tion problem in a curved homogeneous dielectric slab-
waveguide, which was investigated by Chang-Barnes
[5], and the transient electromagnetic field radiated by
a pulsed source in the presence of dispersive media,
which is of great importance in the theory of geophy-
sical prospecting, lightning studies and in the develop-
ment of pulsed antenna systems. We remark that for
this last problem Kuester [6] has obtained an exact in-
tegral representation for the transient field of a pulsed
line source above a plane reflecting surface which can be
expressed as a finite integral over the transient plane-
wave solution for complex angles of incidence.

This paper is organized as follows: in section 2 we
present some applications as a motivation in section 3
we discuss an integral representation for the first kind
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Hankel function, in order to obtain an integral repre-
sentation for the Bessel function, the so-called Basset
formula. In section 4, using the Sonine-Bessel integral
representation we calculate an integral involving a Bes-
sel function, which can be interpreted as a Fourier co-
sine transform of the zero order Bessel function. In sec-
tion 5, using Laplace and Hankel integral transforms,
the so-called joint transform method, we discuss a non-
homogeneous second order partial differential equation
with constant coefficients and as an application we ob-
tain, in a closed form, the Green’s function, associated
with the wave equation for a lossy two-dimensional me-
dium. Finally we present our concluding remarks.

2. Some applications

In this paper we derived the Green’s function of a non-
homogeneous second order partial differential equation
in three independent variables with constant coeffi-
cients, 1i.e.

9?2 92 0? 0
(axQ Tap Yo —bat> ue ) = It w)

where a and b are positive constants and f(z,y) is a
continuous function of the form f(z,y) = f(v/z? + y?),
a radial function. The equation above is the wave equa-
tion.

Waves are important phenomena nowadays. Wave
equations appear in many applications of mathematics
in physical sciences, like geophysical prospecting, light-
ning studies and development of pulsed antenna sys-
tems. For example, we know that homogeneous Max-
well’s equations satisfy the wave equation. Using this
fact Maxwell discovered that the solutions of his homo-
geneous system were electromagnetic waves that pro-
pagate in the empty space (vacuum) [7].

As an application on geophysical prospecting we cite
the methods of migration. Bleistein [8] says that mi-
gration is “the dominant method for reflector imaging
from seismic data in geophysics today. The objective of
this method might be viewed as moving the reflectors
from their time location to their spatial location.”So,
from seismic data, that are in the time domain, we use
this method to recover its shape in the depth domain.
One of them is the wavefield migration. This method
uses the solution of wave equation to recover the shape
of the subsurface. For lightning studies we can find an
application using the wave equation to study the tran-
sient electromagnetic field of a pulsed line source.

So, as we can see that waves are important in se-
veral problems in many different areas. Sezginer and
Chew [9] solved the problem of finding the Green’s fun-
cion associated with equation above. We used another
mathematical technique to solve this problem.
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3. An integral representation

In Watson’s book [4] it was shown that several contour
integrals can be obtained as generalisations of Poisson’s
integral and several integral representations for Bessel
and Hankel (Bessel function of the third kind) func-
tions were obtained with convenient modifications of
Hankel’s contour integrals. A particular such represen-
tation is

_20(1/2 - v) (2/2)

HD(2) =
1 1+)
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with |arg ()| < m/2 and R(3 — v) > 0, where
. 2 .
HV(zze™/?) = Ze V™2 K_ (22) (2)
T

and K, (z) is a second kind modified Bessel function.

Considering in Eq. (2) z as a positive number and z
as a complex number with |arg (2)| < 7/2 we can write
Eq. (1) as

(1) /2y 20w +1/2) (izz\ "
H =) = 2 ()

1 (14) e—;rzt
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with R(v +1/2) > 0.

Now, when R(v + 1/2) > 0, the integral, taken on
arcs of a circle from p to pe™™/27¢ where § =arg (),
tends to zero as p — oo, by Jordan’s lemma [10]. Hence,
by Cauchy’s theorem, the path of integration may be
opened out until it becomes the line on which R(zt) = 0.
If we write 2t = ju, the phase of [—(u?/2%)—1]is —7 at
the origin in the u-plane [4]. Using Eq. (2) and the pa-
rity of the integral we can write Eq. (3) in the following

form
_T(w+1/2) (22)"
e =Sy (3)
|, sy “

with R(v) > —1/2, > 0 and |arg(z)| < w/2. This
expression, an integral representation for second kind
modified Bessel function, is known by the name of Bas-
set formula [4].

As a particular case of Eq. (4) we consider v = 0
and then we obtain

> cos (zu)
= du,

0 Vu?+ 22

with > 0 and |arg(z)| < 7/2. We refer that ano-

ther way to calculate this integral representation is to
consider the following convenient limit

nh_)rr;o Qncosh(z/n)] = Ko(z),

Ko(zz) = (5)
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where @, (z) is the second kind Legendre function, gi-
ven by the integral representation

o= [ ad
n\%) = )
o (z+ V22 —1coshf)"t!

with |z| > 1. This integral representation can be obtai-
ned by means of an integral representation for a hyper-
geometric function [11] and the expression

22n+1 (’I’L')2

Qn(z) = IE 5

1 3 1
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where £ = 2z + V22 — 1 and one must take the positive
square root for |z| > 1.

4. Fourier cosine transform of Bessel
function

In this section we calculate an integral involving a Bes-
sel function, an integral that can be interpreted as a
Fourier cosine transform of the zero order Bessel func-
tion by using Sonine’s integral representation.

We are interested in calculating the integral

Q(t,re) = /000 cos (ru) Jo(tv/u? — €?)du,  (6)

where r > 0, t > 0 and € is a positive real parameter.

To perform this integral we begin with the inte-
gral representation, in the complex plane, for the Bessel
function

Ju(z) = € texp (€ — 22 /4€) d, (T)

(2/2)y c+ico
2mi /c—ioo
with ¢ > 0, which is known as Sonine’s integral [4]. We
note that in this expression the contour is the so-called
Bromwich contour, the same contour used in calculati-
ons of inverse Laplace integral transform [11].

Here we are interested in the case v = 0, only. Then,
taking v = 0 and z = +tv/u? — €2 we can write for the
Bessel function

c+ioco
Jolt uz_ez):Qim_/_‘ %exp(&—ﬂ2/4f)7 (8)

where % = t?(u? — €2) and ¢ > 0.

Introducing Eq. (8) in Eq. (6) and changing the
order of integration (both integrals are uniformly con-
vergent) we get

Qt,r,e) = € o d—gex (€ + 212 /4¢) x
T o i €T

/ du cos (ru) efwz,

0

where v = t2/4¢€.
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To perform the integral in variable u we complete
the square and obtain

11 c+ioco
Qt,r,e) = T- du 12 (v pt /A, 9)
vt 2mi c—1i00

where ;2 = —€2(t? — r?).
The above equation can be identified with Eq. (7),
for v = —1/2 and we get

. 1/2
ﬁ Zj 12 — 2 X
1/?52_7a2 2
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Using the following relation between Bessel and modi-
fied Bessel functions

Q(t,r,e) =

J(iz) = ™/ 1, (2),

and, for the particular value v = —1/2, the relation

—1/2
I_1)(2) = (%) cosh z

we finally obtain for our initial integral, Eq. (7)

Q(t,?“, 6) = / du cos (7"’[},) Jo(t u2 — 62) —
0

cosh(ey/t? — r2)
/12 — 2 ’

for 0 < r < t and zero otherwise.

5. Green’s function

In this section we introduce Laplace and Hankel integral
transforms (the joint transform method) to solve a non-
homogeneous second order partial differential equation
in three independent variables with constant coeffi-
cients, i.e.
0? 0? 0? 0
(axg + o Yo bat) u(z,y,t) = fz,y),

where a and b are positive constants and f(z,y) is a

continuous function of the form f(z,y) = f(\/22 + y2),
a radial function.

To solve this partial differential equation it is suffi-
cient to look for the associated Green’s function, which
is the solution of the non-homogeneous partial differen-
tial equation

02 0? 0? 0 Lo ,
(WJrWaathat)g(rr,tt)
=27 6(r —v')o(t —t), (11)

where we consider the causality condition
g(lr —1'|,t—=t')=0 for c(t—1t)<|r—71'|,

where a = 1/c? and c is a constant (velocity of light).
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Introducing polar coordinates (translational inva-
riance) © = rcosf and y = rsinf we can rewrite
Eq. (11) as

TN W
or?2  ror or2 ar )9\ T =

—5(r)a(r), (12

where r = |r —1r/| and T =t — t'.

This equation is the same equation discussed by Se-
zginer and Chew [9] in a paper where they obtain a
closed form expression of the Green’s function for the
time-domain wave equation for a lossy two-dimensional
medium, using Fourier transform. This equation is sa-
tisfied for the electric field due to a line current source
parallel to the z axis in a conductive medium.?

To calculate the Green’s function we must introduce
the boundary and initial conditions. For the initial con-
ditions we take (homogeneous conditions)

d
g(ra 0) =0= Eg(,n T)|T:0a
and use as boundary conditions

lg(r,7)| < o0 and Tli)rglo g(r,7)—0,
which guarantee the existence of Laplace and Hankel
integral transforms. We note that in Ref. [9] the au-
thors obtain an integral representation for the Green’s
function in terms of Hankel function.

We observe that the importance in solving this pro-
blem by means of Hankel transform resides in the fact
that the integral representations for second kind modi-
fied Bessel functions have a well known representation
as we have discussed in section 3, i.e., our Eq. (4).

Firstly we introduce the Laplace integral transform,
g(r, s), in the time variable 7,

olrs) = / o(r,7) e dr,
0

with R(s) > 0; using the initial conditions we get the
non-homogeneous ordinary differential equation

> 1d s? 5 1
(dTQ T 2 CQC> g(r,s) = _;5(T)7

where ¢ and ¢ were introduced in footnote 2.
Next, we introduce the Hankel integral transform
g(k,s) in the radial variable r,

/000 g(r,s)r Jo(kr)dr = g(k,s),

where Jy(z) is a Bessel function, and using boundary
conditions we obtain an algebraic equation for g(k, s)
which has the solution

1
g(kas) = m,
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where 37 = ¢ and s/c — s.

Now, our procedure is to evaluate the respective in-
verse transforms. The inverse Hankel integral trans-
form is given by [12]

glr,s) = /000 gk, s) k Jo(kr) dk

B /°° ke Jo (k)
S E2+s(s+P)

Ky (T\/W)»

dk

where Ky(z) is a second kind modified Bessel function.
Another way to calculate this integral is by means of
the residue theorem [10].

To recover our Green’s function we must calculate
the inverse Laplace integral transform, i.e.

L7 g(r,5)] = g(r,7)

1 c+i00
=5=/ g(r,s)e’" ds
C—100

1 c+ico

= Ky (r\/m) e’Tds, (13)

2mi c—1i00

where ¢ > 0.

To perform this integral we can use a suitable con-
tour in the complex plane (modified Bromwich contour)
or use the integral representation obtained in section 3.
Firstly, we can write the above equation as

1 c+ioo
g(r,7)=e"7 Ko (r\/ s — 62) e Tds,

211 c—ioco

and using Eq. (5) we get

1 c+i0o 00
g(T, 7_) — e—e‘ri./ { COS (ru) d’u,} %
270 Je—ioo 0 Vu?+s?—¢€?

e*Tds.
Both integrals are convergent and we can write

o0
g(r,7) = e_”/ cos (ru) du x
0

e

1 c+ioco ST
(7 et
2mi c—ioco u? + 82 — €2
e " / cos (ru) Jo (v u? — €2) du,

0

2As for a physical problem we must introduce the coefficients c=conductivity; p=permittivity and e=dielectric constant, related by
the expressions ¢ = (eu)*l/2 and ¢ = €/o, where c=speed of light and {(=relaxation time.
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because, Laplace, L[f(7)], and Laplace inverse,
L7YF(s)], transforms are related by means of [11]

L[Jo(TVu? —€?)] = !

W2+ 52—
1
ot

— 2 _ 2
m}‘“")(”“ <)

with R(s) > 0.
The remaining integral is performed with the help
of Eq. (10) and we finally get

cosh(ey/t? — r?
g(r,7) = o-er AT 7).
t2 _ 7,.2
for 0 < r < t and zero otherwise. In order to simplify
this expression we introduce Heaviside theta function
and then we obtain

which is the same expression obtained in Ref. [9] by
using another procedure.
Taking the limit € — 0 in the equation above we get

' B _O(r—r)
lim g(r,7) = 90(r7) = 5=

which is the Green’s function associated with the loss-
less case.

We conclude this section calling that, in general,
our inverse Laplace transform given by Eq. (13) can be
written as

2mi

1
/ Ky (u\/ﬁ\/p + d) Pdp =
r
eftd/2 d
ﬁcosh <\/t2u2> t>p

2 —p 2
0 t <,

where T' is the modified Bromwich contour [10] and
d > 0. Taking the same limit as above we can get

! t
2 ZH

1 t2_u

2mi

/Ko(up) ePldp =
T
0 t<pu,

which can be interpreted as the inverse Laplace trans-
form of the second kind modified Bessel function.
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Concluding remarks

In this paper we point out the importance of Hankel
integral transform in the calculation of a Green’s func-
tion associated with a problem involving propagation
in two independent variables.

Using an integral representation for the second kind
modified Bessel function we calculate an integral invol-
ving a zero order Bessel function which can be interpre-
tated as a Fourier cosine transform of Bessel function
and then we obtain the Green’s function associated with
the wave equation.

We note that our result can be used in the cal-
culation of the Green’s function associated with the
wave equation for a damped oscillator and the telegraph
equations. This will be done in forthcoming paper.
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