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We investigate the problem of those conditions that, once imposed on the spatial localization of electric charge
and current distributions, become sufficient for Coulomb and Biot-Savart laws to provide well-defined and unique
representations for the solutions of electromagnetostatic field equations. When charge and current distributions
are infinitely extended, these laws consist of improper integrals whose convergence is conditioned precisely by the
way these distributions are spatially localized. The procedures that currently allow these laws to be proved consist
of using the Helmholtz theorem – or, equivalently, the Poisson equation – and require an explicit definition of the
scalar and vector potentials in terms of certain improper integrals. For this reason, these procedures appear to
require conditions of sufficiency regarding the localization of the distributions that are unnecessarily restrictive.
To overcome these limitations, we present alternative deductions of Coulomb and Biot-Savart laws. These new
deductions imply a set of necessary conditions that must be satisfied by surface integrals located at infinite, the
satisfaction of which depends exclusively on the asymptotic behavior of the fields. It can be shown that this
asymptotic behavior coincides with the conditions of regularity that guarantee the uniqueness of the solutions of
the field equations.
Keywords: Coulomb Law, Biot-Savart Law, Helmholtz Theorem, Poisson Equation, Spatial Localization,
Infinitely Extended Charge and Electric Current Distributions.

1. Introduction

It is well known – but no less curious – that, in the
regime of electromagnetostatics, the so-called Coulomb
and Biot-Savart laws constitute useful methods to pro-
vide, in terms of elementary functions, respectively,
the electrostatic and magnetostatic fields corresponding
to certain infinitely extended distributions of electric
charges and currents. For obvious reasons, we will call
Coulomb and Biot-Savart laws volume integral laws.

It is also well known that these cases of successful
applications of the volume integral laws always involve
charge or current distributions that display simple sym-
metries. For this reason, instead of directly integrating
the Coulomb and Biot-Savart laws, it is usually simpler
to obtain the fields using what we can call boundary
integral laws – effectively, Gauss and Ampère laws. So,
just like the volume integral laws, the boundary integral
laws constitute useful methods for finding solutions to
the electrostatic and magnetostatic fields.

Although they are, admittedly, methods for obtaining
the fields, nothing, of course, prevents us from interpret-
ing the volume integral laws, on the one hand, or the
boundary integral laws, on the other, as alternative sets
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of fundamental axioms, based on which the theory of
electromagnetostatics can be constituted.

Axiomatic is, nevertheless, changeable and polymor-
phic1. From another point of view, we can interpret both
volume and boundary integral laws not as fundamen-
tal, but as results of necessary implications (theorems)
obtained from another set of axioms constituted by the
inhomogeneous and the homogeneous local differential
equations for the fields.

As we know, in electromagnetostatics, the inhomo-
geneous field equations are those that locally define
the divergence of the electrostatic field and the curl
of the magnetostatic field, respectively, in terms of the
charge and current densities, taken as known sources.
The homogeneous field equations are those that restrict
the admissible functional forms of the fields by setting
constraints on the curl of the electrostatic field and on
the divergence of the magnetostatic field, regardless of
what your sources are.

1 With this statement, we are not saying that an axiomatic struc-
ture is vague or devoid of criteria. Incidentally, once a theory is
considered to be finally axiomatized, the axioms must satisfy the
requirements of being, as a whole, sufficient and necessary for
the deduction of all the results of the theory. Once rigorously
constituted, any changes made to any of the axioms generally
imply the need to reformulate the axiomatization completely.

www.scielo.br/rbef
https://orcid.org/0000-0002-1271-8648
mailto:antony.polito@gmail.com
https://orcid.org/0000-0003-4945-3169


e20250204-2 Localizability of charge and current distributions in the regime of electromagnetostatics

If we look closely at a comprehensive set of available
textbooks in English language [1–24], in which the
subject of electromagnetostatics is developed, we will
come to the conclusion that the methods based on
volume integral laws never seem to establish themselves
on the same level of justification as the methods based
on boundary integral laws – even though both can
be interpreted as theorems and both are effective for
obtaining the fields as solutions of the fundamental
axioms given by the local differential equations.

Indeed, on one hand, when it comes to prov-
ing the boundary integral laws, the hypotheses that
eventually must be made about the localization of
charge and current distributions never appear explicitly.
These hypotheses are precisely those that involve how
the charge and current distributions are (finitely or
infinitely) extended throughout Euclidean space.

On the other hand, when it comes to proving the
volume integral laws, the hypotheses about localization
always appear explicitly. However, in this case, the
problem that arises has a somewhat opposite nature. In
fact, in the way the mathematical proofs are generally
presented, readers are led to believe, unduly, that there
are limitations on the scope of validity of these laws that
are stronger than the actual ones.

Of course, it would be particularly intriguing if the
proofs of the boundary integral laws, on the one hand,
and the proofs of the volume integral laws, on the other,
were carried out under completely different assumptions
on the localization of the charges and the currents.
It would therefore be essential to investigate the pro-
cesses of mathematical deduction of these laws in the
search for their common foundations. In this paper, we
will not dwell deeply on the conditions of validity of
the boundary integral laws, but we will point out some
problems that deserve further investigation.

In general, the authors of the above-mentioned text-
books [1–24] that deal with electromagnetism – at very
different levels of sophistication, indeed – justify the
validity of Coulomb and Biot-Savart laws in two ways
which are, obviously, compatible with each other, but
are quite different.

Most of the time, the authors choose, at least initially,
not to deduce these laws, precisely because they do not
take, prima facie, the field equations as fundamental
axioms. Instead, with one or two minor variations in
the procedures, the main rule is to start from the
concept of Coulomb force between point charges (or
between two infinitesimal elements of charge), or from
the concept of Ampère forces between steady linear
currents (or infinitesimal elements of current), in order to
extract from them the concepts of electrostatic field and
magnetostatic field. (A substantial number of authors
choose, in fact, to assume Biot-Savart law – but never
the Coulomb law – without further justification, beyond
its empirical adequacy, even before defining the magnetic
force between current circuits).

Ultimately, therefore, the concepts of force between
elements of charge and elements of current are consid-
ered by these authors to be fundamental. From there,
by applying the superposition principle and going to the
limit of the continuum, the improper integral expressions
of the fields associated with continuous distributions
of charge and current – in other words, Coulomb and
Biot-Savart laws – are obtained. Then, with greater or
lesser justification, the truth of the field equations is
established by demonstrating that these volume integral
laws are formal expressions of their solutions. Because
they proceed from the particular to the general, these
forms of presentation could be called “inductive”.

On the other hand, in a minority of cases, the authors
actually choose to start from the field equations as fun-
damental axioms and dedicate themselves to developing
proofs of Coulomb and Biot-Savart laws. These forms of
presentation can therefore be called deductive.

There are two standard ways in which these proofs are
presented, but both involve defining and constructing
the scalar and vector potentials, as well as using the fact
that the field equations are invariant by gauge trans-
formations performed on them. For this reason, both
ways end up sharing the same assumptions regarding
the localization of charge and current distributions. In
this sense, they can be considered essentially equivalent.

The first way involves proving that the scalar poten-
tial and the components of the vector potential must
necessarily satisfy the Poisson equation – the solution
to which is obtained, using the Green’s function method,
in terms of certain improper integrals. The second way
involves using the Helmholtz theorem. In both cases,
Coulomb and Biot-Savart laws are obtained, respec-
tively, as the results of calculating the (negative of the)
gradient of the scalar potential and the curl of the vector
potential.

The Helmholtz theorem requires the imposition of
hypotheses on the asymptotic behavior of the divergences
and curls of the fields. As in the case of the method based
on the Poisson equation, these hypotheses are chosen
to ensure that the improper integrals that define the
potentials are effectively convergent, thus guaranteeing
their existence. Ultimately, they are expressed in terms
of conditions of sufficiency on the global localization of
charge and current distributions, which we will call, for
reasons that will be explained later, strong conditions.

The “weirdness” arises precisely when we see that
these strong global localization conditions exclude cer-
tain configurations of charge and current which, by
means of the Coulomb and Biot-Savart laws, produce
well-defined and unique solutions of the field equations.

This situation naturally leads to the question of
whether it is possible to find alternative deductions for
Coulomb and Biot-Savart laws that can show that the
commitment to strong conditions is not necessary. The
hope is that these new deductions will provide a better
explanation of why the volume integral laws are in fact
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successful, especially in situations where the infinitely
extended distributions exhibit symmetries.

In this article, we present these alternative deductions.
We will see that they explicitly require the satisfaction of
a set of necessary conditions for the volume integral laws
to be valid. These conditions consist of the requirement
that the asymptotic behavior of certain closed surface
integrals involving the potentials – and ultimately the
fields – be such that they converge to zero.

These alternative deductions of the volume integral
laws and the establishment of their necessary conditions
of validity are, in fact, elementary, requiring no more
than the judicious application of vector identities.

In an extensive investigation of English-language
textbooks [1–24], we didn’t even find any mention of
the fact that Coulomb and Biot-Savart laws can be
mathematically demonstrated in the way presented here.
We also found no mention of the necessary conditions
we obtained, the fulfillment of which is a requirement
without which the volume integral laws cannot be valid
and unique representations of the solutions of the field
equations.

Among the articles published in teaching (or similar)
journals, also in English, we found only one paper, by
J. Heras [25], which is closely related to the present
work. In the context of a different problem, Heras
developed alternative proofs for the so-called Jefimenko
equations – also known as generalized Coulomb and
Biot-Savart laws [26–30]. His purpose was precisely to
prove that Jefimenko equations are obtained exclusively
by considering Maxwell equations, that is, without
resorting to the equations that must be satisfied by the
potentials.

Heras’ demonstration starts with the identity that
expresses the fields in terms of the Green’s function asso-
ciated with the potentials, then uses the field equations
and finally arrives at the Jefimenko equations, as long
as certain conditions on the fields defined in surfaces
located at infinite are fulfilled.

The proofs presented here are, in a sense, carried
out in the “opposite direction”, since they start from
the field equations. Then, using Green’s function, the
Coulomb and Biot-Savart laws are obtained – also as
long as certain conditions on the fields defined in surfaces
located at infinite are fulfilled. Despite the differences,
both proofs become essentially equivalent if we restrict
Maxwell equations to the context of static fields.

More importantly, however, is the fact that Heras does
not direct his discussion toward addressing the problem
of the localization of charge and current distributions,
presumably because he does not concern himself with
the analysis of the necessary conditions he obtained, nor
with the search for conditions of sufficiency for their
satisfaction.

As will be shown, in the case of so-called globally local-
ized distributions, the conditions of sufficiency that will
be obtained are in fact less restrictive than those that

support the proofs based on the effective construction
of the potentials. As a consequence, we will also obtain
more satisfactory justifications for why the Coulomb and
Biot-Savart laws constitute valid methods for obtaining
well-defined and unique solutions to the field equations,
even in the case of infinitely extended distributions.

We will also see that, because the conditions on the
closed surface integrals located at infinity are neces-
sary, they must be satisfied even in situations where
the charge and current distributions are only partially
localized, if we expect the fields generated by these distri-
butions to be obtained by the Coulomb and Biot-Savart
laws. However, in this paper, we will not investigate in
depth the problem of partially localized distributions,
which should be the subject of a more detailed study for
forthcoming publication.

Before we begin, it might be interesting to justify
why we are interested in discussing infinitely extended
distributions. We maintain that it is not a question of
claiming that distributions that are infinitely extended
have no “physical” meaning. If, in the context of the
theory being considered, physical space is postulated to
be infinite and, by hypothesis, any part of the space can
be occupied, then any attempt to limit the distributions
of matter (or fields) to finite parts of space is nothing
more than ontological prejudice.

It is even possible to argue that, for the purposes of
application or experimentation, infinite distributions can
only be the result of idealization processes. This is only
because there are practical limitations to their effective
realization. However, theories are not objects that deal
with practical possibilities. The content that can be
articulated within them is limited exclusively by virtue
of the logical and mathematical consistency of their own
constitution and, more objectively, by virtue of the rules
that they themselves lay down for the construction of
their models.

In any case, even if the reader doesn’t share this
view, it shouldn’t diminish their interest in an exercise
in mathematical physics which, I hope, is interesting in
itself, given its role in classifying mathematical models
and solidifying the logical consistency of a theory.

This work is divided into eight sections. The first
section consists of this introduction. Sections 2 and 3 are
dedicated to investigating the problem of the localization
of electric charge and current distributions. In particular,
we will be interested in obtaining sufficient conditions for
Coulomb and Biot-Savart laws to provide well-defined
solutions to the field equations.

In the fourth section, we will briefly discuss the
problem related to the so-called regularity conditions,
that is, the necessary conditions that must be imposed
on the asymptotic behavior of the fields so that the
solutions of the field equations are unique. Next, we will
comment on the problem related to how the conditions of
regularity on the fields and the conditions of localization
of distributions relate to each other.
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In the fifth section, we briefly explain the limitations
of the proofs of Coulomb and Biot-Savart laws found in
textbooks. We deal more specifically with the Helmholtz
theorem and justify the need to obtain alternative proofs
to overcome these limitations.

In the sixth and seventh sections, we present the
alternative deductions of Coulomb and Biot-Savart laws
and obtain the necessary conditions for them to express
solutions of the field equations. Next, we will discuss
the sufficient conditions to be asymptotically satisfied
by the fields for the satisfaction of these necessary
conditions. As we will see these conditions coincide with
the regularity conditions that must be satisfied for the
representations of the solutions to be unique. Finally,
we will discuss how the results obtained in these last
two sections relate to the results obtained in sections 2
and 3, regarding the conditions of localization on the
distributions.

In the last section, we make some brief concluding
remarks.

2. Field Equations of
Electromagnetostatics and Global
Localization of Charge and Current
Distributions

In this and the next section, we will systematically
discuss the problem of localization of infinitely extended
charge and current distributions, successively taking into
account the following aspects: (i) the good definition
of the field equations; (ii) the formal validity of the
Coulomb and Biot-Savart laws, as solutions to the field
equations and the (iii) the good definition of the improper
integrals that represent the Coulomb and Biot-Savart
laws.

That said, we must also establish that, in the context
of this work, we are exclusively interested in discussing
electromagnetostatics in vacuum. Therefore, the electri-
cally charged matter will be considered non-polarizable,
non-magnetizable and non-conductive. To maintain the
discussion as simple as possible, we do not consider also
charge and current densities defined on surfaces.

Let’s assume that the fundamental axioms of elec-
tromagnetostatics are the so-called field equations, that
is, the local laws that determine the form of the rela-
tionships between the electrostatic field, E(r), and the
magnetostatic field, B(r), and their respective sources,
namely the electric charge density, ρ(r), and the electric
current density, J(r).

The mathematical representation of these local laws is
given by the well-known set of differential equations that
specify, in the entire Euclidean space, the divergence and
the curls of the fields:

∇ · E(r) = 1
ε0
ρ(r) (i); ∇ × E(r) = 0 (ii); (1)

∇ · B(r) = 0 (i); ∇ × B(r) = µ0J(r) (ii); (2)

where the constants ε0 and µ0 are respectively the
electric permittivity and the magnetic permeability of
vacuum.

We can’t stress enough how these equations should
be interpreted. The charge and current densities must
be considered as prescribed functions or, as we say,
according to a more empiricist bias, they are “sources
whose spatial disposition is under the possibility of our
control”.

At first glance, eqs. (1) and (2) do not, in fact, seem
to place any restrictions on our ability to prescribe how
charges and currents are distributed in space. If the
distributions are, as we will call them later, absolutely
localized, in fact, there is little reason to doubt this.

However, this is not the case if we are willing to
consider distributions that are infinitely extended. In this
case, it is worth asking whether there aren’t principles
in the theory that naturally impose restrictions on the
ways in which these infinite distributions can be spatially
arranged and asking what exactly these restrictions are.

The answer to the first question is simple (and well
known): indeed, there is only one fundamental principle,
namely, that the forces produced by the fields acting
on test charges must be finite and uniquely defined
at all points in the Euclidean space. From this last
requirement it follows that the forces must also be
continuously extended throughout Euclidean space. On
the other hand, the answer to the second question is not
so straightforward and is basically the content of this
article.

Let’s start this discussion by establishing the concept
of good definition of the field equations (1–2). By defini-
tion, the field equations will be well-defined if the sources
are prescribed in such a way that the generated fields
produce forces on test charges that are (i) continuously
extended throughout the entire Euclidean space; (ii) finite
at almost all points in space; and (iii) smoothly extended
at almost all points in space2.

By “almost” in the requirement (ii) we mean that, for
now, we will assume that the only possible exceptions are
points belonging to closed surfaces “located at infinity”3.

2 Therefore, what we call good definition, in this context, does not
include the requirement of uniqueness. The uniqueness conditions
depend, as is well known, on setting appropriate boundary con-
ditions on the fields, and we will deal with them separately, in
section 4.
3 There is no such a thing like surfaces “located at infinity”.
Without risk of falling into inconsistency, we will make unre-
stricted use of this current abuse of language to refer to a limiting
process according to which closed surfaces S grow unlimitedly, in
all directions of space, such that the volumes enclosed by them
approach the entire Euclidean space. We denote this limiting
process by S → ∞. However, it is important to note that the
way in which this limiting process should be performed must be
specified on a case-by-case basis, since its calculation depends
on the geometric shape of surface S and the way in which its
infinitesimal surface elements depend on the spatial coordinates
that will (eventually) serve as those parameters that must be taken
to the infinite limit.
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We’ll go back to these exceptions in section 4, where the
uniqueness requirement is considered.

Since the forces are produced by the fields, we con-
clude that the requirement of good definition of the field
equations means that we must demand on the sources
that the electrostatic and magnetostatic fields generated
by them be (i) continuous at all points of Euclidean
space; (ii) smooth at almost all points in Euclidean
space; and (iii) bounded (above and below), that is,
finite throughout the Euclidean space, with the possible
exceptions of points belonging to closed surfaces located
at infinity.

Under these requirements on the fields, the field equa-
tions demand that the charge and current distributions
be (i) bounded (above and below) at all points in space –
with the possible exception of points located on a closed
surface located at infinity – and be (ii) at least piecewise
continuous throughout the Euclidean space. Thus, certain
finite discontinuities on the distribution of the sources
(and a finite number of them) can be tolerated on
surfaces that represent interfaces between regions with
different charge or current densities4.

However, special attention should be paid to Ampère
law, eq. (2.ii), as it necessarily implies a constraint on
the divergence of the current density:

∇ · J(r) = 0. (3)

This constraint guarantees – in view of the principle of
conservation of electric charge – that the magnetostatic
regime is compatible with the electrostatic regime, inso-
far as the zero divergence of the current densities implies
the independence of the charge densities with respect
to time. But above all divergenceless currents must be
assumed as a precondition without which Ampère law
would simply be inconsistent.

The requirement that the null divergence con-
straint (3) be satisfied at all points in space generally
implies some conditions on the continuity of the compo-
nents of the current densities but does not necessarily
imply that they must all be continuous. In any case, we
must consider – in addition to boundedness and piecewise
continuity – the null divergence condition (3) as part of
the requirements on charge and current distributions for
the good definition of the field equations.

By applying the divergence theorem, an important
consequence is implied by the constraint (3). If we
require that it be satisfied at all points in space, then

4 This is why some components of the fields may not be smooth at
all points in space, since discontinuities of the charge and current
densities imply discontinuities in the derivatives of some compo-
nents of the fields. Discontinuities in charge and current densities
on interface surfaces can be tolerated, in principle, because they
can be treated as mere mathematical conveniences, designed to
avoid a detailed description of the fields in regions where densities
vary very fast, on a very short length scale, compared to the
typical scales of variation of densities in other regions. Singularities
represented by charge and current distributions on surfaces or by
“point charges”, however, are ruled out.

the total flux of currents through any closed surface must
be zero. In particular, this must apply also to a closed
surface S located at infinity:∮

S

J(r) · da = 0 ⇒
∮

S→∞
J(r) · da = 0. (4)

Eq. (4) should be understood as a limiting process,
which defines an improper surface integral with a well
defined asymptotic behavior. Note, however, that in the
magnetostatic regime, the condition that the total flux
of currents must be zero must be satisfied on all closed
surfaces, not just on closed surfaces located at infinity.

Typically, infinitely extended current distributions
that satisfy constraint (3) (and (4)) are those that
display symmetries that guarantee the conservation of
the total amount of charge inside any volume arbitrarily
placed in space.

Intuitive examples are the cases of distributions of
currents infinitely extended in one direction, such as dis-
tributions that exhibit full cylindrical symmetry – that
is, whose current densities are invariant by translations
and rotations with respect to a spatial axis – or the cases
that exhibit azimuthal symmetry – with current densities
invariant only under rotations with respect to a spatial
axis. Also intuitive are the cases of current distributions
that display rectangular symmetry. In all these cases, it
is quite clear that the divergence of the current densities
is always zero everywhere.

2.1. A classification of the distributions
according to localization criteria

Now is a good time to introduce a number of concepts
and terms that will be used from now on. There are
infinite ways in which charge and current distributions
can be arranged in Euclidean space. However, we are
mostly interested in situations that exhibit some kind of
symmetry.

By definition, we will say that infinitely extended
charge distributions are globally localized if, and only if,
the magnitudes of their charge densities decay to zero, at
the limit of infinity – that is, with r → ∞, r = |r| being
the distance from the origin of the coordinate system –,
regardless of direction in the Euclidean space, but not
necessarily in the same way.

We mathematically express this idea in the following
way. Given the functional form of the charge density in
spherical coordinates, ρ(r) = ρ(r, θ, φ), the distribution
is globally localized if, and only if, for any fixed direction
of space, lim

r→∞
|ρ(r, θ, φ)| = 0. It is not necessary, for

global localization, that the functions ρ(r, θ, φ), defined
for each fixed direction, have the same asymptotic
behavior, unless it is stated that the distributions are
asymptotically symmetric.

Likewise, we will say that infinitely extended current
distributions are globally localized if, and only if, the
magnitudes of the Cartesian components of their current
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densities decay to zero, at the limit of infinity, regardless
of direction in the Euclidean space, but not necessarily
in the same way.

Mathematically, we say that, given the functional form
of the Cartesian components of the current density in
spherical coordinates, Jµ(r, θ, φ), with µ = 1, 2, 3, the
distribution is globally localized if, and only if, for any
fixed direction of space, lim

r→∞
|Jµ(r, θ, φ)| = 0. Again, it is

not necessary that the functions Jµ(r, θ, φ), defined for
each fixed direction, have the same asymptotic behavior.

On the other hand, we say that infinitely extended
distributions are partially localized if, and only if, the
magnitudes of the charge (or the magnitudes of the
Cartesian components of the current) densities decay to
zero, at the limit of infinity, but not in all directions of
space. Although not essential, for the sake of simplicity,
we will assume that partially localized distributions are
such that they display some kind of global symmetry.
The main examples we have in mind are as follows.

By definition, rectangular partially localized distribu-
tions of charge decay to zero, at infinity, but only in
a privileged direction defined by a privileged axis, say,
without loss of generality, the z-axis. Moreover, we will
require that this kind of distribution has not only an
axis, but also a privileged plane, perpendicular to the
privileged axis (the x–y plane), taken as a plane of
symmetry by reflection. Finally, it is supposed that the
charge densities remain uniform in any plane perpen-
dicular to the privileged axis (and parallel to the plane
of symmetry). We mathematically express these ideas
saying that, in Cartesian coordinates, ρ(r) = ρ(x, y, z) =
ρ(|z|) and lim

z→±∞
ρ(z) = 0.

Rectangular partially localized distributions of current
are defined in analogous way, but it is supposed that
they have only one direction in the space, say, without
loss of generality, the x-direction. Thus, they are such
that Jx(r) = Jx(x, y, z) = Jx(|z|) and lim

z→±∞
Jx(z) = 0.

By the same token, we define full cylindrical partially
localized distributions of charge by demanding that, in
cylindric coordinates, ρ(r) = ρ(s, φ, z) = ρ(s) and
lim

s→∞
ρ(s) = 0. That is, they decay to zero, at infinity,

but only in the directions that are perpendicular to a
privileged axis, say, without loss of generality, the z-axis.
The z-axis is, obviously, an axis of symmetry by rotation
around it and axis of symmetry by translation along it.
Clearly, full cylindrical partially localized distributions
have not only an axis, but also infinite (perpendicular)
planes of symmetry by reflection, and it is supposed
that the charge densities remain uniform in any plane
perpendicular to the privileged axis.

Full cylindrical partially localized distributions of cur-
rent are defined in analogous way, but it is supposed
that they have only one non-zero component, in the
cylindric basis. These non-zero components can be
the z-component (axial symmetry) or the φ-component

(azimuthal symmetry). In each case, we must have
Jz,φ(r) = Jz,φ(s, φ, z) = Jz,φ(s) and lim

s→∞
Jz,φ(s) = 05.

If infinite charge and current distributions are not
globally or partially localized, they are simply said to
be non-localized at all.

In the present context, we are mainly interested in dis-
cussing globally localized distributions. And within this
category, we are particularly interested in distributions
that exhibit asymptotic behavior in the form of inverse
power laws. To this end, we should define a convenient
set of categories in order to build a classification that is
better fitted to handle these types of distributions.

By definition, charge and current distributions are
said to be globally localized, in the semi-strong sense,
if, and only if, their asymptotic behaviors, in the limit
of infinity, are such that, for any fixed direction in
the space, the magnitudes of the corresponding densi-
ties go to zero faster than 1/r. Therefore, in addition
to lim

r→∞
|ρ(r, θ, φ)| = 0, or lim

r→∞
|Jµ(r, θ, φ)| = 0, we

require from charge or current densities even stronger
asymptotic decays, such that they are asymptotically
dominated by the decay of the inverse power function
1/r. Therefore, semi-strong global localization requires
that lim

r→∞
|ρ(r, θ, φ)|r = 0 or lim

r→∞
|Jµ(r, θ, φ)|r = 06.

By opposition, we define the category of globally
localized distributions in the weak sense. The charge or
current distributions belong to this category if, and only
if, their asymptotic behaviors are such that the magni-
tudes of the corresponding densities go to zero, for any
fixed direction in the space, slower than or as slow as 1/r.
This is the same as requiring that the charge and current
densities dominate asymptotically (or, yet, have the
same asymptotic behavior of) the inverse power function
1/r. Therefore, weak global localization requires that
lim

r→∞
|ρ(r, θ, φ)| = 0, but also that lim

r→∞
|ρ(r, θ, φ)|r → ∞

or lim
r→∞

|ρ(r, θ, φ)|r = cte ̸= 0. The same mathematical
definitions extend to the (Cartesian components of the)
current densities.

By force of the adopted definitions, weak and semi-
strong localization conditions are complementary and
mutually exclusive concepts.

Within the category of semi-strong globally localized
distributions, we define the category of globally localized
distributions in the strictly semi-strong sense. Distribu-
tions belong to this category if, and only if, their asymp-
totic behaviors are such that, for any fixed direction in
space, the magnitudes of the corresponding densities go

5 Azimuthal partially localized distributions are a special case of
cylindric symmetry applied to currents distributions, such that,
by definition, the only non-zero component is the azimuthal
component, such that Jφ(r) = Jφ(r, θ, φ) = Jφ(r, θ), with
lim

r→∞
Jφ(r, θ) = 0.

6 Cf. Appendix A, to the definitions of asymptotic dominances or
asymptotic equivalence.
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to zero faster than 1/r1+ε, for some arbitrary positive
constant ε > 0, that can be chosen as small as we want.

Clearly, strictly semi-strong localization means that
a globally localized distribution is asymptotically domi-
nated by an inverse power law that, in turn, approaches
indefinitely close, from below, to 1/r, in the pro-
cess of taking the positive parameter ε approaching
zero indefinitely. Therefore, strictly semi-strong global
localization requires that lim

r→∞
|ρ(r, θ, φ)|r1+ε = 0 or

lim
r→∞

|Jµ(r, θ, φ)|r1+ε = 0, for some arbitrary positive
constant ε > 0.

The categories listed above have as fundamental cri-
teria for their definitions the asymptotic relationships
that the charge and current densities have with the
inverse power law 1/r. We can replicate the same
classification structure by assuming, instead of 1/r, the
inverse power laws 1/r2 and 1/r3. Each of them produces
its own set of categories, generically designated by the
terms strong (associated with 1/r2) and super-strong
(associated with 1/r3). Note that these sets of categories
are not necessarily mutually exclusive.

Thus, within the category of strictly semi-strong
globally localized distributions, we define the categories
of globally localized distributions in the strong sense and
in the strictly strong sense. Distributions belong to these
categories if, and only if, their respective asymptotic
behaviors are such that, for any fixed direction in space,
the magnitudes of the corresponding densities go to zero
faster than 1/r2+ε, for ε = 0 (strong) or for some ε > 0
(strictly strong).

By the same token, we define that, within the category
of strictly strong globally localized distributions, distri-
butions are globally localized in the super-strong sense

and in the strictly super-strong sense, if, and only if,
their respective asymptotic behaviors, in the limit of
infinity, are such that, for any fixed direction in the
space, the magnitudes of the corresponding densities go
to zero faster than 1/r3+ε, for ε = 0 (super-strong) or
for some ε > 0 (strictly super-strong).

To complete the classification, within the category
of strictly super-strong globally localized distributions,
we define the absolutely localized distributions. They
correspond to distributions that are finitely extended,
that is, they are completely contained inside a sphere
of sufficient large radius R, such that ρ(r > R, θ, φ) = 0
or Jµ(r > R, θ, φ) = 0.

In Table 1, the reader can observe the nested structure
of the classification established for globally localized
distributions, with their respective definition criteria.

2.2. The total flux of currents of a distribution

Let’s return to the limiting process defined by eq. (4),
which defines what we can call the total flux of cur-
rents, particularly associated with an infinitely extended
divergenceless current distribution. Equation (4) defines
a necessary condition on the asymptotic behavior of the
current distributions, in the context of electromagneto-
statics. Furthermore, given its simplicity, it constitutes
a good first example of the use of the classification we
built above that will help us to understand the concepts
of global localization.

It can be seen that a sufficient condition to the satis-
faction of the necessary condition (4) is that the current
distributions are globally localized, in the strong sense,
since lim

r→∞
|Jµ(r, θ, φ)|r2 = 0 ⇒

∮
S→∞ J(r) · da = 0, as

Table 1: The nested classification of globally localized distributions. The function f(r, θ, φ) is a placeholder representing the charge
density or the Cartesian components of the current density.

Globally Localized
lim

r→∞
|f(r, θ, φ)| = 0.

Weakly Localized Semi-Strongly Localized
lim

r→∞
|f(r, θ, φ)|r = 0.

lim
r→∞

|f(r, θ, φ)|r → ∞
or
lim

r→∞
|f(r, θ, φ)|r = cte ̸= 0.

Strictly Semi-Strongly Localized
lim

r→∞
|f(r, θ, φ)|r1+ε = 0, ε > 0.

Strongly Localized
lim

r→∞
|f(r, θ, φ)|r2 = 0.

Strictly Strongly Localized
lim

r→∞
|f(r, θ, φ)|r2+ε = 0, ε > 0.

Super-Strongly Localized
lim

r→∞
|f(r, θ, φ)|r3 = 0.

Strictly Super-Strongly Localized
lim

r→∞
|f(r, θ, φ)|r3+ε = 0, ε > 0.

Absolutely Localized
f(r > R, θ, φ) = 0, R > 0.
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e20250204-8 Localizability of charge and current distributions in the regime of electromagnetostatics

long as we take the surface S as a spherical shell
centered at the origin and define the limiting process in
terms of the unlimited growth of its radius, taken as a
parameter. From now on, all limit processes involving
surface integrals located at infinity should be understood
exclusively in this sense.

Indeed, for any fixed direction in space, all the
Cartesian components of the vector da = r2 sin θdθdφr̂
have the same asymptotic behavior and diverge as r2,
when r → ∞ – except in the direction of the z-axis,
where da is zero. We denote this asymptotic behavior
by da(r → ∞, θ, φ) ∼ r2.

Thus, for any fixed direction in space, J(r) · da ∼∑
µ Jµ(r, θ, φ)r2, where Jµ denotes the Cartesian compo-

nents of the current density. Therefore, if the Cartesian
components of the current density are localized in the
strong sense, that is, if lim

r→∞
|Jµ(r, θ, φ)|r2 = 0, then,

the surface integral (4) converges to zero. We conclude
that strong global localization is sufficient to satisfy the
necessary condition (4).

We could now ask if global localization (in any sense)
would be necessary to satisfy eq. (4). We already saw
that this is not true, because we explicitly gave examples
of partially localized distributions that satisfy (4).

The condition (4) is a necessary condition, and it
provides a first illustration of what we mean when we
refer to conditions of sufficiency for localization.

By general definition, conditions of sufficiency for
localization will be restrictions on the asymptotic func-
tional forms of charge or current densities which,
although not strictly necessary, are enough to (i) guar-
antee the validity of necessary conditions imposed on
surface integrals located at infinity; or, as we will see,
(ii) guarantee the convergence of improper volume inte-
grals taken on the entire Euclidean space.

Necessary conditions imposed on surface integrals
obviously imply some restriction on the functional forms
of the vector fields that are defined on them. The fact is
that these restrictions, by themselves, are never strong
enough to uniquely determine these vector fields – as we
had seen, in the case of partially localized distributions.

The best we can do is try to establish conditions as
general as possible for the functional form of the fields
that are sufficient to satisfy those necessary conditions.
Eventually, it is possible that the adoption of additional
hypotheses will make it possible to find conditions that
are also necessary.

2.3. The total charge of a distribution

To illustrate point (ii) above, let’s consider the problem
of the finiteness of the total charges Q of general
extended charge distributions:

Q =
∫

V →R3
ρ(r)dτ. (5)

Such as in the situation involving eq. (4), eq. (5) must
be understood as a limiting process, which defines an

improper volume integral on the entire Euclidean space.
It is interesting to note that strong global localization is
still not sufficient to guarantee the finiteness of the total
charge Q.

Indeed, we can prove that a sufficient condition
for finiteness of the total charge is that the charge
distributions are globally localized in a strictly super-
strong sense. A particular case is, of course, the case
of absolutely localized distributions. In these last cases,
the charge densities become zero from a sufficiently large
sphere that contains all the distribution, making their
total charges necessarily finite.

To prove the result in the general case of infinitely
extended distributions, we must demonstrate that, if
lim

r→∞
|ρ(r)|r3+ε = 0, for any fixed direction in space, then

the implication:

lim
r→∞

|ρ(r)|r3+ε = 0 ⇒
∫

V →R3
ρ(r)dτ < ∞; (6)

is true, for any positive constant ε > 0, that can be
chosen as small as we want.

We can express this implication in the most convenient
system of coordinates to deal with globally localized
distributions and to define the limiting process, namely,
spherical coordinates:

lim
r→∞

|ρ(r, θ, φ)|r3+ε = 0

⇒
∫
dΩ

∫ r→∞

0
r2drρ(r, θ, φ) < ∞; (7)

where
∫
dΩ =

∫ π

0 sin θdθ
∫ 2π

0 dφ.
Before continuing, the following point needs to be

clarified. To deal with the volume integral (5), we should
decide whether we are going to consider the integra-
tions of the angular coordinates before considering the
improper integration of the radial coordinate, or whether
we are going to do the opposite.

If we perform the integrations of the angular coor-
dinates first, we will obtain the improper radial integral∫ r→∞

0 h(r)r2dr of a new function h(r) =
∫
ρ(r, θ, φ)dΩ –

whose meaning is the total electric charge contained in
a spherical shell between r and r + dr. Thus, we must
verify if h(r) and ρ(r, θ, φ) behaves asymptotically in the
same way, before using this fact in some eventual proof7.

However, it is unnecessary to follow this route. It
is much more convenient to consider the improper
integration of the radial coordinate first. In this case,
what we have to do is determine the conditions for the
existence of the functions g(θ, φ) =

∫ r→∞
0 r2ρ(r, θ, φ)dr,

7 If we have infinitely extended and globally localized charge
distributions, there is no reason why, asymptotically, the total
electric charge contained in continuously distributed spherical
shells should behave differently from the density itself, as long as
we assume that the charge density becomes smoothly spherically
symmetric, in the asymptotic limit. Assuming that this is the case,
it would be safe to consider that h(r) and ρ(r, θ, φ) have the same
asymptotic behavior.
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that is, determine if, for any fixed direction in space,
given by fixed angles (θ, φ), the improper integrals are
convergent.

Of course, after that, we should verify if the angular
dependence of g(θ, φ) is such as these functions are
well behaved in the finite intervals of integration of
the angular variables, to obtain finite results. Once the
charge density is assumed to be bounded everywhere –
and, in particular, in each spherical shell with a radius
between r and r + dr−, this condition will always be
satisfied.

Now, given any bounded function f(r), the
most important fact about the improper integral∫ r→∞

0 f(r)r2dr is that its convergence is completely
determined by the asymptotic behavior of f(r). So, we
must investigate the behavior of the integral on the “tail’
of the distribution, that is, we must assess the behavior
of

∫ r→∞
a

f(r)r2dr, where a > 0 is a sufficiently large
positive number.

In Appendix A, throughout eqs. (A.5–A.9), we prove
that, if f(r) is a bounded function throughout the
interval 0 ≤ r < ∞, it is asymptotically continuous
and positive and decays to zero, at infinite, then, the
implication lim

r→∞
f(r)r3+ε = 0 ⇒

∫ r→∞
a

f(r)r2dr < ∞ is
true, for any ε > 0, where a > 0 is a sufficiently large
positive constant.

Now, if, for any fixed direction in space, we choose
f(r) ∼ |ρ(r, θ, φ)|, then:

lim
r→∞

|ρ(r, θ, φ)|r3+ε = 0

⇒
∫ r→∞

a

|ρ(r, θ, φ)|r2dr < ∞

⇒
∫ r→∞

a

r2ρ(r, θ, φ)dr < ∞; (8)

for any ε > 0, where a > 0 is a sufficiently large positive
constant, and we used the fact that, if a function is
absolutely integrable on the interval [a,∞), then it is
integrable on this interval.

Finally, we can conclude, from eqs. (7) and (8),
that the improper integral

∫
V →R3 ρ(r)dτ converges,

provided that the resulting functions g(θ, φ; a) =∫ r→∞
a

r2ρ(r, θ, φ)dr be sufficiently well behaved in the
intervals of definition of the angular variables.

This completes the demonstration that strictly super-
strong global localization furnishes a sufficient condition
to the finiteness of the total charge of a distribution,
provided that the charge density is bounded everywhere
and is asymptotically continuous.

More precisely, the strictly super-strong condition tells
us that the total charge of any distribution is finite if
its radial behavior is asymptotically dominated by an
inverse power law that, in turn, approaches infinitely
close, from below, to 1/r3 (that defines the super-strong
condition) in the process of taking the positive parameter
ε approaching zero indefinitely.

On the other hand, it is not true that global local-
ization in the strictly super-strong sense is a necessary
condition for the finiteness of the total charge of a
distribution. In fact, charge distributions that are glob-
ally localized, in any sense, or even partially localized,
or non-localized at all, can have finite total charges.
Configurations with some kind of symmetry involving
total or partial cancellation of contributions from the
positive and negative parts of the charge distributions
can easily be imagined as examples.

If the charge distributions are globally localized, but
their densities go to zero slower than 1/r3, for any
fixed direction in the space, then, nothing can be
said, in general, about the convergence of the total
charge, without assuming additional hypothesis about
the asymptotic details of the distribution, in particular,
about the arrangements of their positive and negative
parts.

Although, in these cases, it is not possible to conclude
anything specific regarding the finiteness of the total
charge, what can be done is to establish a comprehensive
sufficient condition for the total charge to possibly
converge or diverge, but, in the latter case, slower than
r2. This result will be useful in section 4.

Indeed, reproducing, in a similar way, the argument
we presented above, it is not difficult to see, using the
results presented in Appendix A, throughout equations
(A.10–A.12), that a sufficient condition for a possible
divergence to occur, at most, slower than r2 is global
localization, in the semi-strong sense. We express this
result as follows:

lim
r→∞

|ρ(r)|r = 0 ⇒
∫

V →R3
ρ(r)dτ < r2. (9)

Obviously, according to the results in Appendix A, if
the semi-strong global localization is a sufficient condi-
tion, then the strictly semi-strong global localization is
also sufficient.

On the other hand, if we want the total charge to
diverge as slowly as r2, then a sufficient condition is
weak global localization, with the charge density behav-
ing asymptotically like 1/r, but with the additional
condition of asymptotic spherical symmetry:

|ρ(r)| ∼ 1
r

⇒
∫

V →R3
ρ(r)dτ ∼ r2. (10)

Asymptotic spherical symmetry ensures that, starting
from a spherical shell with a sufficiently large radius, the
distribution becomes either strictly positive or strictly
negative. Without this additional condition, nothing
could be concluded from |ρ(r)| ∼ 1/r, since the total
charge could even be finite.

Conditions (4) and (5) are simple and paradigmatic.
In fact, most sufficiency conditions for satisfying asymp-
totic conditions on closed surface integrals or conver-
gence of improper volume integrals fall into one of these
two categories.
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2.4. The total current of a distribution

To complete the discussion of this section, we will
consider the problem of the “total current” J of an
extended current distribution, defined by:

J ≡
∫

V →R3
J(r)dτ. (11)

The discussion regarding the convergence of the vol-
ume integral (11) should be entirely analogous to the
discussion of the volume integral (5). Of course, since J
is a vector, we must treat each one of their Cartesian
components separately. As before, we would conclude
that, if a current distribution is globally localized, then,
a sufficient condition to the convergence of (11) would
be strictly super-strong localization.

However, we cannot forget that ∇ · J(r) = 0 and this
has an important consequence regarding the conditions
of convergence of the total current (11). In fact, we can
prove that, if the currents are divergenceless, then:

J ≡
∫

V

J(r)dτ =
∮

S

rJ(r) · da; (12)

where V is a finite volume, with S as its boundary, and r
is the non-zero position vector where J(r) is evaluated.

We begin the demonstration of (12) with the implica-
tion:

∇ · J(r) = 0 ⇒
∫

V

r∇ · J(r)dτ = 0. (13)

The right-hand side of the implication (13) is a vector
equation. To prove eq. (12), we can perform, on eq. (13),
an integration by parts for each Cartesian component of
r to obtain:∫

V

xµ∇ · J(r)dτ

=
∮

S

xµJ(r) · da −
∫

V

J(r) · ∇xidτ = 0

⇒
∮

S

rJ(r) · da =
∫

V

J(r) · ∇rdτ. (14)

But we can recognize that:∫
V

J(r) · ∇rdτ =
∫

V

(J(r) · ∇)rdτ =
∫

V

J(r)dτ ; (15)

from which eq. (12) follows.
Eq. (12) has an immediate (and intuitive) conse-

quence. If the current distributions are absolutely local-
ized, then, their total current are precisely zero, provided
the volume of integration is large enough to contain the
entire distribution. Indeed, if the current distribution
is absolutely localized, we can always choose a volume
V sufficiently large to have J(r) = 0 at any surface S
that encloses V . Under this condition, we conclude that∫

V
J(r)dτ = 0.

To assess the total current in the general case of
infinitely extended distributions, it is enough to take

eq. (12) in the limiting process where V approaches
the entire Euclidean space and, therefore, the surface
integral is taken located at infinity:

J ≡
∫

V →R3
J(r)dτ =

∮
S→∞

rJ(r) · da; (16)

where we take the surface S as a spherical shell centered
at the origin and the limiting process defined by its
radius growing indefinitely.

To assess the asymptotic behavior of the surface inte-
gral in eq. (16), we must remember, from the discussion
of the total flux of currents, eq. (4), that, for any fixed
direction in space, J(r)·da ∼

∑
µ Jµ(r, θ, φ)r2, where Jµ

denotes the Cartesian components of the current density.
Therefore, the asymptotic behaviors of the Cartesian
components of the integrand of the surface integral (16)
are given by xµJ(r) · da ∼ xµ

∑
α Jα(r, θ, φ)r2. But,

since xµ ∼ r, then, xµJ(r) · da ∼
∑

α Jα(r, θ, φ)r3.
Now, we can see that, if divergenceless current distri-

butions are globally localized in the super-strong sense,
such that lim

r→∞
|Jµ(r, θ, φ)|r3 = 0, for any fixed direction

in the space, then their total currents converge to zero.
This is a condition of sufficiency.

If divergenceless current distributions are globally
localized, but their Cartesian components go to zero
like 1/r3, for any fixed direction in the space, then,
rJ(r)·da goes to a constant, in all directions. Therefore,
we can conclude that its closed surface integral, in the
limiting process, will be finite, that is, their total currents
converge to a non-zero constant. This is also a condition
of sufficiency.

Nevertheless, if the divergenceless current distribu-
tions are globally localized, but their Cartesian compo-
nents go to zero slower than 1/r3, for any fixed direction
in the space, then, nothing can be said, in general,
about the convergence of the total current, without
assuming additional hypothesis about the details of the
distribution. Indeed, in these cases, we know that the
vector integrand rJ(r) · da diverges in all directions,
but we cannot conclude from that, in general, that its
integral over a closed surface located at infinity will
necessarily diverge.

Although we cannot conclude anything when rJ(r) ·
da diverges, what we can do is to establish that a
sufficient condition to the total current to possibly con-
verge or to diverge slower than r2 is that divergenceless
current distributions are globally localized in the semi-
strong sense.

Indeed, given the Cartesian components Jµ(r, θ, φ)
of the current density, we have, asymptotically – that
is, from r > a, where a is a sufficiently large positive
constant:

lim
r→∞

|Jµ(r, θ, φ)|r = 0

⇒ |Jµ(r, θ, φ)| < r−1 ⇒ |Jµ(r, θ, φ)|r3 < r2
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⇒
∫
dΩ|Jµ(r, θ, φ)|r3 <

∫
dΩr2

⇒
∮

S→∞
rJ(r) · da < 4πr2|r→∞

a r̂. (17)

Obviously, according to the results in Appendix A, if
the semi-strong global localization is a sufficient condi-
tion, then the strictly semi-strong global localization is
also sufficient. This result will prove useful in section 4.

3. Coulomb and Biot-Savart Improper
Integrals as Formal Solutions and the
Localization Conditions to Charge
and Current Distributions

3.1. Coulomb and Biot-Savart laws as formal
solutions

Let’s turn to the problem related to the solutions of the
field equations (1) and (2). In this respect, it can be
shown that their formal solutions are provided by the
so-called Coulomb and Biot-Savart laws, respectively,
expressed by the following improper integrals performed
over the entire Euclidean space:

E(r) = 1
4πε0

∫
V →R3

ρ(r′) (r − r′)
|r − r′|3

dτ ′; (18)

B(r) = µ0

4π

∫
V →R3

J(r′) × (r − r′)
|r − r′|3

dτ ′. (19)

We should now emphasize the fact that, mathemati-
cally, Coulomb and Biot-Savart laws are, in general, lim-
iting processes, because we are assuming the possibility
that the charge and current distributions are infinitely
extended.

The verification of what we call the formal valid-
ity of these laws is done by substituting the integral
expressions (18) and (19) respectively into the differ-
ential equations (1) and (2). As far as Coulomb law
is concerned, satisfying formally the local equations (1)
does not require any conditions on the localization of the
charge distributions.

However, regarding the Biot-Savart law, for the local
equations (2) to be formally satisfied – more specifically,
Ampère law – a necessary condition is required on the
following integral, involving the current densities, on a
surface located at infinity [7, p. 233]:∮

S→∞

r − r′

|r − r′|3
J(r′) · da′ → 0. (20)

Eq. (20) provides the second example of a necessary
condition expressed by a closed surface integral located at
infinity. According to the discussion regarding the total
flux of currents (4), we already know that eq. (20) cannot
impose any specific necessary condition on the current
densities. On the other hand, if all that was required
was its satisfaction, then, weak global localization would

already be sufficient. This result can be demonstrated
as follows.

First, note that it is sufficient to satisfy (20)
that, for any fixed direction in the space,
lim

r′→∞
r−r′

|r−r′|3 J(r′) · da′ = 0. The asymptotic behavior

of the geometric factor r−r′

|r−r′|3 is such that, for any
fixed direction in the space, r−r′

|r−r′|3 (r′ → ∞, θ′, φ′) ∼
r′

r′3 = 1
r′2 r̂. We already know that J(r′) · da′ ∼∑

µ Jµ(r′, θ′, φ′)r′2, where Jµ denotes the Cartesian
components of the current density.

Therefore, the asymptotic behavior of the inte-
grand of the surface integral (20) is given by

1
r′2

∑
µ Jµ(r′, θ′, φ′)r′2, from which we have r−r′

|r−r′|3 J(r′)·
da′ ∼

∑
µ Jµ(r′, θ′, φ′)r̂.

Therefore, it is sufficient to satisfy the condi-
tion (20) that, for any fixed direction in space,
lim

r′→∞
|Jµ(r′, θ′, φ′)| = 0, from which we conclude that

weak global localization is a sufficient condition.
It may seem particularly strange that a necessary

asymptotic condition appears only in the case of formal
satisfaction of Ampère law by Biot-Savart law. After all,
both Coulomb and Biot-Savart laws exhibit the same
behavior with regard to the geometric factor present
in their integrands. However, from the point of view of
formal satisfaction, the vector content of the integrands
matters. The surface term (20) that appears in the
specific case of Biot-Savart law is due to the fact that its
integrand consists of a vector product.

In any case, as we will see next, the weak global local-
ization of the current densities is still not sufficient to
guarantee that the improper integral (19) is convergent –
just as the absence of any conditions on the localization
of the charge distributions does not guarantee that the
improper integral (18) is convergent too. This shows that
the mere formal satisfaction of the field equations is not
a criterion for what we will call the good definition of
Coulomb and Biot-Savart laws.

3.2. The good definitions of the Coulomb and
Biot-Savart laws

Let’s move to the problem of the good definition of
Coulomb and Biot-Savart laws. We said that these laws
have merely formal validity because the electrostatic and
magnetostatic fields are not necessarily mathematically
well defined by the expressions (18) and (19) if those
improper integrals do not provide finite results, in the
limiting process, for all points of space located at a finite
distance. We will, therefore, say that the Coulomb and
Biot-Savart laws are well defined precisely if, and only if,
the improper integrals that represent them are convergent
in the limiting process.

In addition to the requirement that charge densities be
bounded everywhere and (at least piecewise) continuous,
an inspection of the form of the improper integral of
Coulomb law suggests that, in general, it is a sufficient
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condition for its good definition that the charge densities
are globally localized, in the strictly semi-strong sense.

This result can be demonstrated by following a pro-
cedure analogous to the proof that was developed to
obtain a sufficient condition for the finiteness of the total
charge of a distribution (eq. (5)). To prove it, we should
demonstrate that:

lim
r′→∞

|ρ(r′)|r′1+ε = 0 ⇒
∫

V →R3
ρ(r′) (r − r′)

|r − r′|3
dτ ′ < ∞;

(21)
for any positive constant ε > 0, that can be chosen as
small as we want.

In the Appendix B, we demonstrate, under conve-
nient but mild suppositions, that the convergence of
the volume integral of Coulomb law depends on the
convergence of the improper integrals g(θ′, φ′; a) =∫ r′→∞

a
ρ(r′, θ′, φ′)dr′, where a > 0 is a sufficiently large

positive constant, provided that the resulting functions
be sufficiently well behaved in the interval of definition
of the angular variables.

In Appendix A, throughout eqs. (A.1–A.4), we demon-
strated that, if f(r′) is a bounded function throughout
the interval 0 ≤ r′ < ∞, it is asymptotically continuous
and positive and decays to zero, at infinite, then, the
implication lim

r′→∞
f(r′)r′1+ε = 0 ⇒

∫ r′→∞
a

f(r′)dr′ < ∞
is true, for any positive constant ε > 0, where a > 0 is
a sufficiently large positive constant (eq. A.4).

Now, if, for, any fixed direction in space, we choose
f(r′) ∼ |ρ(r′, θ′, φ′)|, then:

lim
r′→∞

|ρ(r′, θ′, φ′)|r′1+ε = 0

⇒
∫ r′→∞

a

|ρ(r′, θ′, φ′)|dr′ < ∞

⇒
∫ r′→∞

a

ρ(r′, θ′, φ′)dr′ < ∞; (22)

for any positive constant ε > 0, where a > 0 is a
sufficiently large positive constant8.

Finally, we can conclude, following eq. (B.11)
of Appendix B, that the improper integral∫

V →R3 ρ(r′) (r−r′)
|r−r′|3 dτ

′ converges and, therefore, the
Coulomb law is well-defined, provided the charge density
is bounded everywhere, is asymptotically continuous, and
represents a globally localized distribution, in the strictly
semi-strong sense.

Now, it is not so surprising that global localization,
in the strictly semi-strong sense, cannot be a neces-
sary condition for the good definition of Coulomb law,
because is not true that

∫
V →R3 ρ(r′) (r−r′)

|r−r′|3 dτ
′ < ∞ ⇒

lim
r′→∞

|ρ(r′)|r′1+ε = 0, in general, even if the distributions
are globally localized.

8 Again, if a function f(r) is absolutely integrable on the interval
[a, ∞), then it is integrable on this interval.

An analogous inspection of the Biot-Savart law also
shows that, for current distributions given by general
vector fields J(r′) – that is, not necessarily divergence-
less –, in addition to satisfying the requirements of
boundness and (at least piecewise) continuity, it is also
a sufficient, but not necessary, condition for its good
definition that the Cartesian components of the current
densities are globally localized in the strictly semi-strong
sense.

By the way, even though current distributions must
be divergenceless in magnetostatics, this constraint has
nothing to do with the good definition of Biot-Savart
law, because it is not “embedded” within the improper
integral (19). Of course, the divergenceless of the current
densities is implicated by Ampère law, and this require-
ment must always accompany Biot-Savart law.

As before, the convergence of integral (19) is com-
pletely determined by the asymptotic behavior of
|J(r′)|, so we must investigate the behavior of the
improper integral in the “tail” of the distribution, that
is, investigate

∫
dΩ′ ∫ r′→∞

a
|J(r′, θ′, φ′)| × (r−r′)

|r−r′|3 r
′2dr′.

The reasoning to be developed here is exactly the same
as that developed above, which is why it is unnecessary
to repeat it.

Note, however, that the presence of the vector product
in the integrand would require us to be a little more
careful. It is always possible that the Cartesian com-
ponents of vector products contain differences between
two terms that can behave asymptotically in the same
way. If this is the case, to deal with these differences
it is important to extract common factors that allow
the differences to remain finite in the limiting process,
allowing asymptotic behavior to be deduced from the
behavior of the extracted factors.

Fortunately, there is no reason to be concerned unless
the vector products involve purely geometric factors
which may be geometrically correlated. In the Biot-
Savart law, the arbitrariness of the vector field J(r′)
excludes, in general, the possibility of correlation and,
therefore, excludes the appearance of differences that
behave asymptotically in an identical way.

It is important to emphasize once that, although the
strictly semi-strong condition of global localization is
sufficient for the good definition of the improper integral
expressions (18) and (19), it is not a necessary condition
at all. The fact is that, in the presence of symmetries, it
can be proved that some charge or current distributions
that are weakly localized, partially localized or even non-
localized at all can be also sufficient for the integrals of
the Coulomb or Biot-Savart laws to converge.

Indeed, in a variety of configurations where sym-
metries appear, it is always feasible to attain a cer-
tain degree of “relaxation” of the strictly semi-strong
global localization conditions. However, the nature or
the extent of these relaxations are contingent upon the
constraints imposed on the asymptotic forms of the
fields, as will be briefly illustrated, in the section 4, in
the case of spherically symmetric charge distributions.
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In certain instances, relaxation can be achieved on
the global localization requirement itself. Indeed, distri-
butions exhibiting cylindrical or rectangular symmetries
can be only partially localized, yet the electrostatic and
magnetostatic fields are well defined by their improper
integrals.

In other cases, relaxation can be achieved on
the strictly semi-strong localization requirement. For
instance, charge distributions exhibiting spherical sym-
metry can be weakly localized, or even non-localized
at all, yet the electrostatic fields are well defined by
Coulomb law.

3.3. The spherically symmetric charge
distribution as an example

To illustrate this latter case, consider the following
example of a class of spherically symmetric charge
densities:

ρ(r) = ρ(r) =
{
ρcte (r ≤ R);
ρctef(r) (r ≥ R). (23)

In this expression, ρcte is a constant, which is designed
to ensure that the charge density is finite at the origin
(r = 0). The function f(r) is an arbitrary function, but it
is required to be bounded, continuous, and subject to the
condition f(R) = 1. This last condition is designed to
ensure the continuity of the charge density at all points
in the Euclidean space9.

Substituting the charge distribution (23) into
Coulomb law (18), followed by integration of the angular
variables, yields the following result for r > R:

E(r) = ρcte

ε0

1
r2

{
R3

3 + g(r;R) + 1
2r

2s(r; ∞)
}
r̂;

r > R; (24)

where:

g(r;R) =
∫ r

R

f(r′)r′2dr′;

s(r; ∞) =
∫ ∞

r

f(r′)r′2k(r, r′)dr′; r > R.

(25)

In eqs. (24–25), g(r;R) is always a finite function if
r < ∞, regardless of the functional form of the function
f(r), since it satisfies the conditions given above. The
really noteworthy fact, however, is that the function k
is identically equal to zero: k(r, r′) ≡ 0, as can be easily
verified. Thus, it follows that s(r; ∞) ≡ 0.

Therefore, the electrostatic fields corresponding to
any spherically symmetric charge distributions given by
class (23), are perfectly well defined by:

E(r) = ρcte

ε0

1
r2

{
R3

3 + g(r;R)
}
r̂; r > R. (26)

9 These requirements are not really necessary, as the charge density
could be defined to be piecewise continuous.

It can be seen that this solution is compatible with
the field equations, as well as with the stipulation
made about the functional form of the charge density.
Therefore, Coulomb law is a well-defined representation
of the solution to the field equations, regardless of the
specific functional form of the spherically symmetrical
charge distribution, even when it is not even localized10.

This example illustrates the fact that, in general, there
are no necessary conditions that must be imposed on
the localization of the charge distributions for Coulomb
law to constitute a well-defined representation of the
solutions to the field equations in electrostatics11. This
conclusion naturally extends to the case of the Biot-
Savart law in magnetostatics.

Finally, it is also worth emphasizing that the good def-
inition of the improper integrals that represent Coulomb
and Biot-Savart laws does not depend on the fact that
these integrals can actually be carried out, in the sense
that the fields are represented in terms of elementary
functions.

On the other hand, if the fields can be obtained, by
some other method, in terms of elementary functions,
then the Coulomb and Biot-Savart laws must necessarily
be able to be effectively integrated.

4. Uniqueness Conditions on the
Electrostatic and Magnetostatic
Fields

4.1. Regularity conditions

We should now address a final issue: in the absence
of additional conditions, the Coulomb and Biot-Savart
laws do not necessarily provide unique solutions to the
field equations. In fact, due to the linearity of the field
equations, to the expressions (18) and (19) can be added
any arbitrary fields that have zero divergence and zero
curl at all points in space.

The uniqueness of the solutions of the field equations
is an essential requirement from a physical point of
view, since it is the fields that are responsible for the
interaction forces between bodies made up of electrically
charged matter, in accordance with the fundamental
principle established at the beginning of our discussion,
in section 2. However, the existence and uniqueness
of solutions of partial differential equations depend
crucially on the boundary conditions imposed on them.

At this point, let’s remember that we are only inter-
ested in global solutions of the field equations in the
absence of polarizable, magnetizable and, above all,

10 The reason for that is a known result from Gauss law: whichever
way the electric charge is radially distributed in space, if this
distribution is spherically symmetric, the contribution to the field
at points r < R from every (possibly infinite) quantity of charge
in the spherical shells beyond the radius R of a sphere centered on
the origin must be precisely zero.
11 In addition, obviously, to the necessary condition represented
by the convergence of the improper integral itself.
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conductive matter – and, therefore, in the absence of sur-
face charge densities formed on equipotential surfaces.
For this reason, existence and uniqueness must require
boundary conditions with respect to the behavior of the
electrostatic and magnetostatic fields on surfaces located
at infinity.

Before we proceed any further, it is important to
establish the following result. Let F (r) be a bounded
field, continuous and differentiable everywhere, and that
satisfies the following conditions at all points of the
Euclidean space: (i) ∇ · F (r) = 0; (ii) ∇ × F (r) = 0;
(iii) |F (r)| → 0, when r → ∞. Then, F (r) must be an
identically null field.

To reach this conclusion, note that, according to (ii),
∇ × (∇ × F (r)) = 0 and, using the vector identity
that allows to rewrite the double curl, we have ∇(∇ ·
F (r)) − ∇2F (r) = 0. By condition (i), we conclude
that ∇2F (r) = 0. Therefore, the Cartesian components
of F (r) satisfy Laplace’s equation at all points in
Euclidean space, that is, they are harmonic functions.
By Liouville’s theorem [31], harmonic functions that are
divergenceless and curless are necessarily constant. So,
given the asymptotic condition (iii), F (r) must be an
identically zero field12.

In view of this result, it is easy to conclude that suf-
ficient boundary conditions to guarantee the uniqueness
of the solutions to the field equations are such that
the electrostatic and magnetostatic fields asymptotically
vanish, that is, for any fixed direction in the space,
E(r → ∞, θ, φ) → 0 and B(r → ∞, θ, φ) → 0,
regardless the way they approach zero. However, we can
see that these conditions are not the most general ones.

Indeed, suppose the boundary condition is set so that
the field takes on a constant magnitude (zero or non-
zero) at infinity, and a solution to the field equations
has been found that satisfies the boundary condition.
This solution is unique. In fact, suppose that there is
another solution that satisfies the field equations and the
fixed (zero or non-zero) constant boundary condition.
The difference between the two solutions must be a field
which, due to the linearity of the field equations and the
boundary condition, has zero divergence and zero curl at
all points in space and that also vanish asymptotically.
Since only a null field satisfies these conditions, then the
second solution is necessarily equal to the first.

Among other examples of configurations whose fields
satisfy non-zero asymptotic boundary conditions, we can
take the cases for certain partially localized charge (or
current) distributions that exhibit rectangular symme-
try. Given a system of Cartesian coordinates, we can con-
sider, as an example, homogeneous and uniform charge
(or current) distributions that are infinitely extended
in the x and y directions, with precisely the x − y
plane as the plane of symmetry, and that are zero when
|z| > h > 0, where 2h is the thickness of the infinite
rectangular volume.
12 See also the proof given by Milton and Schwinger [14, p. 7].

The solutions for this case are well known and can even
be easily obtained by integrating Coulomb and Biot-
Savart laws. They consist of electrostatic and magne-
tostatic fields that are uniform, in the empty regions
of space, whose asymptotic values at z → ±∞ are
obviously not zero. These solutions are nevertheless
unique, since only a null field could be added to them
without violating the field equations and the asymptotic
boundary condition.

Weakly localized spherically symmetric distributions of
charge can also satisfy constant, non-zero boundary con-
ditions without violating the uniqueness of the solutions,
as will be seen below.

From this brief discussion, we conclude that the
necessary conditions for the uniqueness of solutions to
field equations consist of imposing boundary conditions
such that the fields are asymptotically finite, that is, that
the fields satisfy the so-called regularity conditions [20,
p. 168].

In fact, suppose that a boundary condition is set so
that the fields diverge asymptotically and solutions have
been found that satisfy this condition. These solutions
cannot be unique, since any uniform fields that are
added to them would provide other solutions that would
also satisfy the field equations and the same (infinite)
boundary condition.

Having found the asymptotic conditions that must
necessarily be satisfied by the fields, we could investigate
the kinds of restrictions they possibly impose on the
localization of the charge and current distributions.

4.2. Regularity conditions: an illustration with
spherically symmetric charge distributions

For example, let’s return to the spherically symmetric
charge distributions given by eq. (23). It can be seen
from a simple inspection of its general solution, given
by eq. (26), that for the radial component of the elec-
trostatic field to be asymptotically zero, the asymptotic
behavior of the function g(r;R), given in eq. (25), must
be such that this function goes to zero at infinity or, at
most, diverges slower than r2.

It is easy to prove that, in this particular case of
spherically symmetric distributions, any globally local-
ized distribution in the semi-strong sense is already
sufficient to satisfy the regularity condition given by
E(r → ∞) → 0. Indeed, according to eq. (A.11), from
Appendix A, for r > 0 and ε = 0, with a > 0 a
sufficiently large positive constant, we have:

lim
r→∞

|f(r)|r = 0

⇒ |f(r)| < r−1 ⇒ |f(r)|r2 < r

⇒
∫ r→∞

a

|f(r)|r2dr <

∫ r→∞

a

r dr ∼ r2|r→∞
a

⇒ g(r; a) < r2|r→∞
a . (27)
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For example, suppose we require g(r → ∞;R) ∼ r. To
do so, we should impose that f(r → ∞) ∼ r−2. The elec-
trostatic field generated by the charge distribution (23),
with f(r) = R2

r2 , is given, from eq. (26), by:

E(r) = ρcte

ε0

{
−2R3

3
1
r2 +R2 1

r

}
r̂; r > R. (28)

If, on the other hand, we impose the regularity
condition given by E(r → ∞) → a ̸= 0, it turns out that
the constant a must be precisely a = ρcte

e0
R
2 and that

f(r → ∞) ∼ r−1, which corresponds to the minimum
necessary for the distribution to be classified as weakly
localized. The solution will be given, from eq. (26), by:

E(r) = ρcte

ε0

{
−R3

6
1
r2 + R

2

}
r̂; r > R. (29)

The weak case with f(r → ∞) ∼ r−1 is a threshold
one. Any spherically symmetric charge distribution that
is weaklier localized will implicate an asymptotically
divergent electrostatic field, violating the uniqueness
requirement.

4.3. Compatibility between regularity conditions
and localization conditions in electrostatics

The various ways in which the conditions of regularity
over the fields impose general conditions on the localiz-
ability of charge distribution and current distribution are
a major issue. To address this problem in a completely
general way, it would be necessary to return to field
equations (1) and (2) to investigate the asymptotic rela-
tionships they establish respectively between charge and
current densities and the derivatives of the electrostatic
and magnetostatic field components. In principle, once
we know how the fields behave asymptotically, we can
infer how their derivatives behave and, therefore, what
the behaviors of the densities should be.

However, we will not pursue this general goal in this
work. That would require its own investigation, that
would be too detailed and would divert us to much
from our fundamental purpose, namely, to deduce and
to obtain comprehensive sufficient conditions for the
validity of Coulomb and Biot-Savart laws.

What we can do easily, however, is ask ourselves
whether it is possible to find conditions regarding the
localization of charge and current distributions that are
at least compatible with the conditions of regularity
over the electrostatic and magnetostatic fields – without,
however, establishing, in general, conditions of suffi-
ciency or necessity.

To this end, in the case of electrostatics, instead of
trying to analyze the differential equations (1) directly,
it is more illuminating to analyze the problem from the
perspective of the asymptotic behavior of the bound-
ary integral law that involves the charge distribution,

namely, the Gauss law:∮
S→∞

E(r) · da = 1
ε0

∫
V →R3

ρ(r)dτ. (30)

Naturally, an evaluation of the asymptotic behavior of
the closed surface integral in eq. (30) – the total flux of
the electrostatic field – involves an evaluation limited to
the radial component of the electrostatic field. Thus, we
must keep in mind that the total flux depends on the
asymptotic behavior of E(r) ·da, given by Er(r, θ, φ)r2,
or else

∑
µ Eµ(r, θ, φ)r2.

We already know that, according to the analysis of
section 2, following eq. (5), if the distributions are glob-
ally localized, a sufficient condition to the convergence
of the right-hand side of eq. (30) – the total charge – is
strictly super-strong global localization, given by eq. (6).

We also know that sufficient conditions for the total
charge to be finite or to diverge slower than r2 is that the
distributions are globally localized in the semi-strong or
in the strictly semi-strong sense, according to the eq. (9).

Finally, a sufficient condition to the divergence of the
total charge as slow as r2 is that the distributions are
globally localized in the weak sense and are asymptoti-
cally spherically symmetric, according to the eq. (10).

Based on these results, we can distinguish four inter-
esting cases.
(i) If, for any fixed direction in space, the electrostatic
field behaves asymptotically such that the magnitudes
of its Cartesian components go to zero faster than 1/r2,
that is, lim

r→∞
|Eµ(r, θ, φ)|r2 = 0, then, the total flux of the

electrostatic field goes to zero. To see this, we can resort
to the discussion of the total flux of currents, since the
behavior of the total flux of a vector field is independent
of its nature. From Gauss law, we conclude that the total
charge of the distribution must go to zero either. By the
way, this is the same as saying that the term of monopole
of the entire distribution is zero.

According to the discussion about the finiteness of the
total charge, this is (at least) possible if the positive and
the negative contributions of infinitely extended charge
distributions cancel each other out asymptotically faster
than 1/r3+ε, for some ε > 0, or even, if they cancel each
other in absolutely localized distributions.

If the distributions are absolutely localized, with zero
total charge, it is safe to say that this is sufficient to
satisfy the above specified regularity condition on the
electrostatic fields.

However, if the distributions are infinitely extended,
the most that can be said is that the regularity condition
given by the electrostatic field going to zero faster than
1/r2 and the condition of strictly super-strong global
localization – whenever their total charges are equal to
zero – are compatible with each other.

Therefore, only a compatibility relationship between
regularity and localization can be safely established.
This is so because Gauss law – without the requirement
that the curl of the electrostatic fields must be identically
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zero and without the imposition of additional conditions
on the functional forms of the charge densities – is unable
to establish relations of necessity or sufficiency between
the asymptotic behaviors of the fields and the charge
distributions.

(ii) Similarly, if the electrostatic field behaves asymptot-
ically like |Eµ(r, θ, φ)| ∼ r−2 and is asymptotically sym-
metric, then, the total flux of the field goes to a non-zero
constant. So, the total charge of the distribution – that
is, the term of monopole of the entire distribution – must
go to a non-zero constant too.

Again, if the distributions are absolutely localized,
with total charge different from zero, it is safe to say that
this is sufficient to satisfy the given regularity condition.

The case of absolute localization can be clearly
observed, for example, from the class of spherically
symmetric distributions defined by eq. (23). For the
electrostatic field, given by eq. (26), to behave asymp-
totically as r−2, it is sufficient that the integral g(r;R),
given in eq. (25), is identically null. However, this is only
possible if the function f(r) is zero, which means that
the class of distributions (23) would be in fact finitely
extended.

On the other hand, if the distributions are infinitely
extended, the most we can say from Gauss law alone
is that the condition of regularity with asymptotically
symmetric electrostatic fields going to zero like 1/r2 is
compatible with the condition of global localization in a
strictly super-strong sense – whenever their total charges
are constants different from zero.

(iii) If, for any fixed direction in space, the electrostatic
field behaves asymptotically such that the magnitudes
of its Cartesian components go to zero slower than 1/r2,
that is, lim

r→∞
|Eµ(r, θ, φ)|r2 → ∞, in an asymptotically

symmetric manner, then, the total flux of the electro-
static field diverges. Thus, we should conclude that the
total charge diverges either.

Nevertheless, although the total flux diverges, it can-
not diverge faster than r2, given the regularity condition
lim

r→∞
|Eµ(r, θ, φ)| = 0 (or a cte ̸= 0). We should conclude

that the total charge diverges but not faster than r2.
In this case, the most we can say, as before, is that

the condition of regularity with asymptotically symmetric
electrostatic fields going to zero slower than 1/r2 is
compatible with the condition of global localization in a
semi-strong – or even strictly semi-strong sense.

(iv) Finally, it remains to be investigated what happens
when the electrostatic field goes asymptotically towards
a constant, in an asymptotically symmetric manner. In
this case, the total flux of the field and, consequently, the
total charge of the infinitely extended distribution must
necessarily diverge quadratically. This is compatible
with the asymptotic symmetric global localization in the
weak sense, with |ρ(r → ∞, θ, φ)| ∼ r−1. The globally
spherically symmetric example is given by eq. (29).

4.4. Compatibility between regularity conditions
and localization conditions in
magnetostatics

We can move to the case of magnetostatics. Here, it is
also more illuminating to analyze the problem from the
perspective of the asymptotic behavior of the volume
integral of the Ampère law, establishing a boundary
integral law that could be called the “Gauss-Ampère
law”:∫

V →R3
∇ × Bdτ = µ0

∫
V →R3

J(r)dτ

⇒
∮

S→∞
da × B(r) = µ0

∫
V →R3

J(r)dτ. (31)

To obtain eq. (31), we used the vector identity that
allows us to express the volume integral of the curl of
a vector field as a closed surface integral of this vector
field. Note that, in this way, we have made the total
current of the distribution appear on the right-hand side
of eq. (31).

As in the previous analysis, only compatibilities
between regularity and localization can be safely estab-
lished. This is so because Gauss-Ampère law – without
the requirement that the divergence of the magnetostatic
fields must be identically zero and without the imposi-
tion of additional conditions on the functional forms of
the current densities – is unable to establish relations of
necessity or sufficiency between the asymptotic behav-
iors of the fields and the current distributions.

Naturally, an evaluation of the asymptotic behavior of
the closed surface integral in eq. (31) involves an evalua-
tion limited to the transverse components of the magne-
tostatic field. However, we are interested in the Cartesian
components of the surface integral. We know that, while
the azimuthal component of the magnetostatic field
involves only its x and y Cartesian components, the
polar component involves all the Cartesian components
of B(r). The expansion of the vector product da×B(r)
shows that all the Cartesian components of the integrand
of the surface integral behave likeBµ(r, θ, φ)r2. This
means that the analysis of eq. (31) can be carried out
analogously to the previous electrostatic case.

Again, due to the presence of the vector product,
care should be taken when assessing the asymptotic
behavior of the surface integral in eq. (31). But we
already know that the arbitrariness of functional form of
the vector field B(r) excludes, in general, the possibility
of correlation with the geometric factor da. Thus, in
general, there is no reason to be concerned.

As before, we can distinguish four interesting cases.

(i) If, for any fixed direction in space, the magnetostatic
field behaves asymptotically such that the magnitudes
of its Cartesian components go to zero faster than 1/r2,
that is, such that lim

r→∞
|Bµ(r, θ, φ)|r2 = 0, then, all the

components of
∮

S→∞ da × B(r) go to zero. Thus, we
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conclude that all the components of the total current
must go to zero either.

Distributions absolutely localized have zero total cur-
rent necessarily. Thus, it is safe to say that absolute
localization is sufficient to satisfy the given regularity
condition. By the way, we see that this is consistent with
the fact that the monopole terms of absolutely localized
current distributions are identically zero.

However, if the distributions are infinitely extended,
the most that can be said is that the regularity condition
given by the magnetostatic field going to zero faster than
1/r2 and the condition of super-strong global localiza-
tion – sufficient for the total currents to be zero – are
compatible with each other, according to the discussion
following eq. (16).

(ii) If, for any fixed direction in space, the magnetostatic
field behaves asymptotically like |Bµ(r, θ, φ)| ∼ r−2, in
an asymptotically symmetric manner, then, we see that
all the components of

∮
S→∞ da × B(r) goes to a non-

zero constant. So, all the components of the total current
of the distribution must go to a non-zero constant too.

No absolutely localized distribution can satisfy this
condition. And, if the distributions are infinitely
extended, the most that can be said is that the condition
of regularity with the magnetostatic field going to zero
like 1/r2, in an asymptotically symmetric manner, is
compatible with the condition of global localization with
the Cartesian components of the current density going
to zero like 1/r3.

(iii) If, for any fixed direction in space, the magnetostatic
field behaves asymptotically such that the magnitudes of
its Cartesian components go to zero slower than 1/r2,
such that lim

r→∞
|Bµ(r, θ, φ)|r2 → ∞, in an asymptoti-

cally symmetric manner, then, all the components of∮
S→∞ da×B(r) diverge. Thus, we should conclude that

all the components of the total current diverge either.
Nevertheless, the components of

∮
S→∞ da×B(r) can-

not diverge faster than r2, given the regularity condition
lim

r→∞
|Bµ(r, θ, φ)| = 0 (or a cte ̸= 0). We should conclude

that the total current diverges but not faster than r2.
In this case, the most we can say is that the condition

of regularity with the magnetostatic field going to zero
slower than 1/r2, in an asymptotically symmetric man-
ner, is compatible with the condition of global localization
in a semi-strong sense – or even strictly semi-strong
sense –, according to the discussion involving eq. (17).

(iv) Finally, it remains to be investigated what hap-
pens when the magnetostatic field goes asymptotically
towards a constant, in an asymptotically symmetric
manner. In this case, all the components of

∮
S→∞ da ×

B(r) and, consequently, the components of the total
current of the infinitely extended distribution, must
necessarily diverge quadratically. This is compatible
with asymptotic symmetric global localization in the
weak sense, with |Jµ(r → ∞, θ, φ)| ∼ r−1.

5. Helmholtz Theorem: Sufficient
Conditions for Coulomb and
Biot-Savart Laws

We have already seen that global localization of charge
and current distributions, in the strictly semi-strong
sense, furnish sufficient conditions for the good definition
of Coulomb and Biot-Savart laws. This conclusion was
established without considering how these laws can be
deduced from the field equations.

The fact is, however, that the standard deduction
procedure, based on Helmholtz theorem, seems to suggest
that strictly semi-strong localizations are not sufficient.
On the contrary, it leads one to believe that the sufficient
conditions must be stricter, namely global localizations
in the strictly strong sense. Let’s see why this is the case.

In simplified terms, Helmholtz theorem states that
every vector field F (r) that is asymptotically zero can
be uniquely determined by its divergence and its curl, as
follows:

F (r) = −∇U(r) + ∇ × W (r); (32)

provided that the scalar function U(r) and the vec-
tor function W (r) are well defined by the following
improper integrals:

U(r) = 1
4π

∫
R3

∇ · F (r′)
|r − r′|

dτ ′;

W (r) = 1
4π

∫
R3

∇ × F (r′)
|r − r′|

dτ ′.

(33)

Applied in the context of electromagnetostatics,
Helmholtz theorem guarantees that the electrostatic and
magnetostatic fields can be obtained, respectively, as
derivatives of the scalar potential, V (r), and of the
vector potential, A(r), as follows13:

E(r) = −∇V (r) (i);

V (r) = 1
4πε0

∫
R3

ρ(r′)
|r − r′|

dτ ′ (ii);
(34)

B(r) = ∇ × A(r) (i);

A(r) = µ0

4π

∫
R3

J(r′)
|r − r′|

dτ ′ (ii).
(35)

By formally calculating the derivatives of the poten-
tials given by their respective improper integrals, we
obtain, as a corollary, that the (unique) solutions to the
field equations are given precisely by Coulomb and Biot-
Savart laws.

13 The fact that Euclidean space is simply connected is sufficient
to ensure that the electrostatic and the magnetostatic field can
be respectively represented by global and single-valued scalar and
vector potentials at all points in space, although to be simply
connected is not a strictly necessary condition to that.
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The problem now becomes evident, because the elec-
trostatic and magnetostatic fields are only defined if the
scalar and vector potentials are well-defined, that is, if
the improper integrals that represent them converge.
But for this to happen, strictly semi-strong global local-
izations are not sufficient.

Indeed, if we repeat, for the improper integrals that
define the potentials, the same type of reasoning that
allowed us to determine sufficient conditions for the
convergence of the previous volume integrals – namely,
eqs. (5), (18) and (19) – the only thing we are allowed to
conclude, in terms of conditions of sufficiency, is that, if
the distributions are globally localized, then, they must
be so in a strictly strong sense.

By way of illustration, let’s return once again to the
example of spherically symmetric charge distributions,
which we studied in the previous sections. Given the
electrostatic potential (eq. 34.ii) and the charge distri-
bution (eq. 23), the integration of the angular variables
gives, for r > R:

V (r) = ρcte

ε0

1
r

{
R3

3 + g(r;R) + rh(r; ∞)
}

; r > R;

(36)

where:

g(r;R) =
∫ r

R

f(r′)r′2dr′;

h(r; ∞) =
∫ ∞

r

f(r′)r′dr′; r > R.

(37)

Note that, from the point of view of the localization
conditions, the situation involving the good definition of
the electrostatic potential (eqs. 36–37) is different from
the situation involving the good definition of Coulomb
law (eqs. 24–25).

In fact, if, for simplicity, we restrict ourselves to
inverse power laws, the convergence of the last inte-
gration, given by h(r; ∞), is not guaranteed if we only
require that f(r′) decays faster than r−1+ε, with ε > 0
being an arbitrary positive constant. On the other hand,
convergence is guaranteed if we require that it decays
faster than r−2+ε, with ε > 0 being an arbitrary positive
constant – that can be as small as we want. That is,
convergence is guaranteed if we require strictly strong
global localization.

Nevertheless, we know that, if the electrostatic field
exists, then a global and single-valued potential also
exists and is given uniquely – apart from a constant fixed
by the value of the potential at an arbitrary reference
point O – by:

V (r) = −
∫ r

O

E(r′) · dl′ + V (O). (38)

That way, from eq. (38), by using eqs. (25–26), we will
have, for r > R:

V (r) = −
∫ r

r(O)

ρcte

ε0

1
r′2

{
R3

3 +
∫ r′

R

f(r′′)r′′2dr′′

}
·dr′ + V (O) r > r′ > R.

(39)

This expression is perfectly well defined, since the
results of radial coordinate integrations are always finite,
if r, r′ < ∞, and if the reference point r(O) is finite.
And this happens regardless of the functional form of the
function f(r) – assuming that it is a bounded and con-
tinuous (or piecewise continuous) function everywhere.
We can see that the potential given by eq. (39) correctly
gives back the corresponding electrostatic field, given by
eq. (26).

Let’s say, from the spherically symmetric example
given by the charge distribution (23), that f(r) = R2

r2 .
The electrostatic potential generated in this case – which
is globally localized, but in a strictly semi-strong sense –
will be given, except for a constant, from eq. (39), by:

V (r) = −ρcte

ε0

{
2R3

3
1
r

+R2 ln(r)
}

; r > R. (40)

If we take the gradient of this expression, we can
recover the expression given in eq. (28) for the electro-
static field associated with this distribution.

Let’s say, again as an example, that f(r) = R
r . The

electrostatic potential generated in this case – which is
globally localized, but in the weak sense – will be given,
except for a constant, from eq. (39), by:

V (r) = −ρcte

ε0

{
R3

6
1
r

+ R

2 r
}

; r > R. (41)

If we take the gradient of this expression, we recover
the expression given in eq. (29) for the electrostatic field
associated with this distribution.

This brief discussion is sufficient to establish a general
fact: to deduce Coulomb and Biot-Savart laws as valid
representations to the electrostatic and magnetostatic
fields, Helmholtz theorem requires that the potentials
be well defined by improper integrals. However, this does
not allow us to obtain the strictly semi-strong localiza-
tion conditions that we know to be sufficient for the
good definition of the laws. On the contrary, Helmholtz
theorem suggests that the sufficient conditions must be
more restrictive.

The fact that a procedure for deducing Coulomb and
Biot-Savart laws as well-defined and unique solutions to
the field equations seems to require a restriction on the
localization of the charge and current distributions that
neither the field equations nor the solutions themselves
require is not without some discomfort.

In view of the discussion we’ve had, the first suspicion
as to why this is the case is the need to define the
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potentials in terms of the improper integrals. For this
reason, we will investigate whether alternative deduction
procedures that dispense with explicit integral represen-
tations of the potentials are able to remove this apparent
difficulty.

6. Deduction of the Coulomb Law and
Global Localization Conditions for
Charge Distributions

6.1. Deduction of the Coulomb law from the
electrostatic field equations

Let’s start by deducing Coulomb law. Take the field
equation for the divergence of the electrostatic field
(eq. (1.i)), multiply both sides by the geometric factor
(r−r′)
|r−r′|3 and integrate over a finite volume V :

∇′ · E(r′) = 1
ε0
ρ(r′)

⇒
∫

V

∇′ · E(r′) (r − r′)
|r − r′|3

dτ ′

= 1
ε0

∫
V

ρ(r′) (r − r′)
|r − r′|3

dτ ′. (42)

The idea behind this deduction is to find necessary
conditions for the left-hand side of eq. (42) to be equal to
4πE(r), thus obtaining the mathematical demonstration
of the Coulomb law.

Before continuing, it is important to clarify that,
under integration, there is no reason to be concerned
about the fact that the geometric factor becomes inde-
terminate whenever r = r′. This simple, but impor-
tant result is proved, for example, by Stratton [20,
p. 170–171].

The field equation eq. (1.ii) for the curl of the
electrostatic field necessarily implies the existence of a
scalar potential V (r′), such that E(r′) = −∇′V (r′)14.
We can therefore write the left-hand side of eq. (42) as
follows:∫

V

∇′ · E(r′) (r − r′)
|r − r′|3

dτ ′

= −
∫

V

∇2′
V (r′) (r − r′)

|r − r′|3
dτ ′

= −
∫

V

∇2′
V (r′)∇′

[
1

|r − r′|

]
dτ ′; (43)

where ∇2′ denotes the Laplacian operator with respect
to r′ and:

(r − r′)
|r − r′|3

= ∇′
[

1
|r − r′|

]
. (44)

14 As noted in footnote 13, the fact that Euclidean space is simply
connected is sufficient to ensure that the electrostatic field can be
represented by a global and single-valued scalar potential at all
points in space – although, due to gauge symmetry, the potentials
cannot be unique.

From this point on, it becomes more convenient to use
the covariant notation for Cartesian tensors, so that one
can write:

∇′
[

1
|r − r′|

]
≡ ∇′f ≡ (∂′νf)êν ; (45)

∇2′
V (r′) ≡ ∇′ · (∇′V (r′)) ≡ ∂′µ∂′

µV ; (46)

where êν = {ê1, ê2, ê3} = {x̂, ŷ, ẑ} is the basis of
Cartesian unit vectors (constants), which allows an
arbitrary vector D to be represented by the linear
combination Dν êν of the elements of the basis. Note
that we now assume Einstein’s summation convention
for Cartesian indices µ, ν = 1, 2, 3 which are repeated15.

Using eqs. (44–46), we can write the first term of
eq. (43) as:∫

V

∇′ · E(r′) (r − r′)
|r − r′|3

dτ ′

= −êν

∫
V

(∂′µ∂′
µV )(∂′νf)dτ ′. (47)

Let’s now consider the Green’s first identity (in covari-
ant form), valid for arbitrary scalar functions φ(r′) and
ψ(r′). Green’s first identity makes it possible to relate
an integration over a volume V to an integration over
the closed surface S that delimits it, as follows:∫

V

[φ(∂′µ∂′
µψ) + (∂′µψ)(∂′

µφ)]dτ ′ =
∮

S

φ(∂′µψ)da′
µ.

(48)

If we identify φ = ∂′νf and ψ = V , we can use the
identity (48) to manipulate separately each component
ν of the vector that constitutes the right-hand side of
eq. (47), in order to perform a first integration by parts
and obtain a first boundary term:

−
∫

V

(∂′νf)(∂′µ∂′
µV )dτ ′

= −
∮

S

(∂′νf)(∂′µV )da′
µ +

∫
V

[(∂′µV )(∂′
µ∂

′νf)]dτ ′.

(49)

Now, if we identify φ = V and ψ = ∂′νf , we can
again use the identity (48) in the second term on the
right-hand side of eq. (49), in order to perform a second
integration by parts and obtain a second boundary term.

15 As these are tensors in Euclidean space, we can raise and lower
indices without worrying about changes of sign between covariant
and contravariant components. The only precautions that must
be taken are to always keep in alternating positions (contravariant
and covariant) each of the indices that are repeated (contracted
in a sum) in the same side of an equation and to preserve the
covariance of the equations, so that free indices always appear on
their right and left sides in the same positions (contravariant or
covariant).
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Thus, eq. (49) is written as:

−
∫

V

(∂′νf)(∂′µ∂′
µV )dτ ′

= −
∮

S

(∂′νf)(∂′µV )da′
µ

+
∮

S

V (∂′µ∂′νf)da′
µ −

∫
V

V ∂′ν(∂′µ∂′
µf)dτ ′.

(50)

A manipulation performed on the last term of eq. (50)
will allow us to realize a third integration by parts, so
that we obtain:

−
∫

V

(∂′νf)(∂′µ∂′
µV )dτ ′

= −
∮

S

(∂′νf)(∂′µV )da′
µ +

∮
S

V ∂′µ(∂′νf)da′
µ

−
∫

V

∂′ν(V ∂′µ∂′
µf)dτ ′ +

∫
V

(∂′νV )(∂′µ∂′
µf)dτ ′.

(51)
We can now recompose the expression of the vector on

the right-hand side of eq. (47) by contracting both sides
of eq. (51) with êν . In this way, it will be possible to
recognize, from the third term on the right-hand side of
eq. (51), the volume integral of the gradient of V ∂′µ∂′

µf .
This volume integral can be converted into a surface
integral, so that a third boundary term is obtained.
Thus, the right-hand side of eq. (47) is written, from
eq. (51), as follows:

− êν

∫
V

(∂′νf)(∂′µ∂′
µV )dτ ′

= −
∮

S

(∂′νf êν)(∂′µV )da′
µ +

∮
S

V da′
µ∂

′µ(∂′νf êν)

−
∮

S

V (∂′µ∂′
µf)êνda

′ν +
∫

V

(êν∂
′νV )(∂′µ∂′

µf)dτ ′.

(52)

We can now reverse eq. (52) to vector notation, using
eqs. (45) and (46), so that the left-hand side of eq. (42)
is written as:∫

V

∇′ · E(r′) (r − r′)
|r − r′|3

dτ ′

= −
∫

V

∇2′
V (r′)∇′

[
1

|r − r′|

]
dτ ′

= −
∮

S

∇′
[

1
|r − r′|

]
(∇′V (r′) · da′)

+
∮

S

V (r′)[da′ · ∇′]
{

∇′
[

1
|r − r′|

]}
−

∮
S

V (r′)∇2′
[

1
|r − r′|

]
da′

+
∫

V

(∇′V (r′))∇2′
[

1
|r − r′|

]
dτ ′. (53)

Now, let’s recompose the right-hand side of expres-
sion (53) in terms of the electrostatic field, E(r′) =
−∇′V (r′), and in terms of the geometric factor (r−r′)

|r−r′|3

(with eq. (44)). We will also use the fact that the
geometric factor 1

|r−r′| satisfies the equation for the
Green’s function:

∇2′
[

1
|r − r′|

]
= −4πδ(r − r′); (54)

where δ(r − r′) is the Dirac Delta distribution. Thus,
eq. (53) is written as:∫

V

∇′ · E(r′) (r − r′)
|r − r′|3

dτ ′

= 4π
∫

V

E(r′)δ(r − r′)dτ ′ +
∮

S

(r − r′)
|r − r′|3

[E(r′) · da′]

+
∮

S

V (r′)[da′ · ∇′] (r − r′)
|r − r′|3

+ 4π
∮

S

V (r′)δ(r − r′)da′. (55)

If we extend the integration volume so that V → R3

and the surface S → ∞, we can perform the integrations
of the Delta distributions and recognize that the last
term of eq. (55) must be zero, since r is an arbitrary
point, but always located at a finite distance. In this
way, we obtain:∫

R3
∇′ · E(r′) (r − r′)

|r − r′|3
dτ ′

= 4πE(r) +
∮

S→∞

(r − r′)
|r − r′|3

(E(r′) · da′)

+
∮

S→∞
V (r′)[da′ · ∇′] (r − r′)

|r − r′|3
. (56)

Taking the limit, V → R3, on eq. (42), and using
eq. (56) allow us to express the electrostatic field as
follows:

E(r) = 1
4πε0

∫
R3
ρ(r′) (r − r′)

|r − r′|3
dτ ′

− 1
4π

∮
S→∞

(r − r′)
|r − r′|3

(E(r′) · da′)

− 1
4π

∮
S→∞

V (r′)[da′ · ∇′] (r − r′)
|r − r′|3

. (57)

Finally, eq. (57) makes it clear what are the necessary
conditions for the solutions of the electrostatic equations
to be given by Coulomb law formula. These necessary
conditions consist of the asymptotic behavior of the
surface integrals being such that they converge to zero
in the limiting process:∮

S→∞
V (r′)[da′ · ∇′] (r − r′)

|r − r′|3
→ 0; (58)∮

S→∞

(r − r′)
|r − r′|3

(E(r′) · da′) → 0. (59)
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6.2. Regularity and localization: satisfaction of
the asymptotic necessary conditions

The satisfaction of the necessary conditions (58)
and (59) depends, in turn, exclusively on the asymptotic
behavior of the scalar potential and, ultimately, on the
asymptotic behavior of the electrostatic field. Precisely
because these conditions are imposed on surface integrals
“located at infinity”, there is an infinite number of
functional forms for the fields and potentials that are
sufficient to satisfy them. The best we can do is look for
sufficient conditions that are as general as possible.

Let’s take under analysis condition (58) first. It can
be verified that (each Cartesian component of) the
geometric factor [da′ · ∇′] (r−r′)

|r−r′|3 behaves asymptotically
as 1/r′, when r′ → ∞. Thus, a sufficient condition for
the satisfaction of condition (58) is that, for any fixed
direction in space, the potential decay or diverge slower
than r′ (sublinearly), that is, lim

r′→∞
V (r′,θ′,φ′)

r′ = 0.
This includes, of course, potentials whose asymptotic

values are constants – which can be set to zero, given the
fact that the potential is defined at less than a constant.
It also includes potentials whose asymptotic behaviors
are given by logarithmic functions, such as the potential
given by eq. (40).

For reasons that will become clear just below, let us
restrict the behavior of the potential to functions that
diverge sublinearly.

Conditions on the potentials imply conditions on
the electrostatic fields. Since the components of the
electrostatic field are first derivatives of the potential,
any potential that diverges asymptotically in a sublinear
way implies an electrostatic field whose components
Eµ(r′, θ′, φ′) decrease to zero at infinity, for any fixed
direction in space. Indeed, in spherical coordinates:

lim
r′→∞

V (r′, θ′, φ′)
r′ = 0 ⇒ lim

r′→∞

∂

∂r′V (r′, θ′, φ′) = 0

⇒ lim
r′→∞

Er(r′, θ′, φ′) = 0; (60)

lim
r′→∞

V (r′, θ′, φ′)
r′ = 0 ⇒ lim

r′→∞

∂
∂θ′V (r′, θ′, φ′)

r′ = 0

⇒ lim
r′→∞

Eθ(r′, θ′, φ′) = 0; (61)

lim
r′→∞

V (r′, θ′, φ′)
r′ = 0 ⇒ lim

r′→∞

∂
∂φ′V (r′, θ′, φ′)

r′sin θ′ = 0

⇒ lim
r′→∞

Eφ(r′, θ′, φ′) = 0; (62)

where sin θ′ ̸= 0.
In eq. (60), we did employ the L’Hôpital rule, since we

have an indeterminate form, since the potential diverges.
In eqs. (61) and (62), we applied the differential

operators ∂
∂θ′ and 1

sin θ′
∂

∂φ′ and commute them with
the limits in r′ to identify the polar and azimuthal
components of the electrostatic field.

Therefore, we conclude that lim
r′→∞

E(r′, θ′, φ′) = 0 is
a sufficient condition to satisfy the condition (58). This
condition is also exactly sufficient for the satisfaction
of the necessary condition given by eq. (59), given the
asymptotic behaviors of da′(r′ → ∞, θ′, φ′) ∼ r′2 and of
the geometric factor (r−r′)

|r−r′|3 (r′ → ∞, θ′, φ′) ∼ r′−2, for
any fixed direction in space.

What’s more, we know that lim
r′→∞

E(r′, θ′, φ′) = 0
is one of the regularity conditions that guarantees the
uniqueness of the solutions of the field equations.

At this point, by way of recapitulation, we can state
three facts.

The first fact is that the above regularity condition on
the electrostatic fields is sufficient to establish the for-
mula of the Coulomb law (eq. 18) as the formal improper
integral representation of the fields. For consistency, this
implies that Coulomb law formula must be well-defined
and must provide a field that satisfies the condition of
regularity.

The second fact is that, according to the results of
the section 3, strictly semi-strong global localization of
the charge distributions is a sufficient condition for the
improper integral representing Coulomb law to be well-
defined.

The third fact is that, according to the discussion
we had in the last part of section 4, strictly semi-
strong global localization is compatible with the regularity
condition lim

r′→∞
E(r′, θ′, φ′) = 0.

By way of conclusion, we can summarize these three
facts in a single statement. The strictly semi-strong
global localization of charge distributions and the regu-
larity condition lim

r′→∞
E(r′, θ′, φ′) = 0 on the electrostatic

fields are mutually compatible conditions that, jointly,
are sufficient to ensure that the Coulomb law formula:

E(r) = 1
4πε0

∫
R3
ρ(r′) (r − r′)

|r − r′|3
dτ ′; (63)

provides well-defined and unique solutions to electro-
static field equations.

At first glance, it would seem that the potential
given by eq. (41) and the corresponding asymptotically
constant field, given by eq. (29), would be excluded.
What happens, however, is that, in this case, because
of the spherical symmetry, potentials and fields which,
respectively, behave asymptotically as V (r′ → ∞) ∼ r′

and E(r′ → ∞) ∼ cte, also satisfy the necessary condi-
tions (58) and (59), since, in these cases, the integrations
of the angular variables cancel out identically.

Nevertheless, we also know that lim
r′→∞

E(r′, θ′, φ′) =
cte ̸= 0 is also a regularity condition that guarantees the
uniqueness of the solutions of the field equations.

This leads us to conclude that, although a threshold,
the weak global localization condition on spherically
symmetric charge distributions, with |ρ(r′)| ∼ 1/r′, and
the regularity condition lim

r′→∞
E(r′, θ′, φ′) = cte ̸= 0 on
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the electrostatic fields are mutually compatible conditions
that, jointly, are sufficient to ensure that the Coulomb
law formula provides well-defined and unique solutions
to electrostatic field equations.

By the way, part of this last conclusion can be easily
extended, because regardless of the asymptotic forms of
the potentials and the corresponding fields, if they are
spherically symmetric, the integrations of the angular
variables will be zero and will imply the automatic
satisfaction of the asymptotic conditions (58) and (59),
so that Coulomb law will provide, as we have already
seen, well-defined solutions. However, in these cases,
the electrostatic field will be non-regular and, thus, the
uniqueness condition will be violated.

The above situation, which involves the weak local-
ization condition, clearly shows again that, although
the strictly semi-strong global localization condition is a
sufficient condition for the good definition of Coulomb
law, the fact is that it cannot be a necessary condition,
in general.

In fact, apart from the threshold case of weak global
localization, we have already mentioned some examples
which make it quite clear that Coulomb law is capable
of providing well-defined and unique solutions even from
partially localized charge distributions.

As in the case of weakly localized distributions that
exhibit spherical symmetry, in all other partially local-
ized cases, the global symmetries of the distributions
must imply symmetries for the electrostatic field that,
in one way or another, will be sufficient to satisfy
the necessary conditions (58) and (59), in a manner
compatible with the conditions of regularity. Of course,
in order to demonstrate that these are in fact the cases,
one must proceed on a case-by-case basis.

By way of conclusion, in this section, we used the
results obtained in sections 2 to 4 to show how Coulomb
law can be deduced without explicitly defining the
potentials. As has become clear, the alternative deduc-
tion allows us to include cases of global localization that
the deduction based on Helmholtz theorem is unable to
include.

7. Deduction of the Biot-Savart Law and
Global Localization Conditions for
Current Distributions

7.1. Deduction of the Biot-Savart law from the
magnetostatic field equations

Let’s now investigate the deduction of the Biot-Savart
law. Take the equation eq. (2.ii) for the curl of the
magnetostatic field, perform a vector multiplication in
both sides by the geometric factor (r−r′)

|r−r′|3 and integrate
over a finite volume V :

∇′ × B(r′) = µ0J(r′)

⇒
∫

V

(∇′ × B(r′)) × (r − r′)
|r − r′|3

dτ ′

= µ0

∫
V

J(r′) × (r − r′)
|r − r′|3

dτ ′. (64)

The idea behind the deduction is once again to find
necessary conditions for the left-hand side of eq. (64) to
be equal to 4πB(r), thus obtaining the demonstration
and conditions of validity of the Biot-Savart law.

We should note, however, that in the transition from
the left to the right side of implication (64), the informa-
tion about the zero divergence of current density ends
up being concealed. Thus, we must impose, at the end
of the proof, that current densities must be necessarily
divergenceless.

The field equation eq. (2.i) for the divergence of the
magnetostatic field necessarily implies the existence of a
vector potential A(r′), such that B(r′) = ∇′ ×A(r′)16.
We can therefore write the left-hand side of eq. (64) as
follows:∫

V

(∇′ × B(r′)) × (r − r′)
|r − r′|3

dτ ′

=
∫

V

[∇′ × (∇′ × A(r′))] × (r − r′)
|r − r′|3

dτ ′

=
∫

V

[∇′(∇′ · A(r′)) − ∇2′
A(r′)] × ∇′

[
1

|r − r′|

]
dτ ′

=
∫

V

∇′(∇′ · A(r′)) × ∇′
[

1
|r − r′|

]
dτ ′

−
∫

V

∇2′
A(r′) × ∇′

[
1

|r − r′|

]
dτ ′; (65)

where we use eq. (44) and the vector identity ∇′ ×
(∇′ × A(r′)) ≡ ∇′(∇′ · A(r′)) − ∇2′

A(r′) – where ∇2′

denotes the Laplacian operator acting on the Cartesian
components of A(r′).

Each Cartesian component of the last volume integral
in eq. (65) is a volume integral of the vector product
of two gradients, which can be converted into a volume
integral of a curl by means of the identity ∇′g × ∇′f ≡
∇′ ×(g∇′f). We can then use the vector identity

∫
V

∇×
W dτ =

∮
S
da × W (see eq. (31)).

These two last steps allow us to write the last volume
integral in eq. (65) as a surface integral:∫

V

∇′(∇′ · A(r′)) × ∇′
[

1
|r − r′|

]
dτ ′

=
∫

V

∇′ ×
{

(∇′ · A(r′))∇′
[

1
|r − r′|

]}
dτ ′

16 As noted in footnote 13, the fact that Euclidean space is simply
connected is sufficient to ensure that the magnetostatic field can
be represented by a global and single-valued vector potential at all
points in space – although, due to gauge symmetry, the potentials
cannot be unique.
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= −
∮

S

(∇′ · A(r′))∇′
[

1
|r − r′|

]
× da′

= −
∮

S

(∇′ · A(r′)) (r − r′)
|r − r′|3

× da′; (66)

where we use eq. (44) to recover the geometric factor in
the last equality.

With the result obtained in eq. (66), eq. (65) can be
written as follows:∫

V

(∇′ × B(r′)) × (r − r′)
|r − r′|3

dτ ′

= −
∮

S

(∇′ · A(r′)) (r − r′)
|r − r′|3

× da′

−
∫

V

∇2′
A(r′) × ∇′

[
1

|r − r′|

]
dτ ′. (67)

As we did before in the previous section, to treat
the remaining volume integral on the right-hand side
of eq. (67), it is more convenient to use the covariant
notation for Cartesian tensors.

In particular, to represent vector products and curls,
it is extremely convenient to use the Levi-Civita tensor
in three dimensions, ϵµνη, which is the invariant ten-
sor totally antisymmetric by permutations of pairs of
indices. The Levi-Civita tensor is conventionally defined
as having component ϵ123 = +1. The other non-zero
components are obtained as permutations of the indices
of the ϵ123 component. For even permutations, the
components are equal to +1 and, for odd permutations,
they are equal to −1.

Using covariant notation and the Levi-Civita tensor,
we can write the following useful definitions:

∇′
[

1
|r − r′|

]
≡ ∇′f ≡ ∂′νf êν ; (68)

∇2′
A(r′) ≡ ∇′ · (∇′A(r′)) ≡ ∂′

µ∂
′µAν êν ; (69)

C × D ≡ ϵµνηCνDηêµ; (70)

∇′ × D ≡ ϵµνη∂′
νDηêµ. (71)

By using these results, we can write the volume
integral on the right-hand side of eq. (67) as follows:

−
∫

V

∇2′
A(r′) × ∇′

[
1

|r − r′|

]
dτ ′

= −
∫

V

ϵηλν(∂′µ∂′
µAλ)(∂′

νf)êηdτ
′

= −ϵηλν êη

∫
V

(∂′µ∂′
µAλ)(∂′

νf)dτ ′. (72)

In eq. (72), we recognize the same volume integral
which has already appeared in eq. (47), with the com-
ponent Aλ of the vector potential in place of the scalar
potential V . This volume integral can be manipulated
in exactly the same way as we did before, so the steps

corresponding to eqs. (49) to (51) can be omitted. As a
result, we can write the right-hand side of eq. (72) using
the result (51), so that:

− ϵηλν êη

∫
V

(∂′µ∂′
µAλ)(∂′

νf)dτ ′

= −ϵηλν êη

∮
S

(∂′
νf)(∂′µAλ)da′

µ

+ ϵηλν êη

∮
S

Aλ∂
′
ν(∂′µf)da′

µ

− ϵηλν êη

∫
V

∂′
ν(Aλ∂

′µ∂′
µf)dτ ′

+ ϵηλν êη

∫
V

(∂′
νAλ)(∂′µ∂′

µf)dτ ′. (73)

The first term on the right-hand side of eq. (73) can be
manipulated, using the antisymmetry of the Levi-Civita
tensor, and reverted to vector notation – using eqs. (45),
(44) and (70) – as follows:

− ϵηλν êη

∮
S

(∂′
νf)(∂′µAλ)da′

µ

=
∮

S

ϵηνλ(∂′
νf)(∂′µAλ)êηda

′
µ

=
∮

S

ϵηνλ(∂′
νf)(da′

µ∂
′µAλ)êη

=
∮

S

(r − r′)
|r − r′|3

× {[da′ · ∇′]A(r′)}. (74)

The second term on the right-hand side of eq. (73) can
be manipulated and reverted to vector notation – using
eqs. (45), (44) and (70) – as follows:

ϵηλν êη

∮
S

Aλ∂
′
ν(∂′µf)da′

µ

=
∮

S

ϵηλνAλ∂
′
ν(∂′µf)êηda

′
µ

=
∮

S

ϵηλνAλda
′
µ∂

′µ(∂′
νf)êη

=
∮

S

A(r′) ×
{

[da′ · ∇′] (r − r′)
|r − r′|3

}
. (75)

The third term on the right-hand side of eq. (73) can
be manipulated, using the antisymmetry of the Levi-
Civita tensor, and reverted to vector notation – using
eqs. (45), (44) and (71) – as follows:

− ϵηλν êη

∫
V

∂′
ν(Aλ∂

′µ∂′
µf)dτ ′

=
∫

V

ϵηνλ∂′
ν(Aλ∂

′µ∂′
µf)êηdτ

′
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=
∫

V

∇′ ×
[
∇2′

[
1

|r − r′|

]
A(r′)

]
dτ ′

= −
∮

S

∇2′
[

1
|r − r′|

]
A(r′) × da′

= 4π
∮

S

δ(r − r′)A(r′) × da′; (76)

in which we use again, in the fourth equality, the
vector identity

∫
V

∇ × W dτ =
∮

S
da × W , and, in

the last equality, the definition (54) of the Dirac Delta
distribution.

Finally, the last term on the right-hand side of eq. (73)
can be manipulated, using the antisymmetry of the Levi-
Civita tensor, and reverted to vector notation – using
eqs. (45), (44), (71) and (54) – as follows:

ϵηλν êη

∫
V

(∂′
νAλ)(∂′µ∂′

µf)dτ ′

= −
∫

V

(ϵηνλ∂′
νAλêη)(∂′µ∂′

µf)dτ ′

= −
∫

V

(∇′ × A(r′))∇2′
[

1
|r − r′|

]
dτ ′

= 4π
∫

V

B(r′)δ(r − r′)dτ ′; (77)

where we recognize, in the last equality, the magneto-
static field as the curl of vector potential.

With the results of the expressions (73–77), we can
rewrite eq. (72) as follows:

−
∫

V

∇2′
A(r′) × ∇′

[
1

|r − r′|

]
dτ ′

=
∮

S

(r − r′)
|r − r′|3

× {[da′ · ∇′]A(r′)}

+
∮

S

A(r′) ×
{

[da′ · ∇′] (r − r′)
|r − r′|3

}
+ 4π

∮
S

δ(r − r′)A(r′) × da′

+ 4π
∫

V

B(r′)d(r − r′)dτ ′. (78)

With this result, eq. (67) can be rewritten as follows:∫
V

(∇′ × B(r′)) × (r − r′)
|r − r′|3

dτ ′

= −
∮

S

(∇′ · A(r′)) (r − r′)
|r − r′|3

× da′

+
∮

S

(r − r′)
|r − r′|3

× {[da′ · ∇′]A(r′)}

+
∮

S

A(r′) ×
{

[da′ · ∇′] (r − r′)
|r − r′|3

}

+ 4π
∮

S

δ(r − r′)A(r′) × da′

+ 4π
∫

V

B(r′)δ(r − r′)dτ ′. (79)

If we extend the integration volume so that the surface
S → ∞, we can perform the integrations of the Delta
distributions in eq. (79), recognizing that its penultimate
term is zero, since r is an arbitrary point, but always
located at a finite distance. Thus:∫

R3
(∇′ × B(r′)) × (r − r′)

|r − r′|3
dτ ′

= 4πB(r) −
∮

S→∞
(∇′ · A(r′)) (r − r′)

|r − r′|3
× da′

+
∮

S→∞
A(r′) ×

{
[da′ · ∇′] (r − r′)

|r − r′|3

}
+

∮
S→∞

(r − r′)
|r − r′|3

× {[da′ · ∇′]A(r′)}. (80)

From eq. (64), we have, therefore:

B(r) = µ0

4π

∫
R3

J(r′) × (r − r′)
|r − r′|3

dτ ′

+ 1
4π

∮
S→∞

(∇′ · A(r′)) (r − r′)
|r − r′|3

× da′

− 1
4π

∮
S→∞

A(r′) ×
{

[da′ · ∇′] (r − r′)
|r − r′|3

}
− 1

4π

∮
S→∞

(r − r′)
|r − r′|3

× {da′ · ∇′A(r′)}; (81)

where we recognize that [da′ · ∇′]A(r′) = {da′ ·
∇′Aµ(r′)}êµ ≡ da′ ·∇′A(r′), with Aµ(r′) the Cartesian
components of the vector potential.

Finally, eq. (81) makes it clear what are the neces-
sary conditions for the solutions of the magnetostatic
equations to be given by Biot-Savart law formula. These
necessary conditions consist of the asymptotic behavior
of the surface integrals being such that they converge to
zero in the limiting process:∮

S→∞
(∇′ · A(r′)) (r − r′)

|r − r′|3
× da′ → 0; (82)∮

S→∞
A(r′) ×

{
[da′ · ∇′] (r − r′)

|r − r′|3

}
→ 0; (83)∮

S→∞

(r − r′)
|r − r′|3

× {da′ · ∇′A(r′)} → 0; (84)

7.2. Regularity and localization: satisfaction of
the asymptotic necessary conditions

The satisfaction of the necessary conditions (82–84)
depends, in turn, on the asymptotic behavior of the
vector potentials and, ultimately, on the asymptotic
behavior of the magnetostatic fields. Precisely because
these conditions are imposed on surface integrals located
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at infinity, there is virtually an infinite number of
functional forms for the potentials (and fields) that are
sufficient to satisfy them. The best we can do is look for
sufficient conditions that are as general as possible.

Let’s take condition (82) first. The asymptotic behav-
ior of the geometric term (r−r′)

|r−r′|3 ×da′ must be considered
carefully, because their factors are geometrically cor-
related. A general inspection shows that, due to the
vector product, this term must approach zero indef-
initely, because the vectors (r−r′)

|r−r′|3 and da′ become
asymptotically parallel. To find out how (r−r′)

|r−r′|3 × da′

approaches zero, it is sufficient to explicit the Cartesian
components of the vector product, from which we can
conclude that (r−r′)

|r−r′|3 × da′(r′ → ∞, θ′, φ′) ∼ r′−1, for
any fixed direction in space.

Thus, a sufficient condition for the satisfaction of
eq. (82) is that, for any fixed direction is space, the
divergence of the vector potential decay or diverge slower
than r′ (sublinearly), that is, lim

r′→∞
∇′·A(r′)

r′ = 0. To
satisfy this condition, it is sufficient that it is valid for
each of the terms of the sum that composes ∇′ · A(r′).
In spherical coordinates:

lim
r′→∞

1
r′

{
1
r′2

∂

∂r′ (r′2Ar(r′, θ′, φ′))
}

= 0

⇒ lim
r′→∞

Ar(r′, θ′, φ′)
r′2

= 0; (85)

lim
r′→∞

1
r′

{
1
r′

1
sin θ′

∂

∂θ′ (sin θ′Aθ(r′, θ′, φ′))
}

= 0

⇒ lim
r′→∞

Aθ(r′, θ′, φ′)
r′2

= 0; (86)

lim
r′→∞

1
r′

{
1
r′

1
sin θ′

∂

∂φ′ (Aφ(r′, θ′, φ′))
}

= 0

⇒ lim
r′→∞

Aφ(r′, θ′, φ′)
r′2

= 0; (87)

where sin θ′ ̸= 0.
In eq. (85), we employed the L’Hôpital rule. But this is

only possible if we assume that r′2Ar(r′, θ′, φ′) diverge,
to constitute an indeterminate form. This implies that
Ar(r′, θ′, φ′) can diverge or decay, but slower than 1/r′2.

In eqs. (86) and (87), we commuted the differential
operators 1

sin θ′
∂

∂θ′ and 1
sin θ′

∂
∂φ′ sin θ′ with the limits

in r′.
From eqs. (85–87), we conclude that, to satisfy the

condition (82), it is sufficient that the vector potential
decay – slower than 1/r′2 – or, at most, diverge sub-
quadratically, such that lim

r′→∞
Aµ(r′,θ′,φ′)

r′2 = 0. But this
implies that it is also sufficient that the vector potential
diverge sublinearly, that is, lim

r′→∞
Aµ(r′,θ′,φ′)

r′ = 0.
Let’s take condition (83). Note that the vectors A(r′)

and [da′ · ∇′] (r−r′)
|r−r′|3 are not correlated geometrically,

given the fact that the potential vector is arbitrary. We
have already mentioned that the Cartesian components
of the geometric factor [da′ ·∇′] (r−r′)

|r−r′|3 behave asymptot-
ically as 1/r′, with r′ → ∞. This leads to the conclusion
that each component of the potential A(r′) must either
decay to zero, or at most diverge sublinearly, that is,
lim

r′→∞
Aµ(r′,θ′,φ′)

r′ = 0.
Finally, let’s take condition (84). Note that the vectors

(r−r′)
|r−r′|3 and da′ · ∇′A(r′) ≡ {da′ · ∇′Aµ(r′)}êµ are
not geometrically correlated. Condition (84) imposes
that, for any fixed direction in space, (r−r′)

|r−r′|3 × {da′ ·
∇′A(r′)} → 0. Given the asymptotic behaviors of the
geometric factors, this implies that, for any fixed direc-
tion is space, the gradients of the Cartesian components
of the vector potential must decay at infinity, that is,
lim

r′→∞
∇′Aµ(r′, θ′, φ′) = 0.

To satisfy this condition, it is sufficient that it is
valid for each one of the components of the gradient.
In spherical coordinates:

lim
r′→∞

∂

∂r′A
µ(r′, θ′, φ′) = 0

⇒ lim
r′→∞

Aµ(r′, θ′, φ′)
r′ = 0; (88)

lim
r′→∞

1
r′

∂

∂θ′A
µ(r′, θ′, φ′) = 0

⇒ lim
r′→∞

Aµ(r′, θ′, φ′)
r′ = 0; (89)

lim
r′→∞

1
r′

1
sin θ′

∂

∂φ′A
µ(r′, θ′, φ′) = 0

⇒ lim
r′→∞

Aµ(r′, θ′, φ′)
r′ = 0; (90)

where sin θ′ ̸= 0.
In eq. (88), we employed the L’Hôpital rule, assuming

that Aµ(r′, θ′, φ′) diverges, to constitute an indetermi-
nate form. In eqs. (89) and (90), we commuted the
differential operators ∂

∂θ′ and 1
sin θ′

∂
∂φ′ with the limits

in r′.
We conclude that, to satisfy the condition (84), it is

sufficient that the vector potential diverge sublinearly,
such that, lim

r′→∞
Aµ(r′,θ′,φ′)

r′ = 0.
The analysis of the necessary conditions (82–84)

therefore leads us to conclude that a sufficient condition
for all of them to be satisfied conjointly is that the
components of the vector potential diverge sublinearly.

Conditions on the vector potentials imply conditions
on the magnetostatic fields. Since the components of
the magnetostatic field are first derivatives of the vector
potential, any potential that diverges asymptotically in
a sublinear way implies a magnetostatic field whose
spherical components Bµ(r′, θ′, φ′), with µ = {r, θ, φ},
decrease to zero at infinity, for any fixed direction in
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space. Indeed:

lim
r′→∞

Br(r′, θ′, φ′)

= lim
r′→∞

1
r′ sin θ′

[
∂

∂θ′ (sin θ′Aφ) − ∂

∂φ′Aθ

]
= 1

sin θ′

[
∂

∂θ′

(
sin θ′ lim

r′→∞

Aφ

r′

)
− ∂

∂φ′ lim
r′→∞

Aθ

r′

]
= 0;

(91)

lim
r′→∞

Bθ(r′, θ′, φ′)

= lim
r′→∞

1
r′

[
1

sin θ′
∂

∂φ′Ar − ∂

∂r′ (r′Aφ)
]

= 1
sin θ′

∂

∂φ′ lim
r′→∞

Ar

r′ − lim
r′→∞

∂
∂r′ (r′Aφ)

r′

= 1
sin θ′

∂

∂φ′ lim
r′→∞

Ar

r′ − lim
r′→∞

r′Aφ

r′2

= 1
sin θ′

∂

∂φ′ lim
r′→∞

Ar

r′ − lim
r′→∞

Aφ

r′ = 0; (92)

lim
r′→∞

Bφ(r′, θ′, φ′)

= lim
r′→∞

1
r′

[
∂

∂r′ (r′Aθ) − ∂

∂θ′Ar

]
= lim

r′→∞

∂
∂r′ (r′Aθ)

r′ − ∂

∂θ′ lim
r′→∞

Ar

r′

= lim
r′→∞

r′Aθ

r′2
− ∂

∂θ′ lim
r′→∞

Ar

r′ = 0; (93)

where sin θ′ ̸= 0.
Therefore, we conclude that lim

r′→∞
B(r′, θ′, φ′) = 0 is

a sufficient condition to satisfy the necessary conditions
(82–84). We know that this is also one of the regularity
conditions that guarantees the uniqueness of the solu-
tions of the field equations.

At this point, by way of recapitulation, we can state
four facts.

The first fact is that the above regularity condition
on the magnetostatic fields is sufficient to establish the
formula of the Biot-Savart law (eq. 19) as the formal
improper integral representation of the fields. For con-
sistency, this implies that Biot-Savart law formula must
be well-defined and must provide a field that satisfies the
condition of regularity.

The second fact is that, according to the results of
the section 3, strictly semi-strong global localization of
the current distributions is a sufficient condition for
the improper integral representing Biot-Savart law to be
well-defined.

The third fact is that, according to the discussion
we had in the last part of section 4, strictly semi-
strong global localization is compatible with the regularity
condition lim

r′→∞
B(r′, θ′, φ′) = 0.

The fourth fact is that current distributions must be
divergenceless, and this is not embedded in the Biot-
Savart law formula.

By way of conclusion, we can summarize these four
facts in a single statement. The strictly semi-strong
global localization of divergenceless current distributions
and the regularity condition lim

r′→∞
B(r′, θ′, φ′) = 0 on the

magnetostatic fields are mutually compatible conditions
that, jointly, are sufficient to ensure that the Biot-Savart
law formula:

B(r) = µ0

4π

∫
R3

J(r′) × (r − r′)
|r − r′|3

dτ ′; ∇ · J(r) = 0;

(94)

provides well-defined and unique solutions to magneto-
static field equations.

Just as in the case of Coulomb law, although the
strictly semi-strong condition of global localization of
current distributions is a sufficient condition for Biot-
Savart law to be well-defined, the fact is that it cannot
be a necessary condition.

In fact, we have already mentioned some examples
which make it quite clear that the Biot-Savart law
provides well-defined and unique solutions even from
partially localized charge distributions. In all these cases,
the global symmetries of the current distributions must
imply symmetries for the magnetostatic field that, in
one way or another, will be sufficient to satisfy the
necessary conditions (82–84), in a manner compatible
with the conditions of regularity. Of course, in order to
demonstrate that this is in fact the case, we have to
proceed on a case-by-case basis.

By way of conclusion, in this section, we used the
results obtained in sections 2 to 4 to show how Biot-
Savart law can be deduced without explicitly defining
the potentials. As in the electrostatic case, the alter-
native deduction allows us to include cases of global
localization that the deduction based on Helmholtz
theorem is unable to include.

8. Concluding Remarks

In this work, we conduct a systematic investigation
about the relationship between the problem of local-
ization of infinitely extended charge and current dis-
tributions and the problem of the validity of Coulomb
and Biot-Savart laws, insofar as they must provide
unique and well-defined solutions to the field equations
of electromagnetostatics.

To this end, we developed the study by articulating
three main axes: (i) the search for localization condi-
tions sufficiently comprehensive to allow the improper
integrals of Coulomb and Biot-Savart laws to be well-
defined; (ii) the search for compatibility relationships
between the regularity conditions (on the fields) and the
localization conditions (on the distributions); and (iii)
obtaining mathematical proofs for Coulomb and Biot-
Savart laws that did not resort to the improper integral
expressions for the potentials.
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These deduction procedures led to a set of necessary
conditions involving integrals of potentials and fields
defined over closed surfaces located at infinity. Sufficient
conditions over the fields for the satisfaction of these
necessary conditions were then obtained, and it was
found that they coincide with the regularity conditions
on the fields. In this way, the formulas for Coulomb and
Biot-Savart laws could be obtained that provide unique
solutions, although the good definition of the improper
integrals still depends on conditions to be imposed on
the localization of charge and current distributions.

Finally, it was shown that a general class of sufficient
localization conditions correspond to what we define
as global localization in a strictly semi-strong sense.
We have consistently demonstrated that this class is
compatible with the fulfillment of regularity conditions.

However, this study is far from complete. Several
issues have yet to be properly addressed. The two we
consider most important are as follows.

The first question relates to a systematic study of the
ways in which regularity conditions impose restrictions
on the localization of infinitely extended distributions.
We were able to find compatibilities, but a more com-
plete study should be able to obtain more comprehensive
sufficient conditions and, if possible, necessary condi-
tions too.

Despite these limitations, this study was able to high-
light an important result: the fundamental principle –
which converts mathematical axioms into the axioms of
a physical theory – implies restrictions on how infinite
distributions can be arranged in space.

This may be intriguing at first. After all, in the case
of absolutely localized distributions, the fundamental
principle does not imply any restrictions on their spatial
arrangement. However, in the case of infinitely extended
distributions, if they are not localized in at least some
sense (whether global or partial), there is a risk of
violating the fundamental principle. This occurs for the
simple reason that the fields – and consequently the
forces – can cease to be uniquely determined and become
asymptotically infinite. In physics, we understand that
this cannot be tolerated in any way.

In summary, infinite distribution models can be tol-
erated, but only to the extent that they are sufficiently
localized so as not to violate the fundamental principle.

The second question concerns the systematic study
of distributions that are partially localized. In all the
cases of partial localization we have defined in this
work, we know that Coulomb and Biot-Savart laws
can be effectively integrated and provide solutions for
fields that satisfy the regularity conditions. And we also
know that this is due to the global symmetries they
exhibit. Therefore, it remains to be demonstrated that
the necessary conditions given in this work are actually
satisfied by symmetric partially localized distributions
and to determine the role that symmetries play in these
demonstrations. This study is in progress and will be the
subject of a future publication.
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Appendix A

Before addressing the main points, it is convenient to
establish three important results whose proofs, based
on the definition of the improper limit of a function,
are immediate. Suppose that f(r) and g(r) are both
asymptotically continuous and positive functions. In
these conditions:

1. If lim
r→∞

f(r)
g(r) = 0, then there is sufficiently large

positive constant a > 0 from which f(r) < g(r).
In this case, we say that f(r) is asymptotically
dominated by g(r);

2. If lim
r→∞

f(r)
g(r) → ∞, then there is sufficiently large

positive constant a > 0 from which f(r) > g(r).
In this case, we say that f(r) dominates g(r)
asymptotically;

3. If lim
r→∞

f(r)
g(r) = b, where b is a constant, then

f(r) and g(r) have the same asymptotic behavior,
denoted by f(r) ∼ g(r).

The first result is obtained by recognizing that
lim

r→∞
f(r)
g(r) = 0 is equivalent to the following statement:

∀ε > 0∃a > 0 such as r > a ⇒
∣∣∣ f(r)

g(r)

∣∣∣ < ε. So, choosing
ε = 1, with f(r) and g(r) asymptotically positive, we
have: ∃a > 0 such as r > a ⇒ f(r)

g(r) < 1, from which
we conclude that f(r) < g(r), from a sufficiently large
positive constant a > 0.

The second result is obtained by recognizing that
lim

r→∞
f(r)
g(r) → ∞ is equivalent to the following statement:

∀M > 0∃a > 0 such as r > a ⇒
∣∣∣ f(r)

g(r)

∣∣∣ > M . So,
choosing M = 1, with f(r) and g(r) asymptotically
positive, we have: ∃a > 0 such as r > a ⇒ f(r)

g(r) > 1, from
which we conclude that f(r) > g(r), from a sufficiently
large positive constant a > 0.
The Improper Integral

∫ r→∞
a

f(r)dr
That said, suppose that f(r) is a bounded function

throughout the interval 0 ≤ r < ∞, and that its
asymptotic behavior is such that it decays to zero at
infinity, that is, lim

r→∞
f(r) = 0. Since we are interested

exclusively in the asymptotic behavior of f(r), let us
assume that, from a sufficiently large positive constant
a > 0, f(r) is a continuous function. Let us assume also
that f(r) is asymptotically positive17.
17 The assumption that the function f(r) is positive is important
because if a function is absolutely integrable on the interval [a, ∞),

DOI: https://doi.org/10.1590/1806-9126-RBEF-2025-0204 Revista Brasileira de Ensino de Física, vol. 47, e20250204, 2025



e20250204-28 Localizability of charge and current distributions in the regime of electromagnetostatics

Given these conditions, let’s investigate briefly the
problem involving necessary and sufficient conditions for
the convergence of the following improper integral:

lim
r→∞

∫ r

a

f(r)dr ≡
∫ r→∞

a

f(r)dr. (A.1)

First, we will demonstrate that one (among infinite)
necessary condition to the convergence of (A.1) is that
the function f(r) is asymptotically dominated by 1/r,
that is, that the function is submitted to the so-called
semi-strong condition lim

r→∞
f(r)r = 0:∫ r→∞

a

f(r)dr < ∞ ⇒ lim
r→∞

f(r)r = 0. (A.2)

To do this, it is enough to prove the contrapositive
of this implication, namely that if function f(r) is not
asymptotically dominated by 1/r, then

∫ r→∞
a

f(r)dr
diverges. This can be demonstrated as follows.

Suppose first that lim
r→∞

f(r)r → ∞. This is the same
as saying that 1/r is asymptotically dominated by f(r),
or that, at the limit r → ∞,

∫ r→∞
a

f(r)dr >
∫ r→∞

a
1
rdr.

The last integral diverges logarithmically, so does the
first. This completes the first part of the demonstration.

Suppose now that lim
r→∞

f(r)r → b, where b is a
non-zero constant. Then, f(r) ∼ 1/r, that is, f(r)
and 1/r have the same asymptotic behavior. Then,∫ r→∞

a
f(r)dr ∼

∫ r→∞
a

1
rdr ∼ ln(r)|r→∞

a → ∞. This
concludes the proof that the semi-strong condition on
f(r) is a necessary one to the convergence of the
improper integral given by (A.1).

Let’s consider now the problem involving sufficiency.
The first thing we must recognize is that it is not true
that lim

r→∞
f(r)r = 0 ⇒

∫ r→∞
a

f(r)dr < ∞. To see
this, it suffices to present a counterexample, namely
the function f(r) = 1

r ln r , that satisfies the semi-strong
condition, but whose improper integral (A.1) obviously
does not converge. Therefore, the semi-strong condition
is necessary, but it is not sufficient to convergence of the
improper integral (A.1).

This tells us that the semi-strong condition is an
upper bound for all possible sufficient conditions, but
it is not a minimal one. In fact, repeating the same
type of reasoning that was developed above, we can see
that

∫ r→∞
a

f(r)dr < ∞ ⇒ lim
r→∞

f(r)r ln(r) = 0. So,
to be dominated by the function 1

r ln r provides another
necessary (but not sufficient) condition for (A.1) – and
one that yields an upper bound asymptotically smaller
than that provided by the semi-strong condition, since

1
r ln r is dominated by 1

r .
Although it is not possible to establish a necessary

condition that is minimal in the sense indicated, it is
possible to find several classes of sufficient conditions,

then it is integrable on this interval. Note that the converse is not
necessarily true.

parameterized by a positive parameter ε, which come
unlimitedly close to a given necessary condition when
ε → 0.

In fact, let’s suppose the existence of a class of func-
tions g(r; ε) that are asymptotically continuous, positive,
bounded and that decrease monotonically to zero, at
infinity, such that, lim

r→∞
g(r; ε) = 0, for any ε > 0. Sup-

pose too that f(r) is asymptotically dominated by g(r; ε)
and, therefore, for any sufficiently large positive con-
stants c > a > 0, we have

∫ c

a
f(r)dr <

∫ c

a
g(r; ε)dr. If we

take c → ∞, we have
∫ r→∞

a
f(r)dr <

∫ r→∞
a

g(r; ε)dr.
In these conditions, to prove the convergence of (A.1) it
is enough to prove the convergence of

∫ r→∞
a

g(r; ε)dr.
To this end, it is sufficient that the functions

g(r; ε) have bounded, continuous and smooth first-
antiderivatives G(r; ε), such that lim

r→∞
G(r; ε) = b(ε),

where b(ε) are finite constants. Thus, we know that∫ r→∞
a

g(r; ε)dr = G(r; ε)|r→∞
a < ∞, from which we

conclude that
∫ r→∞

a
f(r)dr < ∞.

Therefore, g(r; ε) is a class of functions that provides
sufficient conditions to the convergence of the improper
integral (A.1):

lim
r→∞

f(r)
g(r; ε) = 0 ⇒

∫ r→∞

a

f(r)dr < ∞. (A.3)

Since we are particularly interested in the semi-strong
condition, a class of functions that provides sufficient
conditions and approaches 1/r indefinitely from below is
given by the inverse power functions g(r; ε) = r−(1+ε),
with ε > 0 being an arbitrary positive constant that can
be as small as we want:

lim
r→∞

f(r)r1+ε = 0 ⇒
∫ r→∞

a

f(r)dr < ∞; ∀ε > 0.

(A.4)
Each choice of the parameter ε provides a suffi-

cient (but not necessary) condition for the convergence
of (A.1). For the sake of clarity and accuracy, we will
refer to the condition lim

r→∞
f(r)r1+ε = 0, for any ε > 0,

as the strictly semi-strong condition.
Thus, by way of conclusion, we can establish that the

strictly semi-strong condition (A.4) is a sufficient (but
not necessary) condition for the convergence of (A.1),
which approaches the semi-strong condition indefinitely,
from below, which in turn is necessary (but not suffi-
cient) for the convergence of (A.1).

The Improper Integral
∫ r→∞

a
f(r)r2dr

The same line of reasoning can be used to address the
necessary and sufficient conditions for the convergence
of the improper integral:

lim
r→∞

∫ r

a

f(r)r2dr ≡
∫ r→∞

a

f(r)r2dr. (A.5)

with a > 0 a sufficiently large positive constant. As
before, f(r) will be assumed as a bounded function
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throughout the interval 0 ≤ r < ∞. We assume either
that f(r) is asymptotically continuous, positive and that
it decays to zero at infinity.

As before, we will demonstrate that one (among
infinite) necessary condition to the convergence of (A.5)
is that the function f(r) is asymptotically dominated by
1/r3, behavior that we will call super-strong condition
lim

r→∞
f(r)r3 = 0:∫ r→∞

a

f(r)r2dr < ∞ ⇒ lim
r→∞

f(r)r3 = 0. (A.6)

To do this, it is enough to prove the contrapositive
of this implication, namely that if function f(r) is not
asymptotically dominated by 1/r3, then

∫ r→∞
a

f(r)r2dr
diverges.

Suppose first that lim
r→∞

f(r)r3 → ∞. This is the same
as saying that, at the limit r → ∞, f(r) > 1/r3 ⇒∫ r→∞

a
f(r)r2dr >

∫ r→∞
a

1
rdr. The last integral diverges

logarithmically, so does the first.
Suppose now that lim

r→∞
f(r)r3 → b, where b is a

non-zero constant, such that, f(r) ∼ 1/r3. Then,∫ r→∞
a

f(r)r2dr ∼
∫ r→∞

a
1
rdr ∼ ln(r)|r→∞ → ∞. This

concludes the proof that the super-strong condition
on f(r) is a necessary one to the convergence of the
improper integral given by (A.5).

Let’s consider now the problem involving suffi-
ciency. Again, it is not true that lim

r→∞
f(r)r3 = 0 ⇒∫ r→∞

a
f(r)r2dr < ∞. To see this, it suffices to take the

function f(r) = 1
r3 ln r , that satisfies the super-strong

condition, but whose improper integral (A.5) does not
converge. So, the super-strong condition is necessary, but
it is not sufficient to convergence of (A.5).

The super-strong condition is an upper bound for all
possible sufficient conditions, but, as before, it is not
a minimal one. Repeating the same type of reasoning,
we can see that

∫ r→∞
a

f(r)r2dr < ∞ ⇒ lim
r→∞

f(r)r3

ln(r) = 0. So, to be dominated by the function 1
r3 ln r

provides a stricter necessary (but still not sufficient)
condition for (A.5).

Although it is not possible to establish a necessary
condition that is minimal, it is possible to find several
classes of sufficient conditions, parameterized by a posi-
tive parameter ε, which come unlimitedly close to a given
necessary condition when ε → 0.

Let’s suppose the existence of a class of functions
g(r; ε) that are asymptotically continuous, positive,
bounded and that decrease monotonically to zero, at
infinity, such that, lim

r→∞
g(r; ε) = 0, for any ε > 0. Sup-

pose too that f(r) is asymptotically dominated by g(r; ε)
and, therefore, for any sufficiently large positive con-
stants c > a > 0, we have

∫ c

a
f(r)r2dr <

∫ c

a
g(r; ε)r2dr.

If we take c → ∞, we have
∫ r→∞

a
f(r)r2dr <∫ r→∞

a
g(r; ε)r2dr. In these conditions, to prove the con-

vergence of (A.5) it is enough to prove the convergence
of

∫ r→∞
a

g(r; ε)r2dr.

To this end, it is sufficient that the functions
g(r; ε) have bounded, continuous and smooth third-
antiderivatives G(r; ε), such that lim

r→∞
G(r; ε) = b(ε),

lim
r→∞

G(r; ε)r = c(ε) and lim
r→∞

G(r; ε)r2 = d(ε), where
b(ε), c(ε) and d(ε) are finite constants.

Thus, we know that:∫ r→∞

a

g(r; ε)r2dr

=
∫ r→∞

a

G′′′(r; ε)r2dr

= G′′(r; ε)r2|r→∞
a −

∫ r→∞

a

G′′(r; ε)(2r)dr

= G′′(r; ε)r2|r→∞
a

−
{

2G′(r; ε)r|r→∞
a −

∫ r→∞

a

2G′(r; ε)dr
}

= G′′(r; ε)r2|r→∞
a

− 2G′(r; ε)r|r→∞
a + 2G(r; ε)|r→∞

a < ∞. (A.7)

from which we conclude that
∫ r→∞

a
f(r)r2dr < ∞.

Therefore, g(r; ε) is a class of functions that provides
sufficient conditions to the convergence of the improper
integral (A.5):

lim
r→∞

f(r)
g(r; ε) = 0 ⇒

∫ r→∞

a

f(r)r2dr < ∞. (A.8)

Since we are particularly interested in the super-strong
condition, a class of functions that provides sufficient
conditions and approaches 1/r3 without limit is given
by the inverse power functions g(r; ε) = r−(3+ε), with
ε > 0 being an arbitrary positive constant that can be
as small as we want:

lim
r→∞

f(r)r3+ε = 0 ⇒
∫ r→∞

a

f(r)r2dr < ∞; ∀ε > 0.

(A.9)

Each choice of the parameter ε provides a sufficient
(but not necessary) condition for the convergence of
(A.5). For the sake of clarity and accuracy, we will refer
to the condition lim

r→∞
f(r)r3+ε = 0, for any ε > 0, as the

strictly super-strong condition.
Thus, by way of conclusion, we can establish that the

strictly super-strong condition (A.9) is a sufficient (but
not necessary) condition for the convergence of (A.5),
which approaches the super-strong condition indefinitely,
which in turn is necessary (but not sufficient) for the
convergence of (A.5).

To finish, we will demonstrate two last results that will
be very useful. Instead of requiring the convergence of
the integral (A.5), let us look for a sufficient condition for
it to possibly converge or to diverge, but slower than r2.
We can easily prove that sufficient conditions for that are
that f(r) satisfies the semi-strong or the strictly semi-
strong conditions, but now, with 0 < ε ≤ 2, that is, for
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both conditions:

lim
r→∞

f(r)r1+ε = 0 ⇒
∫ r→∞

a

f(r)r2dr < r2|r→∞
a ;

0 ≤ ε ≤ 2.
(A.10)

Indeed, from a sufficiently large positive constant
a > 0, we have, for 0 ≤ ε < 2:

lim
r→∞

f(r)r1+ε = 0

⇒ f(r) < r−(1+ε) ⇒ f(r)r2 < r1−ε

⇒
∫ r→∞

a

f(r)r2dr <

∫ r→∞

a

r1−εdr

⇒
∫ r→∞

a

f(r)r2dr < r2−ε|r→∞
a

⇒
∫ r→∞

a

f(r)r2dr < r2|r→∞
a . (A.11)

For ε = 2, we have:

lim
r→∞

f(r)r3 = 0

⇒ f(r) < r−3 ⇒ f(r)r2 < r−1

⇒
∫ r→∞

a

f(r)r2dr <

∫ r→∞

a

r−1dr

⇒
∫ r→∞

a

f(r)r2dr < ln r|r→∞
a

⇒
∫ r→∞

a

f(r)r2dr < r2|r→∞
a . (A.12)

By the way, note that, if ε > 2, (A.10) is also satisfied,
but the integral will converge necessarily, because we
reach the strictly super-strong condition.

Finally, if we look for a sufficient condition for the
integral to diverge, but as slowly as r2, it is also easy to
verify that f(r) should behave asymptotically like 1/r,
that is f(r) ∼ 1/r. When a function decays more slowly
or as slowly as 1/r, we say that it satisfies the weak
condition.

Appendix B

To discuss the good definition of Coulomb law, we can
express the volume integral in spherical coordinates,
taking care to establish an order between the integration
of angular variables and the integration of the radial
variable.

Let us first consider the order in which we take the
integrals in the angular variables and only then consider
the improper integration in the radial variable:∫

V →R3
ρ(r′) (r − r′)

|r − r′|3
dτ ′

=
∫ r′→∞

0
dr′

∫
dΩ′ρ(r′, θ′, φ′) r′2

[r′2 +A(θ′, φ′)r′ + r2] 3
2

× {[r′ sin θ′ cosφ′ − x]̂i
+ [r′ sin θ′ sinφ′ − y]ĵ + [r′ cos θ′ − z]k̂}; (B.1)

where r = (x, y, z) is a constant vector position with
magnitude given by r2 = x2 + y2 + z2;

∫
dΩ′ =∫ π

0 sin θ′dθ′ ∫ 2π

0 dφ′ represents the integration on a
spherical shell of radius between r and r + dr; and
A(θ′, φ′) = −2{sin θ′[x cosφ′ + y sinφ′] + z cos θ′}.

Now, we can write:

r′2

[r′2 +A(θ′, φ′)r′ + r2] 3
2

= 1

r′
[
1 + 1

r′A(θ′, φ′) + r2

r′2

] 3
2
.

(B.2)

With (B.2), we can express (B.1) as:∫ r′→∞

0
dr′

∫
dΩ′ρ(r′, θ′, φ′) 1

r′
[
1 + 1

r′A(θ′, φ′) + r2

r′2

] 3
2

× {[r′ sin θ′ cosφ′ − x]̂i
+ [r′ sin θ′ sinφ′ − y]ĵ + [r′ cos θ′ − z]k̂}

⇒
∫ r′→∞

0
dr′

∫
dΩ′ρ(r′, θ′, φ′) 1[

1 + 1
r′A(θ′, φ′) + r2

r′2

] 3
2

×
{[

sin θ′ cosφ′ − x

r′

]
î

+
[
sin θ′ sinφ′ − y

r′

]
ĵ +

[
cos θ′ − z

r′

]
k̂

}
. (B.3)

Therefore, the improper integral of the Coulomb law
can be expressed by:∫

V →R3
ρ(r′) (r − r′)

|r − r′|3
dτ ′ =

∫ r′→∞

0
f(r′; r)dr′; (B.4)

where the vector function f(r′; r), given by:

f(r′; r) =
∫
dΩ′ρ(r′, θ′, φ′) 1[

1 + 1
r′A(θ′, φ′) + r2

r′2

] 3
2

×
{[

sin θ′ cosφ′ − x

r′

]
î

+
[
sin θ′ sinφ′ − y

r′

]
ĵ +

[
cos θ′ − z

r′

]
k̂

}
;

(B.5)

represent the integral of the charge density performed
on a spherical shell of radius between r′ and r′ + dr′.

To go any further, we should be careful. In the first
place, we should verify if the Cartesian components
of f(r′; r) are bounded everywhere as a general first
condition to the convergence of (B.4).

Next, we must verify if their asymptotic behaviors
meet the necessary conditions for convergence, according
to the discussion in the Appendix A. That is, it is
necessary to verify if f(r′; r) is sufficiently well defined
and well behaved whenever r′ > a, for any large constant
a > 0. This means that we demand that the spherical
shells of continuously increasing radius r′ indeed define
a function f(r′; r) that is bounded everywhere, asymp-
totically continuous and globally localized, at least, in
the semi-strong sense.
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All of this depends exclusively on the angular depen-
dence of the charge density, but we will not pursue
any further in this direction, because that will not be
necessary, as we will see soon.

Even so, there is another problem which, although it
does not affect the convergence of the Coulomb law,
is important as regards the question of the sufficient
conditions for this. We are referring to the fact that the
function f(r′; r) can be identically null, beyond a certain
radius r′.

This is exactly what happens, for example, if the
infinitely extended charge density is spherically symmet-
ric. In this case, the charge densities do not depend on
the angular variables at all. Thus, we will have the result∫ π

0 sin θ′dθ′ ∫ 2π

0 dφ′ (r−r′)
|r−r′|3 ≡ 0, if we perform the inte-

gration at any spherical shell whose radius r′ is bigger
than r. Of course, this doesn’t change the fact that the
integration of the radial variable will be convergent. It
just tells us that the argument to be developed below no
longer applies – not least because the convergence of the
Coulomb law is already guaranteed, in this case.

To proceed any further and avoid this last kind of
situation, it is sufficient to demand from the charge
density that the “loss” of its angular dependence occurs
smoothly, in the limit r′ → ∞.

With these caveats in mind, let us take now the
opposite approach to addressing the issue of convergence
of (B.1), simply by taking the integrals over the angular
variables and the improper integral over the radial
variable in the commuted order of what was previously
considered. So, from eq. (B.3):∫

dΩ′
∫ r′→∞

0
dr′ρ(r′, θ′, φ′) 1[

1 + 1
r′A(θ′, φ′) + r2

r′2

] 3
2

×
{[

sin θ′ cosφ′ − x

r′

]
î

+
[
sin θ′ sinφ′ − y

r′

]
ĵ +

[
cos θ′ − z

r′

]
k̂

}
. (B.6)

Therefore, the improper integral of the Coulomb law
can be expressed by:∫

V →R3
ρ(r′) (r − r′)

|r − r′|3
dτ ′ =

∫
g(θ′, φ′; r)dΩ′; (B.7)

where the vector function g(θ′, φ′; r), given by:

g(θ′, φ′; r)

=
∫ r′→∞

0
dr′ρ(r′, θ′, φ′) 1[

1 + 1
r′A(θ′, φ′) + r2

r′2

] 3
2

×
{[

sin θ′ cosφ′ − x

r′

]
î

+
[
sin θ′ sinφ′ − y

r′

]
ĵ +

[
cos θ′ − z

r′

]
k̂

}
; (B.8)

exists if the improper integral of the charge density
performed along any fixed direction of space given by
(θ′, φ′) is convergent.

Now, remember that, for a charge density bounded
everywhere, the convergence of (B.8) depends entirely
on the behavior of the radial integral evaluated at his
“tail”18:∫ r′→∞

a

dr′ρ(r′, θ′, φ′) 1[
1 + 1

r′A(θ′, φ′) + r2

r′2

] 3
2

×
{[

sin θ′ cosφ′ − x

r′

]
î

+
[
sin θ′ sinφ′ − y

r′

]
ĵ +

[
cos θ′ − z

r′

]
k̂

}
; (B.9)

where a > 0 is a sufficiently large positive constant. An
inspection of the integrand of eq. (B.9) shows that we
can take a large enough so that it makes sense to take
the limit r′ → ∞ to approximate the integral (B.9) as
closely as we want to:

{sin θ′ cosφ′î + sin θ′ sinφ′ĵ + cos θ′k̂}

×
∫ r′→∞

a

ρ(r′, θ′, φ′)dr′. (B.10)

From (B.10), we can see that the convergence of∫
V →R3 ρ(r′) (r−r′)

|r−r′|3 dτ
′ depends on the convergence of the

following volume integral performed on spherical shells
from a sufficiently large radius a > 0:∫

dΩ′
{

sin θ′ cosφ′î + sin θ′ sinφ′ĵ + cos θ′k̂
}

×
∫ r′→∞

a

ρ(r′, θ′, φ′)dr′. (B.11)

This demonstrates, therefore, that the good definition
of Coulomb law depends on the convergence of the
improper integrals

∫ r′→∞
a

ρ(r′, θ′, φ′)dr′, evaluated for
all fixed directions in space, where a > 0 is a sufficiently
large positive constant, provided that the resulting
functions:

g(θ′, φ′; a) =
∫ r′→∞

a

ρ(r′, θ′, φ′)dr′; (B.12)

be sufficiently well behaved in the intervals of definition
of the angular variables.

Data Availability

The entire set of data supporting the results of this study
was published in the article itself.
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