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Variability characterization of 
a gold tailings deposit 
considering piezocone 
soundings interpretation
Abstract

Geotechnical properties vary spatially owing to their mineralogical composition, 
stress history, and deposition processes, even within homogeneous soil layers. This 
high degree of variability imposes considerable limitations on the calculation and 
simulation of models based on deterministic parameters extracted from the field. Mine 
tailings exemplify this scenario, where the difficulty of sample extraction and laboratory 
characterization further complicates the challenges. Consequently, field investigation 
becomes a crucial factor in determining the behavior to be used in geomechanical 
models. To address this issue, this study focuses on quantifying statistical parameters, 
including the mean, standard deviation, probability density function, and fluctuation 
scale—scarce in the literature—derived from direct measurements of piezocone tests 
and related strength parameters. The results indicate that despite the high variability 
of the deposit, after a careful profile evaluation considering the characteristic behavior 
of coarse and fine materials, it was feasible to evaluate the adherence of both normal 
and lognormal distributions for strength parameters. The fluctuation scales also show 
high dispersion, ranging from 0.1 to 3.3 meters. This research contributes to a 
comprehensive understanding of the spatial variability in mine tailings and provides 
practical insights for future applications.
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Mining

The influence of soil variability on 
slope stability and the structural response of 
large constructions is widely acknowledged 
(Griffiths et al., 2012). Using homogeneous 
soil models for deterministic or probabilistic 
analyses to represent strength and stiffness 
may lead to nonconservative outcomes due 
to the inherent randomness in soil properties 
(Liu et al., 2018). In such scenarios, random 
field theory becomes an essential tool in 
slope stability analysis, allowing for a more 
realistic depiction of the randomness and 
failure modes of soil properties.

Various approaches have been pro-
posed in literature to account for spatial 
variability in soils during slope stability 
analysis and foundation problems. Among 
these methods, the random field finite 
element method (RFEM), introduced by 
Fenton and Griffiths (2008), stands out as a 
widely accepted approach (Belo et al., 2022). 
It involves generating random fields of soil 

properties via the local average subdivision 
(LAS) method and employs finite element 
analysis for stress and strain computations.

Despite the progress made in imple-
menting routines that facilitate the mod-
eling of random soil properties, many 
reported cases still rely on theoretical 
data to define appropriate statistical 
characterizations, such as theoretical 
Probability Density Functions (PDFs) and 
correlation structures. To address these 
data limitations, piezocone tests, which 
provide continuous measurements along a 
vertical profile, offer a substantial dataset 
that enables the establishment of reliable 
relationships and minimizes potential 
biases in statistical and probabilistic ap-
plications (Salgado et al., 2015).

Within this context, this article 
delves into the statistical characterization 
of key parameters, including the mean (μ), 
coefficient of variation (COV), fluctuation 

scales (ρv), and characteristic probability 
density functions (PDFs), by analyzing 
piezocone data soundings. A series of 
tests conducted on a gold mining tailings 
storage facility (TSF) that belongs to the 
Fazenda Brasileiro Mine, located in the 
eastern region of Bahia state, northern 
Brazil, is considered in this study. Sta-
tistical analysis considering parameters, 
such as the cone tip resistance qc, sleeve 
friction fs, and excess pore pressure u2, 
and their residual values (after trend re-
moval), were derived. Additionally, after 
a careful profile evaluation considering 
the characteristic behavior of coarse and 
fine materials, strength parameters were 
derived, and the adherence of both normal 
and lognormal distributions was investi-
gated. The obtained results contribute to 
a comprehensive understanding of spatial 
variability in mine tailings and provide 
practical insights for future applications.

1. Introduction
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The Tailings Storage Facility (TSF) 
that belongs to the Fazenda Brasileiro 
Mine, is located in northeastern Brazil in 
the eastern portion of Bahia state, 180 km 
north-northwest of the state capital city of 
Salvador. The Fazenda Brasileiro mine has 
been the subject of a research project to 
explore the geomechanical behavior of tail-
ings over the years. This project included 
site evaluation, field exploration, and 
laboratory testing. Characterization in the 
field comprises eleven (11) different inves-
tigation islands, from which samples were 

collected (for characterization). Triaxial 
and oedometer tests, along with in situ 
tests, such as conventional piezocone tests 
(CPTu), piezocone with seismic measure-
ments (SCPTu), seismic dilatometer tests 
(SDMT), and vane tests, were performed.

Laboratory tests revealed a predomi-
nantly silty sand material with an average 
in situ solid content of approximately 30% 
(by weight) and an in situ water (w) content 
of 35%. The material is characterized as low 
to nonplastic with a high specific gravity (Gs) 
ranging from 2.79 to 3.30 g/cm3. Triaxial 

tests were performed under monotonic 
loading under both compression and exten-
sion. The tests were conducted on recon-
stituted samples, and an effective critical 
state friction angle (φ') of approximately 
30 degrees was defined. The complete 
characterization of laboratory tests can be 
found in Bedin et al. (2012), Schnaid et al. 
(2013) and Nierwinski (2019). Field char-
acterization considering piezocone tests 
is discussed in more detail herein, since 
it was considered to define the statistical 
characterization of the deposit.

Piezocone tests in the field were 
considered to investigate the general me-
chanical behavior of the deposit through 
the execution of standard tests (at a stan-
dard velocity of 20 mm/s) followed by a 
set of tests with varying penetration rates 
to define the general behavior considering 
drainage. Recent research has explored the 

influence of rate effects on in situ tests, in-
cluding both piezocone (CPTu) and seismic 
dilatometer tests (SDMT) (Schnaid et al., 
2016; Schnaid et al. 2020; Mafra and 
Dienstmann, 2022; Dienstmann et al., 
2017, 2018a, 2018b; 2024). The present 
article focuses on the statistical character-
ization of the deposit for spatial variability 

modeling, particularly in the context of 
vertical spatial variability. The following 
nomenclature is used to represent piezocone 
tests from different campaigns: PZC01 to 
PZC08 from Bedin (2010); I1K and I2K 
from Klahold (2013); and I1S from Sosnoski 
(2016). Figure 1 presents a general view and 
location of the investigated islands.

To assess the spatial variability of 
the site, a direct comparison of piezo-
cone tests from various investigation 
islands was performed, as shown in 
Figure 2. Dienstmann et al. (2018a) cat-
egorized the results into two character-
istic behaviors: coarse and fine particles. 
Soundings exhibiting coarse particle 
behavior (labeled PZC02, PZC03, and 

PZC05) were carried out in the central 
portion of the deposit, with elevations 
of 359 m and a water table depth of 7 m. 
In this region, borehole tests revealed 
higher cone penetration resistance,  
qt (total tip resistance), lower pore pres-
sure, u2 (pore pressure measured at the cone 
shoulder position), a reduced pore pressure 
ratio, Bq (Bq=(u2 - u0)/(qt - σ’v)), in which u0 

is the hydrostatic pore pressure and σ’v 
is the effective vertical stress), and lower 
sleeve friction values (fs). In contrast, the 
outer part of the deposition lake, with 
elevations ranging from 352 to 356 m 
and containing fine particles, presented 
a lower cone total tip resistance (qt), a 
greater undrained response (higher u2 
and Bq), and increased sleeve friction 

Figure 1 - General view and location of site investigation clusters at the Fazenda Brasileiro tailings dam.

2. Site characterization

2.1 General view

2.2 Piezocone test interpretation
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Figure 2 - Piezocone profiles in coarse and fine tailings, Dienstmann et al. (2018a).

The characteristic behavior of the 
coarse and fine materials, as defined by 
Dienstmann et al. (2018a), was utilized 
to determine the resistance parameters. 
Piezocone penetration data were employed 
to derive the effective friction angle (φ’) 
and undrained shear strength (Su) via es-
tablished correlations from literature, e.g., 
the solutions proposed by Kulhawy and 
Mayne (1990), Mayne and Campanella 
(2005), and the Norwegian University of 

Science and Technology (NTNU) method 
described by Senneset et al. (1988; 1989).

For friction angle determination, 
the approaches of Kulhawy and Mayne 
(1990), Mayne and Campanella (2005), 
and the Norwegian University of Science 
and Technology (NTNU) method 
(Senneset et al., 1988; 1989) were consid-
ered, with Equations 1 for clean sands and 
Equation 2 for mixed soil types. Equation 1 
was applied when the Bq values were 

less than 0.1, whereas Equation 2 was 
used for Bq values ranging from 0.1--1. 
The undrained shear strength (Su) was 
determined via Equation 3 when the Bq 
values were greater than 0.4, indicat-
ing undrained behavior. Equation 3 
allows for the direct determination 
of Su based on the cone factor Nkt, 
which can be derived through direct 
comparison with vane shear test results 
(Schnaid, 2008):

In these equations, q
t
 represents the 

total tip resistance, σv0 and σ’v0 are the total 
and effective vertical stresses, respectively, 
and N

kt
 is a correction coefficient. The und-

rained shear strength was determined from 
calibrations against vane tests in finer ma-
terial yielding an N

kt
 factor of 12 (Klahold 

2013, Dienstmann et al. 2018a). Figure 3 

illustrates the outcomes of the resistance 
parameters derived from investigations 
on islands I1K and I2K. It depicts a varia-
tion in the undrained shear strength (Su) 
ranging from approximately 5 to 25 kPa 
and friction angles ranging from 20 to 42 
degrees. Furthermore, the figure presents a 
Soil Behavior Type (SBT) classification in-

dex (Ic), according to Robertson and Wride 
(1998), which demonstrates the suitability 
of the Su calculations for regions 3 and 2, 
corresponding to clay and organic clays. 

Considering the high variability of 
the material, the next section presents 
the statistical quantification of the main 
parameters of this specific site.

0t v
u

kt

q
S

N
=

(1)

(2)

(3)

(fs). Soundings displaying these char-
acteristics are labeled PZC01, PZC04, 
PZC06, PZC07, PZC08, IK01, IK02, 

and IS01. These differences are a result 
of the depositional process, with coarse 
particles settling from the slurry during 

transport, whereas finer particles settle 
only when they reach the still water of 
the decant.

q
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The statistical characterization of 
gold tailings variability was carried out for 
each vertical standard piezocone sound-
ing. A total of eleven (11) soundings were 
evaluated, each providing a varying num-
ber of measurements, ranging from 370 
to 1047. This characterization involved 
calculating the mean values, coefficient 
of variation (COV), and vertical scale of 
fluctuation for measurements, including 
cone resistance (qc), sleeve friction values 
(fs), and pore pressure (u2). The analysis 

also included the assessment of residual 
values. The probability density functions 
(PDFs) for each parameter, as well as the 
derived friction angle and undrained shear 
strength, were investigated.

Basic statistics (means and standard 
deviations) of the test measurements were 
computed via spreadsheet software, which 
was also used to implement methods for 
determining the vertical fluctuation scales. 
The following approaches were imple-
mented: Vanmarcke’s expedition method 

(VXP), theoretical autocorrelation fitting 
models (AMFs), and direct integration of 
the sample autocorrelation function (SAI).

A fundamental step for the imple-
mented methods (VXP, AMF and SAI) 
is the calculation of the autocorrelation 
function (ρ), as shown in Eq. (4), which is 
derived from the covariance (C) between 
the separation distance (τ) and the target 
parameter. The covariance is obtained via 
Eq. (5), and the separation distance is cal-
culated via Eq. (6) (Salgado et al., 2015).

Figure 3 - Piezocone profiles friction angle (φ) and undrained strength (Su) interpretation.

where μ
X
 is the mean value of X, i.e., 

the data of interest; j ≥ 1 is the total number 
associated with the separation distance; 
∆z is the minimum distance between two 
consecutive points; and C(τ1) is the covari-
ance for the null separation distance.

Autocorrelation fitting models 
(AMFs) are mathematical expressions 
that define the relationship between 

separation distance and autocorrela-
tion. In geotechnical practice, the most 
widely adopted models—namely, the 
exponential, second-order Markov, and 
exponential cosine functions—are sum-
marized in Table 1. However, there is no 
autocorrelation model that undoubtedly 
stands out in relation to the others (Milan 
and Dienstmann, 2025). These theoreti-

cal models should be directly compared 
with the experimental autocorrelation 
values computed via Eq. (4). In general, 
the parameter θ is varied within the math-
ematical equations to achieve the best fit 
between the experimental (field) curves 
and the theoretical models. An R² analysis 
can be used to optimize the functions and 
quantify the quality of the fit.

3. Statistical characterization
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Figure 4 - Principle of Vanmarcke's method (adapted from Kenarsari, Chenari and Eslami 2013).

The direct integration of the sample 
autocorrelation function SAI method also 
relies on the sample autocorrelation data 
calculated via Eq. (4) to determine the 
fluctuation scale. According to this method, 
which is supported by Salgado et al. (2019), 

the autocorrelation distance (θ) can be 
estimated as twice the area under the posi-
tive portion of the sample autocorrelation 
function (ρ).

In Vanmarcke’s expedition method 
(VXP), it is assumed that the fluctuation 

scale can be correlated with the trend line re-
lated to the variation in the parameter along 
the soil profile (Figure 4). The estimation of 
the fluctuation scale is performed by evaluat-
ing the crossing distance between the trend 
line and the results obtained from the test.

To determine the fluctuation scale val-
ue via the VXP, which is based on cone test 

resistance, Kenarsari, Chenari, and Eslami 
(2013) proposed the following equations:

where d is the average crossing dis-
tance and θ is the fluctuation scale value.

The evaluation of the fitted prob-
ability density functions (PDFs) involves 
direct comparisons between the his-

tograms of the empirical data and the 
theoretical probability density functions, 
which are supported by quantile-quantile 
(Q-Q) plots. The analysis of the PDFs was 
performed via RStudio, an open-source 

software environment that supports 
statistical computing through a wide range 
of built-in functions and user-contributed 
packages. Further details are provided in 
Section 3.3.

Table 2 presents an overview of the 
results for the mean and COV across the 
evaluated islands. The mean values of qc 
ranged from 392.50 to 4467.74 kPa, the fs 

mean values ranged from 3.13 to 34.40 kPa, 
and the u2 mean values ranged from 36.52 to 
132.88 kPa. The COVs and residual COVs 
(COVres), which were calculated after 

the measurement trend was removed (see 
Figure 5a), ranged from 0.18 to 5.27 (equiva-
lent to 18% to 527%). Notably, the values 
obtained after removing trends, known as 

3.1 Mean and COV

Table 1 - Theoretical autocorrelation models.

AMF Models Autocorrelation function

Exponential

Second Order Markov

Squared Exponential

Exponential Cosine

 = exp -2
θ
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 q
c

f
s

u
2

Sounding mean 
(kPa) COV COV res PDF 

best fit
mean 
(kPa) COV COV res PDF 

best fit
mean 
(kPa) COV COV res PDF 

best fit

I1K 392.5 0.76 0.81 Lognormal 3.52 0.83 0.83 Lognormal 101.74 0.77 0.36 Normal

I1S 553.99 0.9 0.93 Exponential 6.27 0.61 0.6 Lognormal 132.88 0.5 0.33 Normal

I2K 879.61 1.2 1.04 Exponential 15.59 2.71 2.54 - 69.69 0.87 0.7 -

PZC 01 863.6 0.87 0.85 - 7.34 0.78 0.82 Exponential 111.05 0.54 0.32 Normal

PZC 02 3145.89 0.37 0.41/0.69* Lognormal 22.93 0.5 0.43/0.69* Normal 93.97 0.28 0.64/0.33 -

PZC 03 3852.24 0.67 0.67 Lognormal 34.4 0.67 0.73 Lognormal 93.2 0.34 0.62 Normal

PZC 04 738.44 0.92 0.83 - 6.49 0.81 0.8 - 106.42 0.52 0.26 Normal

PZC 05 4467.74 0.3 4.63 Normal 31.61 0.26 0.33 Normal 57.34 0.53 1.07 Normal

PZC 06 174.56 0.46 0.47 Normal 3.13 0.69 0.49 Normal 86.72 0.51 0.18 Normal

PZC 07 1785.63 1.23 0.86/0.56* - 8.39 0.91 1.47/0.43* - 36.52 0.91 0.60/0.42 Normal

PZC 08 373.13 1.21 0.71/0.71* Exponential 6.08 0.46 0.37/0.45* Lognormal 74.13 0.72 5.27/0.33 -

Table 2 - Statistics of qcc, fss and u2 for different soundings.

*trend breaks

3.2 Vertical scales of fluctuation
The standard autocorrelation func-

tion ρ(τ), commonly referred to as the 
autocorrelation function (ACF), was em-
ployed to calculate the vertical scales of 

fluctuation, denoted as θv and measured 
in meters. These calculations were based 
on parameters, such as qc, fs, and u2 and 
their residuals. The process involves the 

use of theoretical autocorrelation fitting 
models (AMFs) to determine correlation 
lengths. In addition to AMFs, the classical 
Vanmarcke’s method (VXP) and direct 

COVres, displayed statistics similar to those 
of the pure parameters of the deposit. This 
observation is consistent with the findings 
of Uzielli et al. (2005), who noted changes 
in variability when normalized parameters 
were used. Compared with the range of 
variation reported in literature for cone 
penetration test (CPT) measurements, Liu 

and Chen (2010) reported COV values 
ranging from 0.65 to 2.55 for qc and 0.46 
to 2.16 for fs across a range of sandy, silty, 
and clayey materials.

In a study by Villavicencio et al. (2011) 
on Chilean copper mine tailings, both labo-
ratory and dynamic penetration tests were 
employed to examine variability. The authors 

reported a wider range of COV values, 
extending from 0.02 to 8.22, indicating a 
higher level of dispersion, as observed in the 
gold tailings of Fazenda Brasileiro. Moreover, 
Villavicencio et al. (2011) used dynamic tests 
to estimate the coefficients for friction and 
predict its variability, a method that parallels 
the approach detailed in Section 3.3.

(b) (c)

Figure 5 - Variability analysis: (a) typical definition of trend and residual values for qc; (b) autocorrelation 
functions considering original measurements; and (c) autocorrelation functions considering residual values.

(a)



7/12

Gracieli Dienstmann et al.

REM, Int. Eng. J., Ouro Preto, 79(2), e240060, apr. jun. | 2026

q
c

f
s

u2

Original measure Residual value Original measure Residual value Original measure Residual value

Souding Method θv  (m) Average  
θv (m) θv  (m) Average  

θv (m) θv  (m) Average  
θv (m) θv  (m) Average  

θv (m) θv  (m) Average  
θv (m) θv  (m) Average  

θv (m)

I1K

VXP 0.14

0.17

0.14

0.25

0.17

0.21

0.17

0.18

0.13

1.24

0.13

1.31AMF 0.20 0.30 0.25 0.25 2.30 2.50

SAI 0.18 0.30 0.20 0.13 1.28 1.29

I2K

VXP 0.29

0.46

0.29

0.43

0.23

0.28

0.23

0.25

0.23

0.75

0.23

0.26AMF 0.50 0.50 0.37 0.3 1.30 0.32

SAI 0.59 0.49 0.25 0.23 0.71 0.24

I1S

VXP 0.19

0.29

0.19

0.3

0.17

0.20

0.17

0.19

0.16

0.72

0.16

0.39AMF 0.34 0.36 0.27 0.25 1.10 0.55

SAI 0.35 0.35 0.15 0.15 0.91 0.47

PZC1

VXP 0.19

0.45

0.19

0.42

0.14

0.31

0.14

0.41

0.12

0.94

0.12

0.16AMF 0.55 0.50 0.50 0.7 1.60 0.20

SAI 0.61 0.58 0.29 0.39 1.11 0.17

PZC2

VXP 0.32

0.95

0.32

1.35

0.22

0.42

0.22

0.53

0.23

1.58

0.23

0.16AMF 0.90 1.50 0.55 0.70 2.50 0.15

SAI 1.64 2.23 0.5 0.67 2.02 0.10

PZC3

VXP 0.57

1.06

0.57

1.26

0.36

0.77

0.36

1.18

0.56

1.82

0.56

0.77AMF 1.30 1.48 0.95 1.35 3.50 0.89

SAI 1.32 1.72 1.01 1.82 1.40 0.86

PZC4

VXP 0.14

0.48

0.14

0.24

0.14

0.22

0.14

0.16

0.10

1.3

0.10

0.14AMF 0.65 0.25 0.30 0.25 2.40 0.17

SAI 0.66 0.32 0.21 0.10 1.39 0.15

PZC5

VXP 0.53

1.24

0.53

1.47

0.31

2.04

0.31

1.00

0.68

1.88

0.68

1.22AMF 1.40 1.95 2.50 1.25 2.50 1.40

SAI 1.78 1.92 3.30 1.44 2.46 1.59

PZC6

VXP 0.14

0.25

0.14

0.2

0.21

0.75

0.21

0.43

0.08

1.06

0.08

0.10AMF 0.30 0.25 1.30 0.65 2.00 0.15

SAI 0.30 0.22 0.73 0.42 1.10 0.07

PZC7

VXP 0.21

0.86

0.21

0.32

0.11

0.41

0.11

0.19

0.16

0.51

0.16

0.14AMF 1.20 0.40 0.70 0.25 0.90 0.15

SAI 1.18 0.36 0.42 0.20 0.47 0.11

PZC8

VXP 0.18

0.17

0.18

0.17

0.25

0.22

0.25

0.19

0.14

0.89

0.14

0.16AMF 0.15 0.15 0.25 0.20 1.60 0.20

SAI 0.18 0.18 0.17 0.12 0.93 0.14

Table 3 - Scales of fluctuation from qc, fs and u2 and residuals for different soundings.

integration of the sample autocorrelation 
function (SAI) were considered to ensure 
robust results (for definitions, see Uzielli 
et al., 2005; Kenarsari et al., 2013; Tan 
et al., 2020; and Zhang et al., 2021). To 
ensure the significance of the fit of AMFs, 
only functions producing R2 > 0.9, with 
at least four initial autocorrelation coef-
ficients greater than , were accepted, where  
r

b
 = 1.96 / √ nb is the number of data points 

of a given profile (Uzielli et al., 2005).
Table 3 compiles the calculated val-

ues obtained from each of the referenced 
methods and presents average values for 
each sounding. These values range from 
0.1 to 3.3 meters. The results reveal a gen-

eral consensus between the SAI and AMF 
methods, although some disparities are 
observed when the VXP is used. Notably, 
the calculated values considering the origi-
nal data and residual values displayed very 
similar correlation scales. These methods 
can be visualized in Figure 5, which uses 
data from a typical result as an illustrative 
example. Figure 5a depicts the definitions 
of the trend and residual values, alongside 
the measured data. The average tip resis-
tance (qc) clearly increases with depth (z). 
To address this trend, a linear function  
(e.g., qc = az + b, where 'a' and 'b' are fitting 
parameters) was applied to fit the CPTu 
data. After removing the trend component 

(az + b) from the original CPTu data, the 
residual tip resistance forms a stationary 
random field with a zero-mean, as com-
monly used in random field theory for sta-
tionary fields (Fenton and Griffiths, 2008).

Figures 5b and 5c highlight the 
determination of correlation lengths for 
qc, fs, and u2. The figures consider both 
the measurement (Figure 5b) and residual 
values (Figure 4c). Notably, when observ-
ing the scales calculated for each evaluated 
parameter, there is a greater dispersion 
when considering the pore pressure mea-
surement u2. In contrast, scales derived 
from qc and fs measurements tend to 
exhibit more consistent values.
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To establish appropriate statistical 
laws to model the variability of the tail-
ings data, histogram representations of 
parameters qc, fs and u2 were explored and 
directly compared with theoretical prob-
ability density functions (PDFs). Table 2 
provides a summary of the statistical data 
and the best-fit PDFs for each sounding. 
When considering the measurements qc, fs 
and u2, the analysis revealed that the great 
variability of the material led to different 
potential applications of the PDFs. The 
analysis was performed in RStudio soft-
ware and prioritized the examination of 
normal, lognormal, exponential, gamma, 
and Weibull functions and PDFs with estab-
lished applications in the geotechnical engi-
neering literature. RStudio is an integrated 
development environment (IDE) for the R 
programming language, a free software 
environment for statistical computing and 
graphics (R Core Team, 2023). The analy-
sis involved the use of various packages, 

including ggplot2 and fitdistrplus.
The analysis considering measure-

ments of the tests is discussed in more detail 
in Dienstmann et al. (2023) and (2024). 
However, among the evaluated soundings, 
some parameters for some piezocone pro-
files were possibly in accordance with the 
lognormal distribution (e.g., qc  and fs data 
for I1K and PZC03), whereas for the same 
soundings, a normal distribution was more 
appropriate for modeling u2 data. A normal 
distribution appears to be more suited to 
model  qc, fs, and u2 measurements for is-
lands PZC05 and PZC06. In some cases, 
the exponential distribution proved to be 
adequate for modeling certain parameters 
in specific soundings, such as qc in I1S, I2K, 
and PZC08. However, the high variability 
of the material in some soundings made it 
challenging to determine the best repre-
sentation function, as indicated in Table 2.

Considering the high variability of 
the measurements, the profiles were sepa-

rated into characteristic behaviors, and the 
adherence of the theoretical functions was 
analyzed, considering the typical behavior 
of coarse and fine materials. This analysis 
was performed by deriving values of the 
friction angle and undrained shear strength 
through classical literature proposals 
(Equations 1 and 2).

For the derived strength parameters, 
Figure 6 visually presents the distributions 
of the calculated friction angles and und-
rained shear strengths. This presentation 
is accompanied by histogram plots and 
theoretical functions, complemented with 
quantile plots (Q−Q plots). Q−Q plots are 
valuable for comparing the distribution of 
a variable with a selected theoretical dis-
tribution. A good fit is indicated when the 
points on the graph approximately form a 
straight line.

The friction angle, as shown in 
Figure 6a and 6b, is generally well rep-
resented by either a normal or lognormal 

3.3 Probability density functions

Figure 6 - Variability analysis – histogram, theoretical PDFs and Q−Q plots.

(a)

(f)

(b)

(c)

(e)

(d)
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The present study aims to analyze 
the spatial variability of mine tailings 
deposits via piezocone testing data. 
Statistical parameters were derived from 
measurements of piezocone testing data, 
such as cone tip resistance (qc), sleeve 
friction (fs), and excess pore pressure 
(u2), as well as their residual values (after 
trend removal). Results showed that the 
variation ranges considering the coef-
ficient of variation (COV) were similar 
when the original measurements and 
residual values were considered, ranging 
from 0.18 to 5.27 (equivalent to 18% to 
527%). This high variation range is as 
expected and is consistent with what 
has been reported in literature.

Based on the measurements from 
the tests (qc, fs and u2), the adherence 
to the theoretical functions was also 
analyzed, and this analysis was per-
formed for each profile. The results 
showed that the high variability of the 
deposit makes it difficult to define a 
single representative function. There-
fore, the approach was to separate 
behaviors and analyze the adherence to 
theoretical functions while considering 
the typical behavior of fine and coarse 
materials. This analysis was performed 

by deriving values for the friction angle 
and undrained shear strength through 
classical literature proposals.

Although the classical literature 
proposals for deriving strength param-
eters, especially from the friction angle, 
were developed for natural materials, 
they were used for characterizing the 
strength parameters of gold mine tail-
ings and proved to be adequate, since 
they resulted in predicted average 
values for the friction angle that were 
very close to those characterized in 
the laboratory. In this sense, their use 
was considered valid for analyzing the 
distribution of strength parameters. 
After this validation, the adherence to 
normal and log-normal theoretical dis-
tributions was verified. Both methods 
are suitable for use, with characteristic 
values of means of 30.1 degrees and 
a standard deviation of 4.72 degrees, 
resulting in a COV of approximately 
15%, which is consistent with the varia-
tion ranges indicated in literature for 
frictional parameters.

To evaluate the undrained shear 
strength, the pore pressure ratio (Bq) was 
used to separate data in profiles with 
drained (coarse) and undrained (fine) 

behavior. The distribution of Su obtained 
via this separation resulted in a mean 
value of 12.94 kPa with a standard de-
viation of 9.74 kPa (COV = 71.9%). Nor-
malizing the undrained shear strength by 
effective stress proved useful, significantly 
reducing data dispersion (COV = 36.8%) 
and allowing better visualization of the 
adequacy of the theoretical functions.

With respect to the fluctuation 
scale, the dispersion of the results 
was large, as expected. The analysis 
was validated by calculating both the 
scales from test measurements and 
their residual values. The calculation of 
residual values can be understood as a 
method that removes the expected trend 
of parameter increases, such as qc, along 
the depth because of the self-weight of 
the materials and should be preferred 
over other normalizations for analyzing 
fluctuation scales (vertical dispersion).

Finally, the present study aims to 
contribute tools for the statistical char-
acterization of variability through the 
use of piezocone tests. The presented 
approach can be applied to profiles of 
natural materials and is not limited to 
the statistical characterization of mine 
tailings deposits.

4. Discussion and conclusions

distribution with a mean value of 30.1 
degrees and a standard deviation of 4.71 
degrees (COV = 15.7%). Importantly, 
the correlations considered to determine 
the friction angle, Equations 1 and 2, 
have not been developed for tailings and 
must be carefully evaluated for various 
applications. For the present data, a good 
match was observed between the average 
calculated value of 30.1 degrees and the 
average value obtained from triaxial tests 
by Bedin (2010) and Nierwinski (2019), 
which was approximately 30 degrees. In 
this way, the obtained distribution was 
considered consistent. Furthermore, the 
observed variation was consistent with 
literature, which indicates variations of 
approximately 5-20% for the effective 
friction angle obtained for different mine 
tailings through laboratory tests (Baecher 
and Christian, 2003).

For the undrained shear strength 
(Figure 6c and 6d), two analyses were 
performed: derived parameter (Su) and 
normalized parameter by the vertical 
effective stress (Su / σ’v0), as shown in 
Figure 6c and 6d. Considering the und-
rained shear strength, the lognormal dis-

tribution was deemed more appropriate 
for representing the general distribution, 
which was characterized by a mean value 
of 12.94 kPa and a standard deviation of 
9.74 kPa (COV=71.9%).

For modeling the normalized un-
drained strength (Figures 6e and 6f), 
both normal and lognormal distribu-
tions showed adherence, considering 
the direct analysis of the histogram 
representation (Figure 6e), although the 
Q−Q plots (Figure 6f) showed a better 
fit when the lognormal distribution 
was considered. Another advantage of 
adopting the lognormal distribution is 
that it does not return negative values. 
This should be taken into account 
for future applications, especially 
considering the high dispersion of the 
undrained strength. Furthermore, 
the dispersion was reduced when the 
undrained resistance parameter was 
normalized. In this case, the distri-
bution was characterized by a COV 
of 36.8%, in contrast to the value of 
71.9% obtained by direct analysis of 
the undrained resistance. The mean 
values, standard deviations, and coef-

ficients of variation are presented in the 
accompanying figure.

Recently, Becker et al. (2024) 
presented statistical data that charac-
terize the variability in the undrained 
shear strength of iron tailings from 
Germano dam, which is located in 
the town of Mariana, Minas Gerais 
state, Brazil. The authors performed 
a careful analysis to separate the data 
from several profiles and analyzed the 
distribution of the normalized und-
rained shear strengths. Only the layers 
considered to have plastic behavior 
were analyzed, and the influence of 
layer thickness was also examined. The 
results revealed that the distribution of 
the Su / σ’v0 ratio of the plastic tailings 
from the Germano dam is lognormal 
and that the thicker a layer of plastic 
tailings is, the lower its Su / σ’v0 and its 
variability. The variation range of the 
Su / σ’v0 ratio obtained by the authors 
was 0.11-0.24, with COVs ranging 
from 29-47%, values that are gener-
ally consistent with those obtained in 
the present study, with a mean Su / σ’v0 
ratio of 0.25 and a COV of 36.8%.
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