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Abstract

The objective of the present study is to evaluate the fluid dynamics of a flotation 
column (2" in diameter and 6 m in height) based on gas hold-up measurements and, in 
particular, by applying the liquid-phase RTD (residence time distribution) technique. 
Additionally, a comparative study is performed between different methodologies used 
to determine RTD hydrodynamic parameters such as fitting of tanks-in-series and 
axial dispersion models to the experimental data.

The evidence indicates that the axial dispersion and tanks-in-series models agreed 
well with the experimental data, with a slight advantage of the first model, in terms 
of obtaining the fluid dynamic parameters. It was proven that the axial dispersion 
model parameters (Pe or Nd) can be obtained with good precision (R2 > 0.99) within 
the evaluated ranges from correlations that use the number of tanks in series (N) values 
estimated by the tanks-in-series model.
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Specifically in the case of a col-
umn flotation process, several ad-
vantages can be cited in relation to 
conventional cells, which lead to higher 
recovery when processing ore of finer 
grain sizes, particularly because of the 
better control of the size of the gener-
ated bubbles and the addition of wash 
water at the top of the column, which 
decreases the hydrodynamic entrain-
ment of hydrophilic particles in the 
froth (Dobby and Finch, 1985; Mills 
et al., 1992; Santos, 2005).

Normally, industrial flotation 
columns are operated under pre-estab-
lished operational conditions according 
to studies performed in pilot columns; 
conditions include the air flowrate, gas 
hold-up (volume fraction of air in the 
column), feed flowrate or superficial 
feed velocity, percentage of solids, 
reagent dosage, average residence 
time (Santos, 2005).  According to 
Mavros (1993) and Santos (2005), the 
mixing condition in which the liquid, 
solid, and gas phases are found in the 
collection zone of a flotation column 
is a preponderant factor for process 
recovery. Additionally, according to 
these authors, the lower the turbulence 

in the collection zone, the better the 
performance of the column which is a 
primary factor that affects the collec-
tion and release of mineral particles by 
bubbles. Studies performed by Goodall 
and O'Connor (1992) reported that the 
mixing intensity in the collection zone 
of the column only slightly influences 
the recovery of the flotation process of 
pyrite, which is explained by the use of 
a column height larger than necessary 
for the obtained results. Shukla et al. 
(2010) also agrees that a highly tur-
bulent mixture in the collection zone 
affects bubble-particle adhesion, which 
consequently affects the flotation 
process. In this context, by knowing 
the distribution and average residence 
time of the present phases, the mixing 
intensity in the cell can be quantified 
and correlated to process recovery 
(Santos, 2005). When the phases are 
properly mixed, the occurrence of dead 
zones or short-circuits is minimised, 
offering more appropriate hydrody-
namic conditions to achieve a better 
flotation performance. Additionally, 
the determination of the liquid-phase 
RTD parameters, which is assisted by 
fluid dynamics models that describe the 

mixing intensity within the flotation 
column, can be useful to establish the 
scale-up procedure of the equipment 
(Yianatos et al., 2017).

A literature review on the ap-
plication of the RTD technique in 
mechanical flotation cells and columns 
in the last decades was performed, as 
presented by Table 1. An analysis of 
this table indicates the existence of a 
relatively reasonable number of studies 
performed on the subject; however, few 
of them focus on a comparative analy-
sis of the adequacy of the main models 
used: continuous stirred-tank reactor - 
CSTR in series (tanks-in-series model), 
and plug-flow reactor - PFR with axial 
dispersion (axial dispersion model). In 
the axial dispersion model, the mixture 
is generated by the deviation from an 
ideal PFR. The most commonly used 
tracer element detection techniques are 
the following: spectrophotometry for 
dyes, such as methylene blue and fluo-
rescein (dye fluorescein); conductivity 
for KCl and NaCl (except in Lima et al. 
(2005), where atomic absorption was 
used); pH measurements for HCl; and 
gamma-ray spectroscopy for radioac-
tive tracers and irradiated elements.

1. Introduction

In many industrial processes, 
such as flotation, the equipment is 
continuously operated with at least 
one input and one output, through 
which matter and/or energy is trans-
ferred. Such processes are known as 
open systems. In the design of con-
tinuous equipment, the flow is often 
considered to be ideal, i.e., perfectly 
agitated or of the piston-flow type (Fo-
gler, 1992; Levenspiel, 1999). How-
ever, flow through equipment does not 

always follow ideal patterns, which 
may generally interfere with system 
performances, which thus generates 
responses below what is expected.

The residence time distribution 
(RTD) theory was created by study-
ing flow in real, continuous systems 
with the purpose of quantifying 
any deviations from ideal behaviour 
(Danckwerts, 1953; Zwietering, 
1959). The RTD analysis represents 
a useful and valuable tool to estimate 

the mixing quality within equip-
ment, including flotation cells. This 
technique uses a tracer element or 
marker, such as dye, inorganic salts, 
or activated radioactive elements, 
etc., inserted into the feed stream of 
cells or equipment, generally applied 
as a pulse, which is then used to anal-
yse the concentration of the tracer in 
the output, as indicated in Figure 1 
(Levenspiel, 1999, Lima et al., 2005, 
Santos, 2005).

Figure 1 - Schematic of stimulus/response apparatus used to obtain the RTD.
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Table 1 - Literature studies on the RTD of flotation cells.

Cell Tracer (phase) Variable Model Reference

Column (Dc= 0.075 m, Hc=4.57 m) KCl (L) Jg, Jf PFR Rice et al. (1974)

Column (Dc=0.06 m, Hc=1.1 m) HCl (L) - PFR Ityokumbul et al. (1988)

Columns (Dc= 0.46; 0.91 m, Hc=9.5;10 m) fluorescein (L), MnO2 (S) Dc, Dp PFR Dobby and Finch (1985)

Column (Dc= 0.08 m, Hc=1.0 m, V=4.4 L) KCl (L) Jg, Jf PFRr, CSTRs Mavros et al. (1989)

Column (Dc=0.054 m, Hc=1.55 m, 
V=3.55 L)

NaCl (L), 89Au191 (S) Jg, %S, Dc, Db PFRr, CSTRs Mills and O'Connor (1990)

Column (Dc= 0.054 m, Hc=2.3 m) 89Au191 (S) Jg, %S, Qf, Cf, Hf, Jw PFRr, CSTRs Goodall and O'Connor (1991)

Column (Dc= 0.102 m, Hc=4.0 m) KCl (L) Jg PFR Xu and Finch (1991)

Columns (Dc= 0.1; 2.5 m, Hc=3;13 m) Conductivity (L) Jg PFR Finch and Dobby (1991)

Columns: lab (Dc= 0.05 m, Hc=1.9 m) and 
industrials (Dc= 1.2 e 0,91 m, Hc=11 m)

Ammonium and potassium 
bromide – Br-82 (L,S)

Dc, Dp PFR, CSTRs Mills et al. (1992)

Column (Dc=0.054 m, Hc=2.3 m) 89Au191 (S) Jg, %S, Qf, Cf, Hf, Jw PFRr, CSTRs Goodall and O'Connor (1992)

Columns (L,S) Dp PFR Xu and Finch (1992)

Column (Dc= 0.05 m, Hc=1 m) KCl (L,S) Jg, Jf, Dc PFR Mankosa et al. (1992)

Columns (Dc =(0.025; 0.04; 0.08 
and 0.11 m)

KCl (L) Jg, Jf, HL PFR Mavros and Daniilidou (1993)

Column (Dc=0.06 m, Hc=1.1 m) HCl (L) Jg PFR Ityokumbul et al. (1994)

Column (Dc=0.06 m, Hc=1.1 m) HCl (L) Jg, Cf, %S PFR Ityokumbul et al. (1995)

Industrial Mechanical (V=148 m³ 
and 160 m³)

Br-82 (L), Na-24 (S) Dp; V, %S - Lelinski et al. (2002)

Column (Dc=0.04 m, Hc=1.2 m) Methylene blue (L) Jg, Qf CSTRs Melo (2002)

Tank (V=75 L) Methylene blue (L) Jg, Jf CSTRs Puget et al. (2004)

Industrial Mechanical (V=489 m³ 
and 508 m³)

KCl (L) %S, V, Qf CSTRs Lima et al. (2005)

Columns: pilot (Dc= 0.1 m, Hc=5.7 m) 
and industrial (V=196 m³)

MnCl2, KBr (L) 
Irradiated ore (S)

Jg, Qf, Jw, Dp PFRr, CSTRs Santos (2005)

Columns and mechanical cells - - CSTRs, LSTS Yianatos (2007)

Columns (Dc= 4 m, Hc=12 m) Br-82 (L) Jg, CSTR, LSTS Massinaei et al. (2007)

Mechanical (V=130 m³) CF3Br - Freon 13B1 (G) Jg LSTS Yianatos et al. (2010)

Column (Dc= 0.1 m, Hc=1.68 m) KCl (L) Jg, Jf, Cf, %S PFR Shukla et al. (2010)

Mechanicals (V=160 m³) Br-82 (L), Irradiated ore (S) Dp, type of rotor CSTR Yianatos et al. (2012)

Mechanicals (V=100 - 300 m³) Br-82 (L), Irradiated ore (S) V, Qf, Dp CSTRs. LSTS Yianatos et al. (2015)

Column (Dc= 0.054 m, Hc=1.15 m) KCl (L) Jg, Jf, Dc PFRr Chegeni et al., 2015

Columns V=2.5 – 180 m3)
NaCl, LiCl, Br-82 (L); 

Na-24, Sc-46 (S) 
V, Qf, Dc CSTRs PFR, LSTS Yianatos et al. (2017)

Description: Jg, - superficial air velocity; Jf - superficial feed velocity; Qf - feed flowrate; Cf - frother concentration; Db - average bubble diameter; Dc - column 

diameter; Dp – diameter of particles; Hc - column height; HL - height of liquid in column; Hf - height of froth layer; V - cell volume; %S - percentage of solids; 

PFRr – tubular reactor with axial dispersion and recycle; CSTRs - (continuous stirred tank reactor) perfectly mixed tanks in series; LSTS - large and small 

perfect mixers in series; L - liquid phase; S - solid phase; G - gas phase.

In this sense, the present study is 
propitious because the efficiency of the 
flotation process is strongly affected 
by the fluid dynamics of the system. 
The purpose of the present study is to 
evaluate the fluid dynamics of a flota-

tion column by performing liquid-phase 
RTD tests as a function of key process 
variables, which are the following: super-
ficial velocity of feed and air, and froth 
concentration. A comparative study was 
performed between different method-

ologies used to determine the RTD hy-
drodynamic parameters, which include 
approximation by discrete systems and 
nonlinear fit of the tanks-in-series and 
axial dispersion models for the experi-
mental data.
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2. Materials and methods

2.1 Materials

2.2 Experimental determination of the RTD

2.3 Experimental determination of gas hold-up in the column

A.R. grade potassium chloride 
(KCl, 74.55 g /mol) in solutions of 
1 mol/L and methylene blue - MB  
(C16H18ClN3S.xH2O, 319.86.xH2O g/mol) 

in solutions of 3.13 x 10-3 mol/L; both 
chemical tracers were purchased from 
SIGMA ALDRICH®. Polyalkylene 
glycol ether-based Flotanol D25 from 

Clariant S. A. was used as the frother, 
in the different concentrations: 0; 2.5; 
5.0, and 7.5 mg/L.

Determining the RTD consists of 
continuously operating the column with 
previously known air and water flowrates 
according to the conditions recommended 
in literature (Aquino et al., 2010; Finch 
and Dobby, 1990). Once the desired 
conditions are established, an amount 
of tracer is instantaneously added to the 
column feed (impulse disturbance), and 
a chronometer is simultaneously acti-
vated. In predetermined time intervals, 
samples are collected in the output flow 
(tailings) to evaluate the tracer element 
concentration with time using the spec-
trophotometric analysis technique for 
dye or electric conductivity for inorganic 

salts. A volume of tracer sample of 66 
mL was used for injection, which in 
comparison with column volume (13.200 
ml) is negligible (0.5% of the volume 
of the column). The conductivity was 
measured with an MS Tecnopon (model 
mCA-150) conductometer, whereas 
the absorbance was measured by an 
HACH visible spectrophotometer, model 
DR5000, with a wavelength of 620 nm. 
The experiments were performed in the 
laboratory flotation column at the Centre 
for Mineral Technology (CETEM) with 
an internal diameter of 5.1 cm and height 
600 cm, which was built from transpar-
ent PVC with a total volume of 14.3 L 

and manufactured by Eriez Minerals 
Flotation Group - Canada, Inc. (Figure 
2). All experiments were conducted using 
a column height of 570 cm in the col-
lection zone in the column (liquid-gas), 
with the first segment of the column, at 
the bottom (40 cm), of 7.6 cm in diam-
eter, corresponding to 13.2 L of volume. 
Thus, 30 cm of froth layer height (below 
the overflow lip) was held in the experi-
ments in which a frother was used. The 
experimental apparatus also comprises of 
a system to control the level, wash water, 
and air flowrates using rotameters and 
peristaltic pumps for the feed and product 
output (Cole-Parmer®, Model 7553-75).

The air volume fraction in the 
column, which is known as gas hold-up 
(εg), was determined by the methodol-
ogy of level or volume measurement 
with the aid of a calibrated scale fixed 
in the column, which is also known 
as the gas-liquid displacement method 
(overall hold-up). This method consists 
of adjusting the liquid and air flow-

rates in the column under continuous 
operation. After reaching steady-state 
operation, the air feed is instanta-
neously closed, and the liquid volume 
(VL) inside of the column is measured 
when all bubbles have been released 
(Finch and Dobby, 1991). Thus, the 
gas hold-up in the column is calculated 
according to Equation (1). Since the gas 

hold-up in the froth zone is typically 
up to 90% (liquid hold-up less than 
10%) in the flotation process (Finch 
and Dobby, 1990) and this froth layer 
represents only about 5% of the total 
volume of the column, the content of 
liquid in the froth zone was neglected 
to estimate the gas hold-up in the  
collection zone.

Figure 2 - Flotation column used in the RTD tests (Bottom section with 7.6 cm in diameter).
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where VT represents the total volume in the collection zone in the column (liquid + gas).

where V is the column volume occupied by liquid phase, and Qf is the volumetric feed flowrate in the system input.

2.4 Liquid-phase RTD in the flotation column

2.4.1 RTD by discrete systems

2.4.2 Tanks-in-series model

To dimension continuous systems, 
such as flotation cells, it is practical to use 

nominal residence time or spatial time (τ) 
of the system pulp, also known as theo-

retical residence time, which is defined by 
Equation (2). 

To investigate the fluid dynamics of 
the flotation column, the most commonly 
used feed disturbance is the impulse type 
(impulsional), where the concentration of 
the tracer is periodically monitored at the 

bottom output of the column. For this 
type of disturbance, the residence time 
distribution function E(t), its average resi-
dence time tm and variance σt

2 are given 
by Equations (3), (4), and (5) respectively, 

which are presented next (Fogler, 1992; 
Levenspiel, 1999; Melo, 2002). The 
variance of the distribution σ2 makes it 
possible to determine the dispersion of 
the distribution around its average value.

For N perfectly stirred and iden-
tical tanks in series, the distribution 

function is given by Equation (6), 
whereas the number of tanks in series 

is calculated by Equation (7) (Leven-
spiel, 1999).

Using dimensionless variables, 
where θ=t/tm and E(θ)=E(t)*tm, the experi-

mental curve of E(θ) versus θ is obtained; 
thus, the tanks-in-series model in dimen-

sionless variables becomes Equation (8) 
(Mavros et al., 1989):

where Γ(N) is the gamma function.

These parameters are experimen-
tally determined by measuring the con-

centration of a tracer - c(t) as a function 
of time - t, as the response to an applied  

impulse tracer concentration signal in 
the feed.

The flotation cells generally present 
a certain level of agitation and phase mix-
ing, where the RTD analysis provides the 
average residence time (tm) that may differ 
greatly from the nominal residence time 

(τ). Only in the ideal situation, where the 
equipment is perfectly agitated, are these 
times equal (tm=τ). Therefore, the com-
parison of the average residence time and 
nominal residence time in the system makes 

it possible to verify if the flow is ideal (when 
τ=tm) or to identify the type of deviation 
from the ideal flow. If tm>τ, short-circuit is 
predominant, whereas tm<τ indicates the 
formation of dead zones in the equipment.
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The variance for the dimensionless time (σ
θ
2) can be obtained by Equation (7).

2.4.3 Axial dispersion model
This model considers that during 

transfer by convection, an axial dispersion 
phenomenon of the evaluated phase or ele-
ment of interest (such as fluid molecules or 
solid or tracer particles) occurs along the 

system, which results in a certain mixing 
level. A balance of the element of interest 
(tracer for the present study) that is trans-
ported along a column of length Lc of the 
collection zone by convection and disper-

sion is represented by Equation (9). The 
extension of the collection zone is defined 
as the region of the column between the 
pulp/froth interface and the air sparger 
(Finch and Dobby, 1990).

where c is the tracer concentration, u is the 
tracer flow velocity in the x axial direction 

(considered as the interstitial velocity of 
the liquid in the column), and D is the 

axial dispersion coefficient of the tracer 
in the column.

where Pe is a dimensionless number 
known as the Peclet number, which 
represents the ratio between the ve-
locities of transport by convection and 
dispersion; thus, for extremely small Pe 
values (approaching zero), the transport 
by convection is greatly reduced, and 
the flow can be approximated to that 
of CSTR. In turn, if Pe is extremely 

large (approaching infinity), transport 
by dispersion is greatly reduced and 
the flow can be approximated to that 
of  PFR. The flotation column is gen-
erally considered as a type of reactor 
with intermediary flow between the 
two previously cited extreme conditions 
(Mankosa et al., 1992). Several studies 
in literature have used a dimensionless 

parameter, referred to as the "vessel 
dispersion number" (Nd), to quantify 
the intensity of the axial mixture in the 
equipment, which is equal to the inverse 
of the Peclet number and is as a function 
of the coefficient of axial dispersion (D), 
as presented in Equation (11) (Dobby 
and Finch, 1985; Ityokumbul et al., 
1988; Levenspiel, 1999).

The dimensionless variables are defined                                                                                  ; thus

The relationship between the inter-
stitial (u) and superficial (uL) liquid velocity 
is given by Equation (12) being known the 

gas hold-up (εg) of the column for a given 
experimental condition. In mineral pro-
cessing, the symbol Jf is more commonly 

used to represent the superficial velocity of 
the liquid in the feed, which is the same 
nomenclature used in the present study.

In contrast to the analysis of Pe, when 
Nd approaches zero, the dispersion is negli-
gible, and the flow approaches that of  PFR. 
In turn, when this parameter approaches 
infinity, the dispersion is extremely high, 
and the flow approaches that of  CSTR. 

Thus, these parameters allow the evaluation 
of the mixture intensity of a given phase 
inside equipment, such as the flotation cells.

To solve Equations (9) and (10), the 
boundary conditions open to diffusion 
(known as open-open) and for Nd>0.01 

were used, as presented in Equations (13) 
and (14) (Dobby and Finch, 1985; Ityo-
kumbul et al., 1988; Levenspiel, 1999). As 
it will later be demonstrated, the obtained 
Nd values were within the recommended 
range of application for the adopted model.
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The variance for the axial disper-
sion model using the open-open bound-

ary condition can be calculated with 
Equation (15).

The results of the gas hold-up (εg) 
in the column are presented in Figure 
3 (a) as a function of the superficial air 
velocity (Jg) for different concentrations 
of Flotanol D25. The superficial air 
velocity, as well as for the other flows, 
is defined by the ratio between the 
air volumetric flowrate and the cross-
sectional area of the column (Finch and 
Dobby, 1991).

Figure 3(a) indicates an almost 
linear increase of the gas hold-up as 
the superficial air velocity increases as 
a function of the increased number of 
bubbles for higher air flowrates, which 
further increase when the frother con-
centration is increased. This result can be 

justified by the reduction of the surface 
tension (γ) of the Flotanol solution in the 
studied interval, as observed in Figure 3 
(b), which minimises the coalescence of 
bubbles as a function of the orientation 
of the frother molecules at the surface 
of the bubbles (gas-liquid interface) ac-
cording to various studies in literature 
(Finch and Dobby, 1990, Ityokumbul el 
al., 1995, Couto et al., 2009).

The first experiments were per-
formed using two types of chemical 
tracers for the liquid phase (MB and 
KCl), for comparison and selection 
purposes in the subsequent tests. As 
such, the superficial feed velocity (Jf) of 
the column was initially evaluated for 

a nominal residence time between 10 
and 20 min, which is commonly used 
in column flotation processes. The ex-
perimental results of the residence time 
distribution E(t) with time (t), which 
was obtained by Equation (3) for the 
KCl tracer, are presented in Figure 4 
(a) and for the dimensionless form in 
Figure 4 (b). Figures 4 (c) and (d) pres-
ent the results for the MB tracer. The 
calibration curves obtained between 
the measurements of KCl concentra-
tions with electric conductivity and 
concentration of MB with absorbance 
resulted in a correlation coefficient (R2) 
of the lines with values of 0.999 and 
0.998, respectively.

The tendency of the RTD curves 
was extremely similar for both tracers; 
thus, KCl was chosen for the other tests 
because, in addition to being used more 
often in literature, it is more chemically 
stable than MB, which presents photo-
sensitive characteristics. Nevertheless, 
problems regarding the excessive ad-
sorption of methylene blue have been 
previously reported in literature when it 
was used with solids (Dobby and Finch, 
1985). The advantage of the latter is the 

visual perception of the variation of the 
tracer concentration by the colour varia-
tion of the solution inside of the column.

Equations (4), (5), and (7) were 
used to calculate the hydrodynamic 
parameters tm, σ

θ
2, and N for discrete 

systems for several key process vari-
ables, which are presented in Table 2. 
When not evaluated, the adopted base 
conditions, i.e., fixed conditions, were 
(Jg=1.5; Jf=0.62) cm/s and Cf = 0 mg/L. 

One of the advantages of deter-

mining the hydrodynamic parameters 
(tm and N) by discrete systems is the pos-
sibility of using them as initial values to 
adjust the tanks-in-series model, which 
increases the success of convergence 
and decreases the number of iterations 
required to obtain the adjusted param-
eters. For the axial dispersion model, the 
initial estimation of the Peclet number 
can be obtained using the variance 
calculated by the discrete system in 
Equation (15).

Figure 3 - (a) Gas hold-up as a function of the superficial air velocity for different 
concentrations of the Flotanol D25 frother and (b) surface tension as a function of the Flotanol concentration.

3. Results and discussion
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Variable Conditions τ (s) tm (s) σ
θ
2 N

Jf (cm/s) - KCl

0.46 1200 1314.6 0.14 7.0

0.62 900 908.0 0.09 11.1

0.77 720 748.4 0.08 12.3

0.93 600 670.1 0.08 12.2

Jf (cm/s) - MB

0.46 1200 1318.9 0.16 6.3

0.62 900 989.4 0.11 9.3

0.77 720 781.8 0.09 10.9

0.93 600 693.1 0.09 11.2

Cf (mg/L)

0.0 900 908.0 0.09 11.1

2.5 900 891.0 0.21 4.7

5.0 900 848.0 0.18 5.5

7.5 900 896.1 0.2 5.0

Jg (cm/s)

0.5 900 1032.1 0.09 10.7

1.0 900 982.1 0.09 10.9

1.5 900 908.0 0.09 10.6

2.0 900 920 0.10 9.6

Table 3 presents the results of the pa-
rameters estimated by the tank-in-series and 
axial dispersion models by Equations (6) 
and (13), respectively, as well as the obtained 
correlation coefficients (R2). The parameters 

of the models were estimated by nonlinear 
regression of the experimental data using 
the least square method using STATISTICA 
12 (StatSoft, Inc., 2013) software. The es-
timations of the fluid dynamic parameters 

for the two models were performed success-
fully, with a slight advantage to the axial 
dispersion model, which provided slightly 
higher correlation coefficients compared 
with those of the tanks-in-series model.

Notation: Cf - frother concentration.

Figure 4 - (a) and (c) RTB function of superficial feed velocity (Jf) with time for KCl and MB, 
respectively; (b) and (d) in dimensionless variables (Jg=1.5 cm/s; Cf = 0 mg/L) for KCl and MB.

Table 2 - Hydrodynamic parameters using discrete system.

(a) (b)

(c) (d)



101

Hudson J. B. Couto et al.

REM: Int. Eng. J., Ouro Preto, 74(1), 93-105, jan. mar. | 2021

Table 3 - Hydrodynamic parameters using the tanks-in-series model and axial dispersion model.

Tanks-in-series model Axial dispersion model

Variable Condition τ (s) tm (s) N R2 tm (s) Pe Nd* R2

Jf (cm/s) KCl

0.46 1200 1258.49 7.56 0.9920 1312.6 12.86 0.078 0.9994

0.62 900 893.81 9.59 0.9980 921.4 17.03 0.059 0.9996

0.77 720 736.19 10.76 0.9980 757.9 19.67 0.051 0.9984

0.93 600 650.00 11.85 0.9960 677.9 21.75 0.046 0.9992

Jf (cm/s) MB

0.46 1200 1271.44 8.84 0.9972 1320.0 15.73 0.064 0.9910

0.62 900 964.24 11.39 0.9982 988.6 21.05 0.048 0.9974

0.77 720 761.61 12.09 0.9990 779.4 22.46 0.045 0.9980

0.93 600 681.80 13.23 0.9994 696.1 24.71 0.040 0.9970

Cf (mg/L)

0.0 900 893.81 9.59 0.9980 921.4 17.03 0.059 0.9996

2.5 900 828.39 4.36 0.9752 898.0 6.2 0.161 0.9996

5.0 900 791.07 4.63 0.9801 851.5 6.87 0.146 0.9998

7.5 900 837.2 4.62 0.9789 901.3 6.82 0.147 0.9994

Jg (cm/s)

0.5 900 1001.08 12.90 0.9974 1023.1 24.01 0.042 0.9990

1.0 900 950.4 11.19 0.9958 974.7 20.62 0.048 0.9996

1.5 900 893.81 9.59 0.9980 921.4 17.03 0.059 0.9996

2.0 900 885.0 8.86 0.9954 914.2 15.91 0.063 0.9996

*Obtained with Equation (11): Nd=1/Pe.

Several studies (Xu and Finch, 1991; 
Finch and Dobby, 1991) have compared 
values of Nd (Nd=1/Pe) obtained from 
open-open and closed-closed boundary 
conditions (Nd-oo and Nd-cc, respectively) 
for the same set of RTD data by adjusting 
it to the axial dispersion model using the 
method of least squares in both cases. It 
was demonstrated that for values of Nd 
lower than 0.5, particularly for values 
lower than 0.25, i.e., for the situation of 
the present study, the values obtained for 
both boundary conditions are extremely 
similar and optimally adjusted to the 
experimental data. In this context, the 

use of the open-open boundary condition 
presents a great advantage of simplicity 
in estimating Nd and can be obtained by 
the analytical solution according to Equa-
tion (13). This is different from using the 
closed-closed boundary condition normal-
ly performed in numerical methods, which 
requires more time and computational 
effort. Nonetheless and if necessary, the 
values of Nd-cc can be obtained from the 
values of Nd-oo by the correlation proposed 
by Ityokumbul et al. (1988), which results 
in relative precision (Xu and Finch, 1991). 
Nevertheless, although it was previously 
reported in literature that the open-open 

boundary condition for the axial disper-
sion model should only be used for Pe 
values greater than approximately 16 
(Mavros, 1993; Mavros, 1992), a good 
fit was obtained in the present study (with 
a correlation coefficient R2 greater than 
0.99) for Pe values below this value. The 
estimated Pe values were in the range of 3 
to 25. However, the obtained good fitting 
in all Pe range does not necessarily mean 
that the model has a physical meaning; it 
can be attributed to the proper structure 
of this model to fit the data.

Figure 5 presents the fitted results for 
both models with the experimental data 

Figure 5 - Adjustment of the tanks-in-series and axial dispersion models to the 
experimental data of E2 (Jf = 0.93 cm/s) and E15 (Jf = 0.46 cm/s) tests using the KCl tracer.
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for two different superficial feed velocity 
scenarios, denoted E2 (Jf = 0.93 cm/s) and 
E15 (Jf = 0.46 cm/s), in accordance with 
Table 2 using KCl as the tracer. The other 
experimental conditions used in these tests 
were Jg=1.5 cm/s; and Cf = 0 mg/L. In order 
to evaluate the errors of the experimental 
data from RTD measurements, the E2 
assay was repeated three times. The er-

ror bars present in the experimental data 
from Figure 5 were calculated as twice 
the standard deviation from the triplicate 
measurements,  considering a 95% confi-
dence level. Since the experimental error 
values for assay E2 were low, the same 
level of errors was attributed for all assays, 
including E15. A slightly higher precision 
can be observed for the axial dispersion 

model, particularly at the extreme data 
points of the curve, i.e., the ascent and 
descent regions of the function.

Figure 6 presents the average resi-
dence time (tm) values obtained by dis-
crete systems and the tanks-in-series and 
axial dispersion models as well as the 
corresponding spatial time as a function 
of superficial feed velocity.

Figure 6 - Average residence times obtained from discrete systems
 and the tanks-in-series and axial dispersion models (Jg=1.5 cm/s; Cf = 0 mg/L).

As expected, the average residence 
time decreased as the superficial feed 
velocity increased, which was caused by 
the increase in the feed flowrate for a fixed 
volume in the column. The average resi-
dence times obtained by discrete systems 

and for both models presented similar 
results, in most cases, below the spatial 
time (τ) due to the previously explained 
reasons, which are related to the regions 
of lower mixing intensity in the column 
or stagnation zones.

Figure 7 presents the results of pa-
rameters for the models used, number of 
tanks-in-series (N), and Peclet number (Pe) 
in (a) and the column dispersion number 
(Nd) in (b) as a function of the superficial 
feed velocity for both tracers evaluated.

The same behaviour was observed 
for both tracers, where the number of 
tanks-in-series (N) and Peclet number (Pe) 
increased, whereas the column dispersion 
number (Nd) decreased with an increase 
in the superficial feed velocity, which was 
also evidenced by the previously presented 
RTD curve of Figure 4. These results 
(lower Nd and higher N and Pe) indicate 
the decrease of mixing intensity inside the 

column, which is caused by the increase in 
Jf, and corroborated by many studies in 
literature (Mavros et al. 1989; Mankosa 
et al., 1992; Mavros and Danilidou 1993; 
Moustiri et al., 2001; Shukla et al, 2010), 
but diverge from the results found by other 
authors (Goodall and O'Connor, 1991 
and 1992). In gas-liquid flotation columns, 
the most accepted conclusion in literature 
is that the increase of the superficial feed 

velocity, which increases the interstitial 
liquid velocity in the axial direction of 
the column according to Equation (12), 
causes less disturbance in the ascending 
gas flow, and therefore, there is less tur-
bulence in the column and approaches 
the behaviour of the PFR reactor more 
(Mavros et al., 1989; Shukla et al., 2010). 
However, the fact that the column used in 
the present study presents a large length/

Figure 7 - (a) Number of tanks-in-series (N) and Pe number and (b) N and 
column dispersion number (Nd) as a function of superficial feed velocity for both tracers KCl and MB.

(a) (b)
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diameter ratio (L/D~110), favouring the 
plug-flow condition (Mankosa et al., 
1992). Additionally, it can be said that the 
KCl dispersion or mixing degree is slightly 
higher than that of MB, which may be due 
to the difference of size of the KCl and MB 
ions because the same concentrations of 
these tracers were used in the solutions. 
Since both the tracers are present as ions 
in aqueous solution (K+ and Cl- for KCl; 
C16H18N3S+ and Cl- for MB), another 
possibility for the differences between the 
two tracers may be due to the differences 
in the bubble size caused by the presence 
of these ions in the solution. Thus, chang-
ing the gas hold-up in the collection zone, 
may affect the liquid RTD in the column. 

Figures 8 (a) and 8 (b) present the 
trends of the fluid dynamic parameters 
N and Nd with increases of the superficial 
air velocity (Jg) and frother concentration 
(Cf), respectively, using the KCl tracer. 
As observed in Figure 8 (b), the increase 
in frother concentration increased the 
degree of mixing inside of the column. 
The presence of the frother caused a 
greater dispersion of the liquid phase in the 
column compared with that at the condi-
tion without the frother, but maintained 
practically constant N and Nd levels in 
the studied Flotanol concentration range. 
The explanation is that the presence of 
the frother reduces the bubble size, which 
increases the air volume fraction (gas 

hold-up) caused by the increase in the 
number of bubbles per unit volume in the 
column. The increase in the superficial air 
velocity in the evaluated range (Figure 8 
(a)) increased the mixing intensity of the 
liquid phase in the column, which has 
been observed by other authors (Mav-
ros and Danilidou, 1993; Massinaei et 
al., 2007; Goodall & O'Connor, 1991; 
Mavros et al., 1989; Shukla et al., 2010), 
which is also explained by the increase in 
the number of bubbles in the column per 
volume unit. The decrease in N (higher 
mixing intensity) with increases in Jg was 
also observed by Goodall & O'Connor 
(1991) using a bench flotation column 
and radioactive tracer for the solid phase.

Figure 8 - (a) N and Nd parameters as a function of the superficial air velocity 
(Cf = 0 mg/L) and (b) as a function of the frother concentration (Jg=1.5 cm/s), respectively. (Jf = 0.62 cm/s).

Figure 9 - Correlations between parameters Pe and Nd 
(axial dispersion model) as a function of N (tanks-in-series model).

(a) (b)

It is also important to comment 
that an increase in the frother concen-
tration causes an increase in gas hold-
up, which consequently increases the 
interstitial liquid velocity, according 
to Equation 12, leading to an increase 
in transport by convection. This oc-

curs even for a fixed superficial liquid 
velocity in the column. Correlations 
between the parameters of the axial 
dispersion model (Pe and Nd) and the 
tanks-in-series model parameter (N) 
were obtained for all the evaluated 
experimental conditions, as presented 

in Figure 9. Additionally, the equation 
proposed by Elgeti (1996), to verify 
if these two models are equivalent, 
was plotted in Figure 9. This equa-
tion considers the Bodenstein number 
(Bo) as the Peclet number, as follows: 
Bo=Pe=2*N+2.
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From these correlations (linear for Pe 
versus N and power for Nd versus N), the 
parameters of the dispersion model can be 
obtained with great precision (R2 > 0.99) 
within the studied intervals using the N 
values estimated for the tanks-in-series 
model. It can also be seen that the El-
geti's equation had a good agreement 
with the experimental data (Pe versus 
N), mainly for N greater than 8. Special 

attention is drawn to the fact that this 
liquid-phase RTD study can be applied 
to the solid phase when it is composed 
of fine particles because, in this case, the 
differences of flow between these phases 
are small (Yianatos et al., 2001; Yianatos 
et al., 2015). However, in RTD studies 
involving mineral pulps constituted by a 
significant amount of coarser particles 
(mainly > 150 μm), specific tests using 

proper tracers for the solid phase should 
be performed to obtain better results 
(Yianatos et al., 2001).

The RTD technique proved to be 
extremely useful and effective for the 
fluid dynamic study of the flotation 
column used in the experiments, which 
allows the evaluation of the mixing 
quality and flow type for different 
process variables.

4. Conclusions
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