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ABSTRACT

Determining constitutive parameters is essential in nonlinear finite element analysis for structural design. Steel
fiber-reinforced concrete (SFRC) is widely used due to its residual strength after cracking. While analytical
closed-form solutions are common, inverse analysis using standardized tests provides greater accuracy in
capturing the post-peak behavior. This study proposes a hybrid strategy to automate inverse analysis for deriving
the tensile stress-strain response of SFRC using four-point bending tests. Hybrid metaheuristic methods enhance
search capabilities by combining the strengths of different optimization techniques, often leading to more robust
and efficient solutions than traditional methods. By integrating a global search metaheuristic with a local search
refiner, for instance, a hybrid approach can effectively explore a vast solution space and then precisely pinpoint
the optimal solution within a promising region. Three metaheuristic algorithms were integrated with nonlinear
finite element models: Genetic Algorithm (GA), Simulated Annealing (SA), and Differential Evolution (DE).
An experimental program with two SFRC mixtures (0.5% and 1.5% steel fiber) tested under flexural and direct
tensile loading validated the method. Among the algorithms, the hybrid GA approach achieved the lowest
mean square error (MSE). For SFRC with 1.5% fibers (flexural-hardening behavior), the predicted tensile
strength aligned well with experimental results. For the 0.5% mixture (flexural-softening behavior), predictions
underestimated tensile strength by 27-39% due to crack localization. The proposed hybrid approach improved
accuracy in the force-deflection response compared to standalone metaheuristic methods. Overall, the strategy
effectively identifies SFRC tensile strength and enhances modeling precision in structural applications.
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1. INTRODUCTION

The urgency of climate change necessitates the exploration of new possibilities for cementitious materials. Over
the past three decades, significant advancements have been made for concrete material, with steel fiber-reinforced
concrete (SFRC) emerging as a particularly successful and widely studied variation [1]. The incorporation of
steel fibers enhances critical mechanical properties, such as post-crack residual strength [2, 3], energy absorp-
tion capacity, and resistance to impacts, making SFRC advantageous for robust and durable civil infrastructure
like industrial floors, pavements, and tunnel linings [4—6]. Therefore, the use of SFRC leads to more efficient
structures in terms of the amount of materials, which indirectly contributes to the sustainability of civil con-
struction. Despite this progress, accurately predicting the mechanical response of SFRC remains a challenge,
and further research is required on topics such as the relationship between stress and crack opening, as well as
shear and tensile behavior [7-9].

Compared to other fiber types, the cost of steel fibers is higher than synthetic and natural fibers.
Synthetic fibers, such as polypropylene fibers, have great corrosion resistance, making them ideal for aggressive
environments. They are lighter, less expensive, and can improve resistance to plastic shrinkage. However, they
have lower mechanical performance, offering a smaller enhancement in strength and toughness. Natural fibers
are an option from an environmental and economic perspective. They are eco-friendly, biodegradable, renew-
able, and more affordable than steel and synthetic fibers. Despite these benefits, their mechanical performance
is the most limited of these three fibers. Therefore, steel fibers are recommended for structural applications
that demand high mechanical performance, while synthetic fibers provide a corrosion-resistant and moderately
priced solution. Natural fibers, in turn, serve as a sustainable and economical alternative for less demanding
applications [10—13].

The flexural performance of SFRC is directly related to its tensile properties. However, direct tension
tests are often impractical for quality control or project implementation in many laboratories. Consequently,
the tensile stress-strain relationship is typically determined through inverse analysis of the flexural response
from bending tests, a procedure recommended by ACI 544.8R-16 [14, 15]. While various methods exist for
this inverse calculation, including finite element analysis, cross-section layer analysis, and iterative solutions
[16-19], they frequently rely on trial-and-error techniques. To overcome this limitation, researchers have
increasingly employed metaheuristic-based optimization frameworks for inverse analysis problems in structural
engineering [7].

Some previous work investigated the applicability of various metaheuristic models for addressing
inverse analysis problems within many engineering areas, with the primary focus on parameter identification
for material models and structural damage identification. A range of metaheuristic algorithms were evaluated,
and the Genetic Algorithm (GA) and the Artificial Bee Colony (ABC) algorithm were effective for the paramet-
ric identification of complex concrete damage models. Both methods demonstrated the ability to automate the
identification process and achieve a good correlation with experimental data, although GAs occasionally failed
to capture strain-softening responses [20].

For structural damage identification, particularly in truss structures and systems monitored by piezo-
electric impedance, multi-objective optimization algorithms were featured. The SunFlower Optimization (SFO)
algorithm and its multi-objective variant, SFOMO, were accurate to use with both global and local modal
responses [21]. However, the better accuracy was observed with the Multi-Objective Simulated Annealing with
a Reinforcement Learning Hyper-Heuristic (MOSA/R-HH). This advanced hybrid algorithm consistently sur-
passed other established methods, including AMOSA, NSGA-II, and MOEA/D, by providing superior solution
diversity, completeness, and accuracy, even in the presence of experimental noise [22]. Therefore, while several
algorithms demonstrate robust performance, the hybrid and adaptive approaches, such as MOSA/R-HH, offer
the most promising and effective solutions for contemporary engineering problems.

This paper proposes a three-step inverse optimization pipeline, driven by metaheuristic algorithms, to
determine the tensile stress-strain relationship of SFRC. The methodology integrates data from a four-point
bending test with a multi-directional smeared crack model in a nonlinear finite element analysis [23], automated
via a custom Python code.

Metaheuristic-based approaches offer distinct advantages for parametric identification in complex mate-
rial models. Their inherent exploration capabilities are highly effective when initial parameter guesses are
unknown, and their Hessian-free nature makes them suitable for optimizing highly nonlinear, discontinuous,
or singular functions [24-26]. While alternative methods like machine learning have shown success in other
domains, their application here can be hindered by small datasets and a lack of model interpretability [27, 28].
This work leverages a hybrid optimization strategy, combining two search models in three steps, which has
shown promise for uniting the advantages of different computational intelligence methods [29-32]. Automating
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the parametric identification process replaces inefficient “brute force” methods [33], thereby offering a more
robust pathway to improving the performance analysis of structures and contributing to the development of
simplified formulations for modern design codes and guidelines [34].

The paper is organized as follows: Section 2 discusses the metaheuristic algorithms used; Section 3
outlines the experimental program and the data-driven pipeline; Section 4 presents and compares the tensile
stress-strain curves derived from the experimental program and the inverse optimization; and Section 5 provides
the conclusions.

2. RESEARCH SIGNIFICANCE

This study addresses the challenge of determining the tensile stress-strain relationship of steel fiber-reinforced
concrete (SFRC), a mechanical property that is still difficult to obtain through direct experimental testing. To
overcome the limitations of conventional inverse analysis methods, which often rely on inefficient manual
trial-and-error techniques, this work introduces and validates an automated, hybrid optimization pipeline.
The methodology integrates data from standardized four-point bending tests with nonlinear finite element anal-
ysis, providing a more robust, accurate, and efficient tool for material characterization compared to traditional
analytical or standalone metaheuristic methods.

The main contribution is a validated framework that enhances the precision of structural modeling. The
results demonstrate that the approach is effective for SFRC exhibiting flexural-hardening behavior, with the
hybrid Genetic Algorithm (GA) reaching the best performance and lowest error. Furthermore, the study substan-
tiates the necessity of a fine-tuning step to ensure an accurate force-deflection curve fit and identifies the model’s
limitations for concretes with flexural-softening behavior due to crack localization. Thus, this work introduces
a robust and automated tool for material characterization that has the potential for automating the process of
determining the tensile stress-strain relationship of SFRC.

However, it is emphasized that determining the mechanical properties of SFRC through inverse analysis
presents several complexities. The method is intrinsically dependent on the adopted numerical model. If the
model cannot adequately capture the material’s cracking phenomena and post-peak behavior, the identified
parameters may lack real physical meaning, even if they provide a good fit between the experimental and numer-
ical curves. The choice of test setup is fundamental for the correct identification of material parameters. Tests
that do not represent the stress field of the element to be designed can lead to erroneous results. Additionally, the
specimen’s size and geometry can influence the distribution and orientation of the fibers, which may also differ
from the distribution in the final structural element.

3. METAHEURISTIC ALGORITHMS

3.1. Genetic Algorithm

The Genetic Algorithm (GA) functions as a search metaheuristic, drawing inspiration from Charles Darwin’s
evolutionary theory. This algorithm reflects the process of natural selection, where the fittest individuals are
selected for reproduction to produce offspring, forming the next generation [30]. The Genetic Algorithm was
developed by HOLLAND [35].

According to Darwin’s theory of evolution, individuals with characteristics that are superior to other indi-
viduals will have a greater chance of survival. Therefore, their superior characteristics will be transferred to the
next generation. On the other hand, the second part of Darwin’s theory states that, when multiplying, an event
can occur that changes the characteristics of the children. If these changes benefit the children, it will increase
the probability of survival of those children [36, 37].

In the GA, the new populations are produced by the iterative use of genetic operators on agents present
in the population. The genetic operators considered in this algorithm are [38]: (a) selection, (b) crossover, and
(c) mutation.

In this paper, we applied a roulette wheel selection operator; see details in KRAMER [39]. We used a
linear strategy and a BLX-a strategy in the crossover process. In a linear crossover of two parent points, p, and
p,» three new points are generated (offspring); see Eq. (1) to Eq. (3). In these equations, & is the & component of
the design variable vector, and ¢ is a current iteration.

ch,, = O.SO-pf)’k + O.SO-pl’,k (1)

ch,, =0.50- p,, +0.50- p/, )



O JUNIOR, W.M.P;; ARAUJO, D.L.; CANDIDO, E.A.S., et al., revista Matéria, v.30, 2025

ch,, =0.50-p;, +0.50- p, 3)
The best of the three points (offspring c/ , ch, and offspring ch ) are selected; see Eq. (4).
min(of (¢h,),of (ch,),of (ch,)) = x"*' =best(ch,,ch,,ch,) )

In Blend crossover (BLX-a), from the two parent points, p, and p,, two new points are generated
(offspring); see Eq. (5) to Eq. (7). In these equations, k is the k™ component of the design variable vector, and «
is a uniformly distributed random number, such that a € [0,1]; t is the current iteration.

Cha,k = min(p(t)’k > plt,k) —o-d, (%)
ch,, =max(p,,,p;,)—a-d; (6)
d, =|p}, - pi, %
The best of the two points (offspring ¢k and offspring c,) are selected; see Eq. (8).
min (of (ch,),of (ch,))=> x"*"
=best(ch_,ch,) ®)

The mutation process uses a hill-climbing algorithm to move the particle [40]. The iterative procedure
continuously improves the solution until the best solution is attained. The process consists of generating random
neighbors for the current solution, according to Eq. (9), where N indicates a Gaussian or uniform distribution,
where the mean x’ is the current solution and cov is the coefficient of variation input by the user. In this equation,
k is the k" component of the design variable vector x, and ¢ is a current iteration.

X ~N(xl,,0) )
o=x (10)
“100

3.2. Simulated annealing algorithm

The Simulated Annealing method was introduced by KIRKPATRICK et al. [41] in 1983 [42]. This algorithm
was inspired by the annealing process of metals during the manufacturing process. The Simulated Annealing
model is based on the generation of random neighbors from a starting point, similar to the Monte Carlo method.

In the Simulated Annealing algorithm, the acceptance of the new solution is given by a criterion that
compares the energy of the system given by Eq. (11). In this algorithm, the values of £, are relative to the value
of the objective function, i.e., £, = of..

AE':E‘new_Evcur (11)

E , is the value of the objective function for the newly generated neighbor, and £ is the value of the
objective function for the current particle.

The solution will be accepted if £, > E  (P(4E,T) = I). For solutions of type £, < E  , acceptance
follows a certain probability, given by Eq. (12).

-AE

P(AE,T)=e T (12)
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At the end of the algorithm, the entire temperature is updated by a geometric decay, where o is the
cooling temperature adjustment. In this paper, a = 0.90 was used.

T''=a-T' (13)

3.3. Differential evolution algorithm

Differential Evolution (DE) is a global optimization technique introduced in the late 1990s by STORN and
PRICE [43]. DE works in two phases: initialization and evolution. In the first phase, population is generated
randomly, and, in the second phase (evolution), the generated population goes through mutation, crossover and
selection processes, which are repeated until the termination criteria are met [44].

Mutation specifies how a DE makes small random changes in the individuals in the population to create
mutated children (v). Mutation provides genetic diversity and enables the DE algorithm to search for a broader
space. A mutant vector is generated using a popular strategy, rand/1 [45]. In this strategy, x_is a random vector
selected from the population, f7is the scale factor that controls the magnitude of the difference vector, and £ is the
k™ component of the design variable vector.

t t t
Ve =Xoox T /- (xrl,k _xr2,k) (14)

In the equations above, r,, r, and r, are exclusive integer numbers ranging from 1 to the number of the
population, and they are different from the current solution i.

After mutation, crossover is executed based on the current solution (x) and mutation solution (v) to gen-
erate trial vectors (u). The binomial crossover operator is mostly used, and it is defined as [45], where p_is the
crossover rate (p,_ € [0,1]).

v, if rand(0,1)< p,
u =4 , . (15)

X 4 otherwise

Once the trial vector is produced, the selection operator will make a comparison between the target vector
x!'and the trial vector u and choose the superior one to survive to the next generation. The selection operator is
performed as below [45]:

w X i f(x) < ()
Xt = (16)
u, otherwise

i

4. MATERIALS AND METHODS

4.1. Experimental program

To validate the proposed hybrid optimization strategy, two steel fiber-reinforced concrete (SFRC) mixtures were
developed in this investigation. The experimental program was designed with one mixture exhibiting flexural-
softening behavior and another exhibiting flexural-hardening. From previous research [46], a steel fiber volume
fraction of 0.5% (F-05-2) was adopted to induce flexural-softening, while a 1.5% volume fraction (F-15-2)
was chosen to achieve flexural-hardening. A plain concrete mixture without fibers (F-00-02) was included as a

Table 1: Mixture proportion of concrete (kg/m?).

MIXTURE | CEMENT | WATER | SILICA | NATURAL | ARTIFICIAL COARSE STEEL | SUPERPLASTICIZER | WATER /

FUME SAND SAND AGGREGATE | FIBERS ADMIXTURE CEMENT
RATIO
F-00-2 | 483 182 | 19 379 350 836 0 9.65 0.38
F-05-2 | 483 182 | 19 379 350 836 39.25 10.16 0.38

F-15-2 483 182 19 379 350 836 117.75 11.18 0.38
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Figure 1: Test apparatus. (a) Compressive strength test; (b) modulus of elasticity test; (c) axial tensile strength test; (d) beam
with four-point loading.

reference. Therefore, if the proposed hybrid optimization model accurately represents the stress-strain relation-
ship for both SFRC mixtures, the strategy’s effectiveness can be extended to other SFRC applications with fiber
volumes within the studied range.

Portland cement, with 6 to 10% limestone filler, and coarse aggregate obtained from crushed stone were
used. The maximum dimension of coarse aggregate was 12.5 mm. Additionally, fine aggregate consisted of nat-
ural sand obtained from the river and artificial sand, or limestone filler, obtained by crushing rocks were used.
The steel fibers used had hooked ends and a circular cross-section that was 35 mm long and 0.55 mm wide.
They had an aspect ratio of 64 and a minimum tensile strength of 1150 MPa. The matrix without steel fibers was
previously characterized, achieving an average compressive strength of 63 MPa after 28 days. Table 1 shows the
quantity of materials used to produce F-05-2 and F-15-2 mixtures [46].

All specimens were produced in steel molds, and the consolidation of the SRFC with 1.5% steel fibers
was performed using a vibrating table, since it presented a slump of 15 mm, despite the matrix presenting
self-consolidating behavior with a flow of 567 mm. The mixtures without fibers and with 0.5% steel fibers were
compacted manually, as they showed slump between 208 and 230 mm. The air content in the mixtures with and
without fibers varied between 0.8% and 1.5%. All specimens were kept in a humid chamber at a temperature of
22 + 2 °C and humidity greater than 95%, remaining in this condition until the date of the test.

SFRC mixtures were characterized to determine their compressive strength, modulus of elasticity, tensile
strength, and force-deflection curve from beams subjected to four-point loading. The compressive strength was
determined according to the Brazilian standard ABNT NBR 5739 [47]. Six cylindrical specimens, measuring
100 x 200 mm, were tested for each SFRC mixture in this study (Figure 1(a)). The modulus of elasticity was
determined in accordance with the Brazilian standard ABNT NBR 8522 [48]. Three cylindrical specimens (mea-
suring 150 x 300 mm) were used for each SFRC mixture in this study (Figure 1(b)).

The test to determine the flexural strength of the SFRC and the residual strength was performed based on
the ASTM C1609 standard [49]. For this test, three prismatic specimens, with dimensions of 150 x 150 x 500
mm and a span (L) of 450 mm, were used with four-point loading (Figure 1(d)). The testing was conducted in
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Figure 2: Dimensions of the cylindrical specimen used in the direct tensile test (mm).

a closed-loop manner, utilizing an electromechanical testing system to control the vertical displacement of the
specimen. This was recorded by two deflectometers, with a resolution of 0.001 mm. The displacement rate used
in the test was 0.10 mm/min until the maximum vertical displacement of L/900 was reached and 0.30 mm/min
until the maximum vertical displacement of L/150 was reached. This setup was chosen instead of the flexural
setup recommended by Model Code 2010 [50] because the ASTM C1609 [49] setup did not have an initial
crack. Therefore, the regular finite element mesh can be used in hybrid optimization, and the stress-strain curve
can be obtained directly without setting up the crack bandwidth in the finite element software.

Besides the bending test, the SFRC was characterized to determine its tensile strength (Figure 1(c)).
Three cylindrical specimens, measuring 100 x 400 mm, were tested with a smooth reduction in the diameter of
the cross-section to 75 mm at the mid-height. Figure 2 shows the size of the specimen used for the direct tensile
test. This test was conducted to determine the tensile strength of the concrete, which is one of the output data in
the inverse analysis approach. It is a mechanical property not commonly determined in other works presented in
literature and is used to validate the output of the proposed hybrid strategy in this study.

The specimens were attached to the testing machine using two devices developed by the authors for this
work. The fixing device consists of a main part formed by a steel cylinder, internally containing a spring with steel
metal teeth that allow the test cup to be locked as the value of the traction load increases. It also features threaded
parts and labeled pins for allowing the specimen to rotate, as well as solid steel bars for fixing it to the testing
machine. A device was attached to each end of the test piece, ensuring that the test scheme was double pinned.

4.2. Proposal for inverse analysis approach

Figure 3 shows the optimization pipeline for the inverse analysis approach considering a finite element model.
In this work, a hybrid approach was used to predict parameters in the tensile stress-strain curve of the SFRC
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PEREIRA JUNIOR et al. [51, 52].

In this study, the objective function is given by Eq. (17), and it represents the mean square error (MSE)
measurement (Loss). MSE was adopted as the objective function due to its widespread use as a standard
performance metric for regression problems in machine learning and optimization. It quantifies the average
of the squared differences between predicted and actual values, penalizing larger errors more heavily. This
results in a smooth, differentiable, and computationally efficient loss surface, making it particularly suitable
for gradient-based or evolutionary optimization methods. Moreover, this characteristic makes MSE especially
appropriate for problems where large deviations from the true value are undesirable [53].

1 n
MSE = ; Z (yi,pred - yi,true)2
i=l1

~

Physical Initial set of
problem parameters
. J " J
s 3\ r D
Experiment(s) FE model
\ J \ J
{ ) (& =)
Experimental Numerical
measurements measurements
\ J \ J

Figure 3: Inverse optimization pipeline.
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Figure 4: The bilinear softening curve (a) and mesh refinement in FEM analysis (b).
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In this process, y,, represents the vector of observations, Y, req TEPTESENLS the vector of predictions, and
n represents the number of points.

The finite element model was solved using the DIANA FEA package [23], version 10.1. The multi-
directional fixed crack model with a smeared crack approach was used. Once the tensile strength of the material
is reached, the user can select the softening behavior of the material. In this study, strain softening behavior
with a bilinear stress-strain curve was selected, as illustrated in Figure 4(a). Although the trilinear curve can be
used by other researchers to simulate the SFRC, the bilinear tension softening curve is sufficient to represent the
load-deflection curves of beams with SFRC [54]. The stress-strain parameters f , /. ,, €, and €, represent design
variables in the optimization problem and are the outputs of the automated inverse analysis approach.

The finite element analysis was performed using an isoparametric element with quadratic interpolation in
a plane stress state. Based on the mesh refinement analysis, a regular mesh, comprising 25 x 25 mm elements,
was selected (Figure 4(b)). The mesh refinement in plain concrete modeling with a smeared crack approach is
dependent on the energy dissipated in tension, which also depends on the aggregate size. This mesh refinement
was chosen for further analysis because it is twice the maximum aggregate size used in the mixture of SFRC,
which approximately matches the minimum ratio suggested by other research [55, 56]. Furthermore, it is iden-
tical to the size utilized in other works [17]. However, due to the stress-strain curve and multi-directional fixed
crack model being used in the analysis, the fracture energy and crack bandwidth were not informed in the
software. Therefore, these parameters are not determined in this inverse analysis approach. The analysis was
conducted using displacement control at the test load points. The boundary conditions were established to guar-
antee the model’s symmetry. Regarding the resolution of the nonlinear system, the Quasi-Newton method of the
BFGS type was employed, with a convergence norm in energy and tolerance of 1073,

The optimization process in the numerical measurements presented in Figure 3 involved three steps.
Figure 5 details the hybrid optimization pipeline for the inverse approach. In this study, this hybrid process was
divided into three steps.

In the first step, the crude Monte Carlo algorithm was used to sample a set of variables, agreeing with the
geometric constraints in the tensile model. Two hundred fifty (250) samples were generated, and this number
was selected because tests demonstrated that increasing it produces more quantity feasible tension softening
curves. However, in the second phase, there was no improvement in MSE measurement optimization.

The side constraints used in the first phase of the inverse analysis are proposed in Eq. (18) to Eq. (25).
The parameter f, fis an initial estimate of the tensile strength. In this study, this value is the experimental tensile

strength. The ine(jualities (24) and (25) were defined so that the resulting softening curve always met the format

First phase Second phase : Third phase Final solution
I
I

4D problem (f,, f_, €, &). 11D problem (discrete
Monte Carlo selects design | problem). GA receives set of | problem). GA receives best

]
|
|
|
: 4D  problem  (continuous
|
variables that respect the I curves that respect geometric ! solution (tensile model) and
|
I
|
|
|
1

1
1
1
1
|}
1
1
1
geometric constraints of the | constraints. |finning tune this solution. A:
tensile softening. I new search interval s |
: adopted, considering al
Crude Monte | dispersion of 20% as the best :
Carl GA 1 solution. 1
arlo o I 0 1 \
1 1 1
1 : 1
1 1
Crude Monte | GA y oA ; Final
Carlo ! best | ! Parameters
1 I 1
1 1 1
1 o | 1
1 ! 1
1 1 1
Crude Monte ! : :
Carlo GA - 1 |
1 1
1 1
1 1

Figure 5: Hybrid optimization pipeline proposed in this work for the inverse analysis approach (n repetitions GA example).
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Figure 6: The failure of the specimens from the direct tensile test and the number of fibers (Nf) in the fractured plane.

(a) Mixture F-15-2 (N, = 64.7 % 15.2); (b) mixture F-05-2 (N, = 24.3 + 10.0).

shown in Figure 6. Therefore, the angle 0,, which represents the stress decay rate in the first section of the curve,
will always be smaller than the flexural modulus of elasticity (£ f), and the angle 6, will always be smaller than

the angle 0.

0.50" £ rer < fon £2.00- 1,/

0.50- ﬁm,rgf < .f;;t2 < f;m,ref

0.0005<¢, <0.0583

0.005<¢g,<1000.00 for F-15-2 dataset
0.005<¢,<10.00 for F-05-2 dataset

O'l'fctl < fctz

(18)

(19)

(20)

ey

(22)
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g, <¢& (23)

el(fcmfczzrgz)SEf (24)

O,(fo2s fo30€2:85) SO, (for1s forz> €, ) — f.13 €qual zero in this modeling (25)

The first phase guarantees that the problem will have design variables (£, /. ., €, and €,) that always
respect the tension-softening criteria. Therefore, creating a restricted optimization problem in the second phase

is unnecessary, which would make the optimization process more complex.

In the first phase, the crude Monte Carlo algorithm generated a list of solutions. All feasible solutions are
evaluated in the second phase, considering a one-dimensional, unconstrained problem. At this stage, the optimi-
zation problem is treated as a discrete problem, where the four parameters f, , f ., €, and €, assemble the shape
of the tension softening curve. Therefore, the discrete optimization procedure will try to find the best shape of
the curve. In this phase, the design variable is the shape of tension softening. Thirty runs were applied in this
phase. Phases one and two can be called the “Exploration Phase” because they try to select the best shape for
the tension-softening curve.

In the third phase, the best second-phase output underwent fine-tuning. The problem was treated as
a continuous problem; new side constraints were created. f,, and g, correspond to the tension softening
parameters of the best shape selected in the second phase; see Eq. (26) to Eq. (29). Thirty runs were applied in
this phase, and this phase can be called the “Exploitation Phase”.

0.80" /1 pesr < Jort £1.20- £ 1 (26)
0.80" £ pesr < o £1.20- £ 15 1o 27
0.80-¢,,, <& <1.20-¢,,,, (28)
0.80-¢,,, <& <1.20-&,,,, 29

Tables 2 to 4 describe the settings of the optimization algorithm used in this study.

The choice of algorithms in this study was guided by their suitability to the problem characteristics and
their established performance in similar applications. While numerous algorithms could have been considered,
the selected methods offer a balanced trade-off between accuracy, interpretability, and computational efficiency.
Moreover, these algorithms are widely used and well-studied in the literature, which facilitates reproducibility

Table 2: GA setup.

ALGORITHM | POPULATION | ITERATIONS | CROSSOVER | CROSSOVER | MUTATION | COV (%)
RATE (%) MODEL RATE (%)
Discrete GA 10 100 85 blx-a 15 15
Continuous GA 10 30 85 linear 15 5
cov - Coefficient of Variation in mutation process.
Table 3: SA setup.
ALGORITHM | POPULATION | ITERATIONS INITIAL TEMPERATURE | MUTATION | COV (%)
TEMPERATURE UPDATE RATE (%)
Discrete SA 10 100 100 Geometric / 0.90 100 15
Continuous SA 10 30 100 Geometric / 0.90 100 5

cov - Coefficient of Variation in mutation process.
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Table 4: DE setup.
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ALGORITHM | POPULATION | ITERATIONS | CROSSOVER RATE (%) | SCALE FACTOR (F)
Discrete DE 10 100 90 0.85
Continuous DE 10 30 90 0.85

and comparison. A comprehensive benchmark of all available methods is beyond the scope of this work; instead,
our focus is on demonstrating the effectiveness of the selected approaches within the context of the proposed
framework.

5. RESULTS

This section initially presents the results obtained from the experimental program. The results of the automated
proposed inverse analysis approach are also presented; that is, the bilinear tensile stress-strain curve for both
mixtures of SFRC.

5.1. Mechanical properties of SFRC

Table 5 presents the mechanical properties of the two SFRC mixtures, as well as the matrix without the inclusion
of steel fibers (F-00-2). It should be noted that the variation in the volume of steel fibers did not influence either
the average compressive strength or the value of the modulus of elasticity. When performing an analysis of vari-
ance with a = 0.05, it is concluded that these properties were not significantly influenced by the variation in the
volume of steel fibers. Therefore, the properties of plain concrete can be used for these parameters.

Figure 6 shows the failure aspect of the specimens after the direct tensile test, which failed in the reduced
section. It also shows the arrangement and number of fibers in the fracture plane. The fracture plane was normal
to the axis of the specimen, but there were some ramifications when the mixture had 1.5% steel fibers. According
to Table 5, there was no increase in the tensile strength of the matrix with the addition of steel fibers, which was
confirmed by the analysis of variance with o= 0.05. Despite an increase of almost 170% in the number of fibers
in the fracture plane in the mixture with 1.5% steel fibers, no increase in tensile strength was observed with an
increase in the volume of steel fibers added to the concrete.

Figure 7 presents the load versus displacement curves for each specimen from the bending test with four-
point loading, as well as the average curve for each SFRC mixture. It should be noted that the mixture with 1.5%
of fibers achieved a peak load 28% greater than the mixture with 0.5% of added fibers. Moreover, the mixture
with 1.5% of fibers presented a flexural-hardening behavior, since the ultimate force was greater than the force
relative to cracking the matrix. Figure 7 also shows the crack pattern of the specimens, which indicates that the
crack was inclined and branched with 1.5% fibers. On the other hand, the crack in the specimen with 0.5% of
steel fibers was vertical and without branches, which justified the lower flexural strength shown in Table 5. The
mixture F-05-2 presented a flexural-softening behavior after the cracking of the matrix.

It is important to mention that the modulus of elasticity determined from compression in cylindrical
specimens (Table 5) is normally higher than the flexural stiffness of the beam. The lower value of flexural
stiffness is justified by the fact that the specimen is subjected to both compression and tensile stresses during
bending. For example, the tensile modulus of elasticity measured in tests from SFRC with 1.5% of hooked fibers
is up to 34% lower than the modulus of elasticity measured in compression [57]. This difference is because in
concrete under tensile stress, the greater stiffness of the aggregates has less influence on the deformation of
the composite, while the stiffness of the hydrated cement paste has the greatest influence on the stiffness of the
composite. On the other hand, the compressive modulus of elasticity is influenced by the modulus of elasticity
of the paste and the coarse aggregate.

Table 5: Mechanical properties of concrete.

MIXTURE | V,(%) | f, (MPa)(wo) | f, (MPa)(wo) | f, . (MPa)(we) | E,, (GPa)(n/o)
F-00-2 0.0 65.08/4.73 4.13/0.90 - 39.04/0.74
F-15-2 1.5 68.74/8.57 3.93/1.02 9.89/0.11 40.39/1.84
F-05-2 0.5 65.98/5.77 4.33/0.58 7.70/0.43 37.62/1.20

Mean (p) and standard deviation (o), v, is volume of steel fibers; f, is compressive strength of concrete; f,
is flexural strength of concrete; £ is modulus of elasticity of concrete.

concrete; f; e

m, ref

is tensile strength of
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Figure 7: Results of the bending tests (force-displacement) with four-point loading. (a) mixture F-15-2; (b) mixture F-05-2.

To obtain a correct flexural stiffness of the SFRC under bending, a simply supported beam subjected to two
vertical loads, representing a bending test with four-point loading, was modeled in the DIANA software. The
modulus of elasticity in the model has been varied such that the load-displacement curve of the model agreed
well with the elastic response of the experimental results. The value obtained from this analysis, using the mesh
refinement presented in Figure 4(b), was 23.28 GPa. This value was about 60% of the modulus of elasticity
obtained from the compression test using a cylindrical specimen and is used for all inverse analysis.

5.2. Inverse analysis of SFRC with V,=1.50%

Figure 8 shows the results of the first phase optimization procedure, which involved thirty repetitions. The best
result obtained in this procedure was a loss of 8.13 kN (the MSE value in the Genetic Algorithm). Table 6 shows
statistical analysis. The GA algorithm also presented the slightest standard deviation of about 30 repetitions.

Figure 8 also shows the behavior of the best particle across all runs. In the GA algorithm, seven repetitions
reached a loss value of less than 15 kN, totaling 23.3% of the repetitions. In the SA algorithm, just four repeti-
tions (13.3%) reached a loss value of less than 15 kN and in the DE algorithm, six repetitions (20.0%) reached
a less-than-reference loss.
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Table 6: Statistical analyses of all algorithms after thirty runs.

(c) Differential Evolution

ALGORITHM | BEST LOSS (kN) | WORST LOSS (kN) pr (kN) o (kN)
GA 8.13 47.12 21.47 8.62
SA 10.44 46.77 23.51 10.16
DE 11.46 64.72 25.25 11.53

W is mean, and o is standard deviation.
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Figure 9: Loss (MSE) versus number of objective function evaluations (NOFE) and load-displacement path for SFRC with
1.5% of fibers: (a) GA results; (b) SA results; (c) DE results.
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Table 7: Best parameters of each algorithm for SFRC with 1.50%.

ALGORITHM f.,(MPa) f.,(MPa) ¢,(mm/mm) | &, (mm/mm)
GA 4.021 2.409 0.024 683.673
SA 4.134 2.439 0.023 315.990
DE 3.943 2.335 0.022 124.295

Figure 9 shows behavior around the best repetition, and Table 7 presents the best parameters of each algo-
rithm. It is possible to verify that the algorithms reach convergence on the optimal solution before 100 objective
function evaluations. In the GA metaheuristic, the difference in the loss value between the best solution (8.13
kN) and the average solution (32.75 kN) is approximately 302%.

After the discrete optimization process, the best solution was inserted in the third phase (the fine-tuning
process). Figure 10 shows a numerical model compared with the experimental result and convergence process.
Table 8 shows the best parameters after fine-tuning. It can be seen that the SA optimization algorithm could
not improve the solution presented in Table 7. The GA and DE algorithms improved the prediction response by
4.31% and 30.54%, respectively.

The three algorithms achieved a tensile strength (f ) of approximately 4 MPa. This value is practically
equal to the experimental average tensile strength obtained from the test, which is 3.93 MPa for this mixture.
This confirms the ability of the metaheuristic algorithms to estimate the correct tensile strength of the SFRC
from an inverse analysis approach. Furthermore, they confirm the test results that indicate that adding steel fibers
to this mixture did not increase the tensile strength but only influenced the residual strength after the cracking of
the matrix. Despite the flexural hardening observed during the beam test, the inverse analysis approach indicated
that the SFRC containing 1.5% steel fibers displayed a tension-softening response.

Using the inverse analysis process with the standard GA algorithm, without the proposal presented in this
study, convergence of the optimization process was obtained after 40 generations. The processing time to obtain
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Figure 10: Load-displacement path and loss (MSE) versus number of objective function evaluations (NOFE) for SFRC with
1.5% of fibers: (a) Genetic Algorithm; (b) simulated annealing; (c) simulated annealing.

Table 8: Best parameters after fine-tuning.

ALGORITHM | f (MPa) | f (MPa) | ¢, (mm/mm) | €, (mm/mm) IMPROVEMENT OF?
GA 3.946 2.409 0.0240 701.913 Yes. Final value: 7.78 kN
SA 4.078 2.345 0.0233 270.494 No. Final value: 10.32 kN
DE 3.963 2.315 0.0266 135.034 Yes. Final value: 7.96 kN
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Figure 11: Load-displacement curve by traditional GA algorithm optimization and closed-form solution proposed in
MOBASHER et al. [58] for SFRC with 1.5% of fibers.

the average curve shown in Figure 11 was over 11 hours for an initial population of 10 individuals and up to
60 hours for an initial population of 50 individuals. The use of the hybrid optimization pipeline proposed in
Figure 5 provided a better fit to the experimental force-displacement curve, as can be seen in Figure 10(a).

Using the trial-and-error procedure with a closed-form solution proposed in MOBASHER et al. [58],
adopting a tensile strength value of /| = 3.96 MPa and a modulus of elasticity £ =23.28 GPa, the results of
residual stress f  and strain ¢, are 1.58 MPa and 0.029, respectively. The value of residual stress f, obtained
from the closed-form solution is approximately 34% lower than that obtained from the inverse analysis approach
in this study. However, strain ¢, agrees well with both analysis procedures. The strain ¢, presented in Table 7
cannot be compared to the closed-form solution, as the load during the bending test did not reach a zero value.
Figure 11 shows the load-deflection curve obtained from the closed-form solution proposed in MOBASHER
et al. [58], which agrees well with the results of the experiments until a displacement of 3 mm.

5.3. Inverse analysis of SFRC with V= 0.50%

In this section, only the Genetic Algorithm is applied to experimental results, as it obtained the best performance
for concrete with 1.5% steel fibers. Figure 12(a) shows the results after the second step of this pipeline, and
Figure 12(b) shows the results after the fine-tuning process.
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Figure 12: Loss (MSE) versus number of objective function evaluations (NOFE) and load-displacement path for SFRC with
0.5% of fibers: (a) GA results after discrete phase; (b) after fine-tuning phase.
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Figure 13: Load-displacement curve by standard GA algorithm optimization and closed-form solution proposed in
MOBASHER et al. [58] for SFRC with 0.5% of fibers.

Table 9: Best parameters after pipeline optimization.

ALGORITHM f., (MPa) f., (MPa) ¢, (mm/mm) | ¢ (mm/mm) | OF (kN)
GA after discrete phase 2.975 0.606 0.010 0.073 49.84
GA after fine-tuning phase 2.632 0.728 0.009 0.067 40.25

Results after the fine-tuning improve the best solution at 9.59 kN (19.24%). Table 9 presents the design
variables identified during optimization analysis. The initial descending branch was not well represented,
even though the peak load of the load-deflection curve was well shown, due to the flexural-softening behavior
observed in this mixture. The same bad correlation in the initial descending branch was also observed when
the closed-form solution proposed in MOBASHER ef al. [58] was employed (Figure 13). Figure 12(b) shows
that the descending branch of the experimental load-deflection curve was best represented after the fine-tuning
phase, which was not observed using a conventional inverse optimization process with the standard GA algo-
rithm after 9 hours of processing time (Figure 13).

The tensile strength (f ) presented in Table 9 is lower than the experimental tensile strength of the matrix
and SFRC with 0.5% of steel fibers presented in Table 2, even though the standard deviation was considered.
From the closed-form solution proposed in MOBASHER et al. [58], the stresses f, and f , are 3.03 and 0.15 MPa,
respectively, and the strains €, and ¢, are 0.008 and 0.036, respectively. Therefore, the value obtained from a
closed-form solution for stress f,  is only 15% greater than that obtained from the inverse analysis approach
conducted in this paper. However, the value obtained from a closed-form solution for stress f, , is approximately
80% lower than that obtained from the inverse analysis approach using a finite element method.

It becomes evident that, for SFRC with a flexural-softening behavior, the differences between both
inverse analysis approaches are more significant than for SFRC with flexural-hardening behavior. Further-
more, the tensile strength predicted by the inverse analysis approach was 27-39% lower than the experimental
value, which indicates that the inverse analysis approach underestimates the tensile strength of SFRC with
flexural-softening behavior. This is because fiber-reinforced concrete with flexural-softening behavior presents
rotation of the cross-section more restricted to the cracking plane due to the smaller volume of fibers. With the
localization of the crack, analytical models or finite element models based on the smeared crack approach tend
to overestimate the fracture energy, which was compensated for in the optimization process by the reduction of
the tensile strength. It should be noted that the mesh refinement was kept constant in the analysis of the two fiber
concrete mixes and that the constitutive law was defined using the stress-strain relationship, without considering
the fracture energy of the SFRC.

6. CONCLUSION

This paper proposes a hybrid strategy to automate inverse analysis approaches for deriving the tensile stress-
strain relationship of SFRC from beams subjected to four-point loading, which can be used with the finite
element method. In addition, two fiber-reinforced concretes with medium-strength concrete (65 MPa), rein-
forced with 0.5% and 1.5% of hooked-end steel fibers, were developed to validate the proposed inverse analysis
approach.

Experimental results showed that SFRC with 1.5% of steel fibers showed flexural-hardening behavior,
while SFRC with 0.5% of steel fibers showed flexural-softening behavior. The addition of 1.5% steel fibers
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increased the flexural strength of concrete by 28% but did not change the compressive strength or modulus of
elasticity. Despite this enhancement in flexural strength, the tensile strength was not influenced by either the
addition or increase in the quantity of steel fibers.

All the metaheuristic algorithms compared in this work represented well the load-displacement curve
obtained from the bending test under four-point loading. However, the Genetic Algorithm (GA) presented lower
mean square rrror (MSE) when compared to the Simulated Annealing Algorithm (SAA) and Differential Evolu-
tion (DE). The MSE measurement for the SFRC with 1.5% of fibers has a value below 10 kN. For the SFRC with
0.5% of fibers, the Genetic Algorithm (GA) showed an MSE of less than 40 kN and is more difficult to represent
the load-displacement curve of SFRC with flexural-softening behavior. The higher MSE value for the SFRC
with 0.5% of fibers can be explained by the fact that the concrete is more fragile with a lower number of fibers.

The tensile strength predicted by inverse analysis, using all metaheuristic algorithms, agrees well with
the experimental results for SFRC with 1.5% of steel fibers. This demonstrates the efficacy of the proposed
automated inverse analysis approach using a finite element method for SFRC with flexural-hardening behavior.
However, for SFRC with pronounced flexural-softening behavior, the inverse analysis approaches predicted a
tensile strength that was 27-39% lower than the experimental value, indicating a localization of the flexural
cracking.

The fine-tuning proposed for the optimization pipeline proved necessary for a better fit of the curve
obtained from the inverse analysis approach. When this third phase was not used, a greater discrepancy was
observed in the force-displacement curve obtained from the test.

The principal limitation of this methodology is its reduced accuracy for SFRC exhibiting pronounced
flexural-softening behavior (0.5% fiber content or lower). For this mixture, the model underestimated the
experimental tensile strength by 27-39%. This discrepancy is attributed to crack localization, a phenomenon
the study’s smeared crack finite element approach cannot adequately capture. Consequently, the model is less
effective at representing the load-displacement curve for more brittle SFRC composites.

On average, the optimization process required approximately 8 hours to complete a full run and predict the
model parameters using the proposed hybrid approach. Although computational efficiency was not the primary
objective of this study, future works may explore strategies such as metamodeling or surrogate modeling to
reduce computational time and memory usage. These alternatives could facilitate broader parametric analyses
and real-time applications in practical engineering scenarios.

Future research will extend the proposed hybrid strategy by applying the automated inverse analysis to
determine the tensile stress-strain curves for concretes reinforced with other fiber types, including recycled steel
and non-metallic fibers. Furthermore, the optimization pipeline will be integrated with numerical methods more
suitable than the Finite Element Method (FEM) with a smeared crack approach, particularly for composites that
exhibit pronounced flexural-softening behavior, such as discrete fracture models or the Strong Discontinuity
Approach (SDA) models.
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