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Effective stress interpretation of direct simple shear tests using 
Mohr’s circle and finite element analyses
Leonardo De Bona Becker1# 

1. Introduction

The interpretation of the Direct Simple Shear test (DSS) 
results and the factors that affect it has been debated since its 
introduction and continue to be a matter of research (Mao & 
Fahey, 2003; Doherty & Fahey, 2011; Wijewickreme et al., 
2013; Asadzadeh & Soroush, 2016; Corte  et  al., 2017; 
Wai et al., 2022). Despite that, the DSS is routinely used 
to determine the undrained strength of clays and assess the 
liquefaction behavior of sands. On the other hand, there is a 
perception that the effective strength may be underestimated 
if the DSS is used.

The DSS apparatus was built to simulate in the 
laboratory the field strain conditions of a thin, horizontal 
clay layer bounded by sand. That layer is failed by shear 
deformations (Kjellman, 1951; Bjerrum & Landva, 1966). 
The objective was to uniformly strain the clay specimen in 
simple shear and plane strain either in drained or undrained 
condition. Unlike the triaxial test, in which the stresses may 
be controlled, the DSS is strain controlled and the direction 
and magnitude of the principal stresses are unknown. Since 
the original apparatus was designed for soil specimens with 
height-to-diameter ratio (H/D) of 0.125, the failure plane was 

horizontal or almost horizontal because of the constraints 
imposed by the top and bottom plates. Zekkos et al. (2018) 
reviewed DSS tests in the literature from 1951 to 2009 and 
found an average H/D of 0.21.

Later, the DSS has been used to test sands, especially 
in liquefaction studies (Franke  et  al., 1979; Silver  et  al., 
1980; Tatsuoka & Silver, 1981; Boulanger & Seed, 1995; 
Sivathayalan & Ha, 2011; Sadrekarimi, 2020). Moreover, 
higher H/D ratios have been employed – lower values of 
H/D would have the disadvantage of hindering the soil 
tendency to contract or dilate. Thicker samples eliminate 
that problem. However, the interpretation of the test results 
becomes more difficult since the failure plane is not readily 
known, and the principal stresses are ignored. ASTM D6528-
17 (ASTM, 2017) defines specifications and procedures for 
the measurement of constant-volume strength of cohesive 
soils (including a maximum H/D equal to 0.4) but there is 
not a standard for sands.

In most DSS tests, only the horizontal displacement (δx), 
the average vertical stress (σz) and the average shear stress 
(τzx) are measured. The specimen diameter is kept constant 
by wire or stacked rings. When the specimen height (H) is 
kept constant, the engineering shear strain (γzx) is equal to 
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δx/H and σz varies during the shear phase. The actual stress 
state inside the specimen is unknown since the horizontal 
stress (σx) is not measured. Therefore, only one point of the 
Mohr’s circle is known. For effective stresses, three possible 
ways to interpret the DSS are shown in Figure 1.

a)	 The plane of maximum stress obliquity (i.e., the plane 
of failure – dash-dotted line) is horizontal, and the 
effective friction angle is given by Equation 1:

( )'   atan / 'φ τ σ= zx z 	 (1)

b)	 De Josselin de Jong (1971) raised the possibility 
that the sliding plane is vertical, and the effective 
friction angle is obtained by resolving Equation 2. 
It is important to note that, according to Equation 
2, the maximum value of the τzx/σʹz ratio would be 
approximately 0.35 corresponding to ϕʹ = 35°.

( ) ( ) ( )sin ' cos ' / 1  sin² '   / 'φ φ φ τ σ ⋅ + =  zx z 	 (2)

c)	 The horizontal plane is a plane of maximum shear 
stress, and the effective friction angle is given by 
Equation 3. In this case, the failure plane makes an 
inclination α with the horizontal.

( )'   asin / '  φ τ σ= zx z 	 (3)

In Figure 1, the major principal plane and the failure 
plane are represented by dashed and dash-dotted lines, 
respectively. The crosses represent the orientation of σʹ1 and 
σʹ3. The horizontal effective stress σʹx is unknown. The shear 
stress on the vertical plane is τxz = – τzx, since the stress field is 
assumed to be uniform. This assumption becomes reasonable 
after the initial stages of the shearing, as will be shown below.

In this paper, an analysis of the effective stresses and 
strains in a constant-volume DSS simulation by the Finite 
Element Method (FEM) will be presented. The location of 
the failure plane will be discussed and results of DSS tests 
in sand and clay will be compared with the FEM analysis.

2. Experimental program

Direct shear (DS) and direct simple shear (DSS) tests 
were performed with a poorly graded medium sand with angular 
particles known as Hokksund sand, often used in calibration 
chamber studies (Parkin & Lunne, 1982; Jamiolkowski et al., 
1985). Figure 2 shows the particle size curve and a photograph 
of the particles along with the tip of a ballpoint pen for size 
comparison. The maximum and minimum void ratios were 
determined according to ASTM D4253 (ASTM, 2016a) and 
ASTM D4254 (ASTM, 2016b) standards (emax = 0.85; emin = 0.52).

2.1 Direct shear tests (DS)

The direct shear (DS) test was selected to start the 
experimental program because it resembles a plane strain 
condition, like the direct simple shear (DSS) test. Three series 
of six direct shear tests each were performed with remolded 
samples. The samples were prepared by pluviation after being 
oven-dried. The samples were not compacted and different 
densities were obtained by varying the funnel diameter and 
the drop height. The void ratios after the application of the 
normal stress were 0.55 ± 0.03, 0.60 ± 0.02, and 0.68 ± 0.02, 
corresponding to relative densities (Dr) of 96%, 78%, and 
54% on average, respectively. The sample dimensions were 
diameter of 63.5 mm and height of 25 mm.

Figure 1. Three interpretations of the DSS test: (a) the failure plane 
is horizontal; (b) the failure plane is vertical; (c) the horizontal plane 
is a plane of maximum shear stress (modified from De Josselin de 
Jong, 1971).

https://creativecommons.org/licenses/by/4.0/
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Figure 3 presents results of the direct shear tests of the 
samples with Dr = 96%, typical of dense sands. The results 
of the looser samples showed less pronounced peaks and less 
dilatation. Figure 4 presents the shear strength envelopes. The 
peak friction angle varied from 35° to 45° depending on the 
initial void ratio. The constant-volume friction angle varied 
between 32° and 35° (black circles in Figure 4).

2.2 Direct simple shear tests (DSS)

Five constant-volume DSS tests were performed. The 
samples were prepared using the same remolding procedures 
outlined above. A servo-controlled mechanism kept the height of 
the specimens constant by increasing or decreasing the vertical 
stress. Figure 5 shows the DSS cell, the stacked rings, and 
the direction of the internal shear stresses that develop on the 
specimen. Thirty metallic rings coated with Teflon were used 
to confine the specimens, each with a thickness of 1 mm. The 
rings rest on metallic bolts depicted by triangles in Figure 5.

The amount of friction is an important boundary 
condition of the DSS test. Boylan & Long (2009) used a 
reinforced membrane and assumed that the vertical surface 

that provides lateral confinement to the specimen is near-
frictionless during the whole test. Wai et al. (2022) adopted 
the same assumption but used stacked rings. When the sample 
is confined by stacked rings, the near-frictionless assumption 
is close to reality during the phase of compression by normal 
stress since the rings are aligned, resulting in a smooth 
inner surface. However, as the shear strains are applied, this 
boundary becomes similar to the steps of a staircase, thus 
providing a highly rough surface that allows the development 
of the complementary shear stress τxz (Figure 5b). In the 
upper left corner of the sample, the rings have freedom to 
move upward, thus reducing τxz. However, this movement 
may be prevented by a support (dashed triangle in Figure 5).

A 0.25 mm-thick unreinforced latex membrane was 
used, and the dimensions of the specimens were 63 mm in 
diameter and 30 mm in height (H/D = 0.47). This H/D exceeds 
the maximum of 0.4 recommended by ASTM D6528-17 
(ASTM, 2017) but was chosen to allow a free development 
of the failure plane as will be shown later. The void ratio after 
consolidation was 0.55 ± 0.003 (Dr = 91%). The samples were 
dry, and the shear rate was the same as that employed in the DS 
tests. Figure 6 shows the variation of shear stress and vertical 
effective stress during the shear phase of the test. The locus of 
the (σʹz, τzx) pairs of each test is similar to a stress path. Since 
the volume of the dense sand was kept constant during the 
shearing, the initial tendency to contract was prevented, and 
the vertical effective stress was briefly reduced. Later, when 
the sand would dilate, the constant-volume condition caused 
a significant increase in the vertical effective stress.

Figure  7 shows the ratio between shear stress and 
vertical effective stress vs. the engineering shear strain (γzx). 
Unlike the DS test, in the DSS test the shear stress curves 
do not present a clear peak since the dilatation is prevented. 
The ultimate value of τzx/σʹz varies between 0.55 and 0.58 and 
remains fairly constant after the shear strain reaches 0.15.

Since the specimens were not allowed to dilate in the DSS 
tests, the comparison considers the constant-volume friction 
angle developed in the DS tests (Table 1). If one considers the 
horizontal plane as the failure plane (Equation 1), the effective 
friction angle in the DSS would range between 29° and 30°. 
However, this is unlikely since this range is clearly below 
the constant-volume friction angle obtained in the DS tests. 
Equation 2 does not have a valid solution because the τzx/σʹz 
ratio exceeds 0.35. Therefore, the failure plane is not vertical. 
Finally, if one considers the horizontal plane as the plane of 
maximum shear stress, the effective friction angle would range 
between 33° and 35° (Equation 3) in the DSS tests, which is 
in excellent agreement with the DS tests (32-35°).

3. Numerical analysis

A 2D analysis of the results of the DSS test with σʹz = 100 
kPa was conducted using the finite element method (FEM). A 
mesh study led to the conclusion that 281 triangular elements 
were adequate to simulate the cross section of the specimen 

Figure 2. Characteristics of the sand used in this study: (a) particle 
size analysis; (b) photography of the particles.

https://creativecommons.org/licenses/by/4.0/
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(63 mm x 30 mm). The first phase of the analysis simulated 
the consolidation using a K0 stress generation process. The 
subsequent phases simulated the shearing, in which the 
following boundary conditions were applied (Figure 8):

a) Top boundary: uniform displacement to the right equal 
to the value measured by the LVDT of the DSS device, 
and normal stress equal to the vertical force applied 
by the piston divided by the area of the specimen;

b) Lateral boundaries: variable displacement to the right;

c) Bottom: fixed in the vertical and horizontal directions.
In this FEM analysis, the development of friction on the 

lateral boundaries was not restricted because of the shape of 
these boundaries during shear (Figure 5). It should be noted 
that Wai et al. (2022) compared DSS tests with numerical 
3D analyses varying the soil-ring mobilized friction during 
shearing between zero and σʹx·tanϕʹ. They concluded that 
varying the soil-ring friction during the shearing phase 
did not affect the measurable stress-strain response. The 
high soil-ring friction contributed to a uniform state of 
stress within the specimen. When a frictionless boundary 
was simulated, complementary shear stresses developed 
immediately adjacent to vertical boundaries, resulting in a 
sharp shear stress gradient that transitioned to a uniformly 
distributed stress state near the center of the specimen (equal 
to the applied shear stress).

Figure 3. Direct shear test results for Dr = 96%.

Table 1. Effective friction angles of Hokksund (Dr = 54% - 96%).

Test - interpretation ϕʹpeak (°) ϕʹcv (°)
Direct shear 35 - 45 32 - 35

DSS: ϕʹcv = atan (τzx/σʹz) - 29 - 30
DSS: ϕʹcv = asin (τzx/σʹz) - 33 - 35

https://creativecommons.org/licenses/by/4.0/
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The Hokksund sand was represented in Plaxis by the 
Hardening Soil Model (Brinkgreve et al., 2006). The properties 
were defined based on results of direct shear, oedometer, and 
drained triaxial compression tests (Table 2). These results 
are in good agreement with the values presented by other 
authors (Jamiolkowski et al., 1985; Yang et al., 2006; Mazhar, 
2009) for similar samples of the same sand.

To validate the FEM analysis, the horizontal force 
measured by the load cell of the DSS device is compared 
to the product of the shear stress at the top of the mesh and 
the area of the specimen (Figure 9) with good agreement.

Figure 10 shows the shear stress distribution at the 
top of the mesh. Initially, the shear stress varies from left to 
right, but after phase 6 (i.e., γzx > 0.42/30 = 1.4%) it becomes 
fairly uniform, as shown by Wai et al. (2022).

Figure 11 shows the principal stresses in several phases 
of the simulation. At the beginning of the shear phase, the 
stress field is non-uniform, especially at the lower left corner 
of the specimen. It is usually considered that the stress state 
in the DSS is not uniform (e.g., ASTM, 2017). However, 
the FEM analysis indicates that stress rotation ceases 
after phase 6, and the stress field becomes approximately 
uniform, justifying the underlying assumption in Figure 1. 
Moreover, the inclination of the principal planes with respect 
to the horizontal is maintained at 45° throughout the whole 
specimen until the end of the test, regardless of the magnitude 
of the principal stresses. This result confirms the theoretical 
deduction made by Oda (1975).

4. Inclination of the failure plane: theoretical 
analysis and more experimental evidence

The FEM analysis presented herein indicates that the 
principal stresses increase during the test but the σʹ1/σʹ3 and 
τzx/σʹz ratios become approximately constant after phase 6.

The inclination of the principa planes may be used to 
estimate the inclination of the failure surface, regardless of 
the stress magnitudes. The dashed line in Figure 12 has the 
same inclination as the major principal plane (i.e., 45°) and 
passes through σʹ1. Thus, it intersects the circle at the pole. 
Therefore, the pole is the lowest point on the circle. If a 
horizontal line is drawn through the pole, it must intercept 
the circle at the point that represents the state of stress on 
the horizontal plane (point H). Since the pole is the lowest 
point, the horizontal line must be tangent to the circle and 

Figure 4. Shear strength envelopes (direct shear tests).

Figure 5. Views of the DSS device: (a) the cell; (b) schematic 
cross section.

Table 2. Physical characteristics of Hokksund sand and parameters 
of the Hardening Soil model.

Parameter Value Unit
D50 0.44 mm
CU 2.1 -
Gs 2.7 -
cʹ 0 kN/m2

ϕʹpeak 45 °
ϕʹcv 33 °
ψ 15 °
K0 0.29 -

Eoed 
ref 20,600 kN/m2

E50 
ref 20,600 kN/m2

Eur 
ref 61,800 kN/m2

m 0.5 -

https://creativecommons.org/licenses/by/4.0/
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H coincides with the pole. This graphical construction 
confirms the hypothesis that the horizontal plane is the 
plane of maximum shear stress (Figure 1c). Asadzadeh & 
Soroush (2016) reached a similar conclusion by means of 
discrete element method (DEM) simulation of DSS tests 
with glass beads.

Point F represents the state of stress on the failure plane. 
The constant-volume friction angle is ϕʹcv. Since H is the 
pole, the line segment FH is parallel to the failure plane. Let 
α be the angle between the failure plane and the horizontal. 
Because θ, β, and ϕʹcv are internal angles of triangle OFH, it 
follows that θ + β + ϕʹcv = 180°. As triangle OFH is isosceles, 

θ = β, and therefore, θ = 90 – ϕʹcv/2. Furthermore, considering 
the angles adjacent to point F, it follows that ϕʹcv + (θ – α) = 
90°. Thus, the inclination of the failure plane is given by:

  ' / 2α φ= cv 	 (4)

This theoretical conclusion based on Mohr’s circle is 
in agreement with numerical analyses performed by Doherty 
& Fahey (2011) and Wijewickreme et al. (2013). In the first 
work, a modified Cam-clay soil model was used in a 3D 
FEM analysis to simulate a DSS under constant-volume 
plane-strain simple-shear conditions. In the second work, 

Figure 6. Evolution of the shear and normal stresses acting on the horizontal plane (constant-volume DSS tests).

Figure 7. Ratio between the shear stress and the normal effective stress on the horizontal plane (constant-volume DSS tests) vs. shear strain.

https://creativecommons.org/licenses/by/4.0/
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DEM simulations of a theoretical DSS test reached the same 
conclusion as Equation 4, at the peak mobilized friction angle. 
However, Wijewickreme et al. (2013) concluded that, after 
large shear strains in the constant-volume test, the failure 
planes would rotate, and the horizontal plane seemed to be 
a plane of maximum stress obliquity. This continuous stress 
rotation is not in agreement with the numerical simulation 
presented herein (Figure 11). Also, the DSS results do not 
support a continuous stress rotation since the ratio between 
shear and normal stresses measured in the horizontal plane 
remains approximately constant for γzx > 0.15 (Figure 7).

Moreover, Grognet (2011), den Haan & Grognet (2014) 
developed a unique large-sized experimental direct simple 
shear test device with transparent sides that permitted the 
visualization of the failure plane. They tested soil samples 
at low normal stress (σʹz ~ 5 kPa). The boundary conditions 
of their “Test 2” were similar to the configuration used in 
the experimental program presented herein, with a height 
over length ratio (H/L) equal to 0.51 and strips that slide 
on top of each other confining the sides of the sample, 
like the stacked rings. The soil was a remolded clay from 
Oostvaardersplassen park in the Netherlands (OVP). The 

Figure 8. FEM analysis of the DSS test: (a) deformed mesh at the end of the consolidation phase; (b) boundary conditions of the shearing phases.

Figure 9. Comparison between horizontal force measured in the DSS test and estimated by the FEM analysis.

https://creativecommons.org/licenses/by/4.0/
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shear rate was low enough to avoid the buildup of pore 
pressure excess. Figure 13 shows the vertical cross section in 
the middle of the specimen after the test. Shear planes with 
an inclination ranging from 16° to 22° to the horizontal are 
clearly visible. Since the photo shows that the failure plane 
is neither horizontal nor vertical, interpretations based on 
Equation 1, Equation 2, and Figures 1a and 1b are not valid.

According to Equation 4, the inclination of the failure 
planes in Figure 13 indicates that ϕʹ = 32° to 44° for the 
tested clay at low stresses. This is a high friction angle range 
for a clay, but OVP has an unusually high ϕʹ owing to the 
peculiarities of its multi-level organic fabric. Cheng et al. 
(2007) reported ϕʹ = 38° to 46° at low confining stresses.

The same concept may be applied to undrained DSS 
tests, provided the critical state is considered. Zekkos et al. 
(2018) developed a large-size DSS (maximum H/D = 0.45) and 
compared their results with conventional-sized DSS devices using 
Ottawa sand C109. Figure 14a shows four tests with this sand 
(where the dashed and the continuous lines indicate tests with 
the conventional and the large-size devices, respectively). The 
bold dashed line represents a strength envelope with an apparent 
inclination of 0.5. This corresponds to ϕʹcv = arcsin 0.5 = 30° 
(Equation 3), in excellent agreement with the constant-volume 
friction angle of this sand as 29.8° reported by Wijewickreme 

(1982) and Sasitharan et al. (1994). Morgenstern et al. (2016) 
used 15 triaxial tests (CIU, CID, CAU types) to determine 
the critical state friction angle of the sand tailings from the 
Fundão Dam in Mariana Brazil (ϕʹcs = 33°). DSS undrained 
tests in the same material were also performed (Figure 14b). 
At the critical state, the τzx/σʹz ratio is equal to 0.55 (dashed 
line) which corresponds to ϕʹcs = asin 0.55 = 33°.

Another consequence of Equation 4 is that a specimen 
with a low H/D ratio will not have enough height to allow for 
the complete development of the failure plane, thus altering 
the results. For example, a soil with ϕʹcv = 30° would require 
H/D > tan 15° = 0.27. In the past, H/D ratios were frequently 
low (e.g. H/D = 0.125 in Bjerrum & Landva (1966) and 0.2 in 
Budhu & Britto (1987)). This may have been the reason why 
comparisons of DSS test results with results from other devices 
like the triaxial and the hollow cylinder led to the conclusion 
that the DSS produces unreliable soil strengths (Saada & 
Townsend, 1981). Therefore, a high H/D is important to ensure 
that the top and bottom do not interfere with the development 
of the failure plane. For instance, Morgenstern et al. (2016) 
used H/D = 0.3. Coincidentally, according to the Equation 4, 
this is the lower limit for a soil with ϕʹcs = 33° since a test with 
H/D < 0.3 would result in the top and bottom restraining the 
development of the failure plane.

Figure 10. FEM simulation: shear stress at the top boundary of the mesh at distinct phases.

https://creativecommons.org/licenses/by/4.0/
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Figure 11. FEM simulation: principal stresses at distinct phases.

https://creativecommons.org/licenses/by/4.0/
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Figure 14. Results from undrained DSS tests: (a) Ottawa C 109 sand (adapted from Zekkos et al., 2018); (b) Fundão sand tailings 
(redrawn from Morgenstern et al., 2016).

Figure 13. Results from a simple shear test on OVP clay sample (γ = 20%) at the middle vertical plane (adapted from Grognet, 2011).

Figure 12. Mohr’s circle of stress of the constant-volume DSS test.
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5. Conclusions

Two-dimensional finite element (FEM) analysis and 
experimental results from constant-volume high height-to-
diameter (H/D) ratio DSS tests using stacked rings showed 
good agreement and indicated the following:

a)	 The stress field in the DSS specimen became 
approximately uniform after the initial stages of 
shearing, unlike the assumption stated in ASTM 
D6528-17 (ASTM, 2017) for low H/D ratio specimens;

b)	 The principal stress planes were observed at an 
inclination of 45°, as predicted by Oda (1975);

c)	 Although the principal stresses varied throughout 
the test, their ratio and orientation became constant 
after the initial stages.

As a result of the stress uniformity in the specimen, a 
Mohr’s circle-based analysis is valid. Given that the principal 
planes are inclined at 45°, the stress analysis presented 
herein demonstrates that the horizontal plane is the plane of 
maximum shear stress, and that the inclination of the failure 
plane equals ϕʹcv/2.

Therefore, constant-volume DSS tests with stacked 
rings can be used to determine the constant-volume friction 
angle using the equation ϕʹcv = arcsin (τzx/σʹz), provided that 
an appropriate H/D ratio is selected.

Further testing is needed to assess the influence of the 
H/D ratio on the results. However, the limit recommended 
by ASTM D6528-17 (ASTM, 2017) (H/D ≤ 0.4) may not 
be suitable for all soils. For instance, an H/D = 0.25 would 
be inadequate for soils with ϕʹcv > 28°, as the top and bottom 
boundaries would constrain the development of the failure 
surface. This is because the theoretical inclination of the 
failure plane was shown to be equal to ϕʹcv/2. On the other 
hand, an H/D = 0.4 would be suitable for all soils with ϕʹcv 
less than or equal to 43°.
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List of symbols and abbreviations

cʹ	 Effective cohesion
emax	 Maximum void ratio
emin	 Minimum void ratio
m	 Stress dependent stiffness of the Hardening Soil  
	 model (power law)
CU	 Uniformity coefficient
D	 Diameter of the DSS specimen
Dr	 Relative density
D50	 Particle size at which 50% of soil is finer
E50 

ref	 Secant modulus at 50% of the failure deviatoric  
	 stress for a reference stress p’
Eoed 

ref	 Secant modulus for a reference stress p’ (oedometer  
	 test)
Eur 

ref	 Secant modulus for a reference stress p’ (unloading  
	 and reloading)
Gs	 Specific gravity of solids
H	 Height of the DSS specimen
K0	 At rest earth pressure coefficient
α	 Inclination of the failure plane with the horizontal
γzx	 Engineering shear strain
δx	 Horizontal displacement
σʹ1, 3	 Principal effective stresses
σx	 Average horizontal stress
σʹz	 Average vertical effective stress
σz	 Average vertical stress
τzx	 Average shear stress on the horizontal plane
ϕʹ	 Effective friction angle
ϕʹcs	 Critical state friction angle
ϕʹcv	 Constant-volume friction angle
ϕʹpeak	 Peak friction angle
ψ	 Dilatation angle
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