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Abstract

Downbhole Seismic Testing (DST) is utilized for estimating low-strain shear damping ratio
(). Estimates of low strain 77, values are very important for predicting and assessing
ground amplification during earthquakes. The low strain #_ estimates also provide for a
reference of laboratory tests such as the resonant column test. The Spectral Ratio Technique
(SRT) is one of the most utilized analysis techniques for processing seismic data to obtain
7. The SRT is applied in the frequency domain where the spectral ratio of two data sets
and relative arrival times are calculated to obtain the quality factor. The quality factor is
inversely proportional to the damping ratio. One of the limitations of the SRT is that it
doesn’t account for the raypaths of the source waves. In DST the raypaths are of particular
importance due to the fact the source waves will refract as they travel from the surface
down to the seismic receiver. This paper outlines a technique, so-called FMDSM-SRT,
which facilitates adjusting estimated SRT absorption DST values so that source wave
raypaths are accounted for. It is of paramount importance to first implement newly optimal
estimation algorithms on extensive test bed simulations prior to processing real data sets.
This paper outlines the results from processing a challenging test bed simulation with the

FMDSM-SRT algorithm.

1. Introduction

Downhole Seismic Testing (DST) such as Seismic Cone
Penetration Testing (SCPT) (ASTM, 2019; Campanella et al.,
1986) is a commonly used geotechnical technique for
measuring in-situ (<107) shear (¥s) and compression (Vp)
wave interval velocities. The in-situ interval velocities
form the core (Shear Modulus (G), Poisson’s Ratio (u)
and Young’s modulus (£)) of mathematical theorems to
describe the elasticity/plasticity of soils and they are used
to predict the soil response (settlement, liquefaction or
failure) to imposed loads (whether from foundations, heavy
equipment, earthquakes or explosions) (Finn, 1984; Andrus
& Stokoe 11, 2000; Ishikara, 1982). Baziw (2002) outlined
that it was of paramount importance to take into account
raypath refraction (Snell’s law and Fermat’s principle) when
processing DST data sets for estimating interval velocities.
Baziw (2002) also gave the mathematical details of a newly
developed algorithm, the so-called Forward Modelling
Downhill Simplex Method (FMDSM), which considered
Fermat’s principle when estimating DST interval velocities.
Baziw & Verbeek (2012, 2014, 2018) published results from
processing DST data sets using the FMDSM algorithm where
special attention was given to identifying critical soil layers
and tomographic imaging. Masters et al. (2024) utilized the

FMDSM technique when processing an extensive amount
of offshore DST datasets. In Masters et al. (2024) paper it
was demonstrated that it was necessary to take into account
Fermat’s principle when estimating interval velocities within
the top Sm to 10m.

Another important geotechnical parameter estimated
with DST is the low-strain shear damping ratio (17,) (Stewart
& Campanella, 1991, 1993; Redpath & Lee, 1986). Stewart
& Campanella (1993) state that the DST low-strain #_is very
important for predicting and assessing ground amplification
during earthquakes and serves as a reference for medium
to large strain #_values derived from laboratory test such
as the resonant column test. The Spectral Ratio Technique
(SRT) is the most widely used method for determining DST
low strain #_estimates (Stewart & Campanella, 1991, 1993;
Redpath & Lee, 1986; Rebollar, 1984). A major limitation in
the application of SRT for processing DST data sets is that
the raypath of the source waves is not taken into account.
This can lead to significant errors in the estimated damping
ratio values.

Baziw & Verbeek (2019, 2021) developed the so-
called FMDSMAA algorithm for estimating 7 values from
DST seismic data. This algorithm accounts for source wave
travel paths when estimating #_values from peak particle
accelerations (maximum amplitudes) of DST seismic traces
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and it also provides for error estimates. Baziw and Verbeek
demonstrated the implementation and performance of the
FMDSMAA (AA is the acronym for Absorption Analysis)
algorithm by considering challenging test bed simulations
and processing real data sets. It was shown that the algorithm
was able to obtain accurate absorption estimates which
demonstrated the algorithm’s correctness. This paper outlines
modifications and additions to the FMDSMAA algorithm
so that estimates of absorption from the Spectral Ratio
Technique (SRT) are corrected for DST source wave travel
paths. In general terms, the FMDSMAA is modified where
instead of minimizing the difference between synthetic source
wave amplitude ratios and recorded values, the difference
between synthetic spectral ratios and measured values are
minimized. This technique is referred to as the so-called
FMDSM-SRT algorithm.

2. Absorption analysis and the spectral ratio
technique

The amplitude of a seismic wave propagating in soils
decays due to geometric spreading (due to the change in
wave front), apparent attenuation (due to mode conversion,
reflection-refraction at an interface) and material losses (intrinsic
attenuation or absorption). In general terms, the soil profile
acts as both an attenuator and a low pass filter as the seismic
wave travels through it (Aki & Richards, 2002; Gibowicz &
Kijko, 1994; Sheriff & Geldart, 1982). The signal amplitude A
within a homogeneous medium at distance x from the source
is related to the amplitude 4, at distance x, by:

A(x) = 4y (x /x)n elr) (1

In Equation (1) it is assumed that the decay is due to
only geometric spreading and absorption (¢ in Equation
(1)). The Quality Factor, Q, is related to the absorption
coefficient as follows:

O=n/al )

In Equation (2) 4 is the source wave’s wavelength.
The Quality Factor is a desirable term to define the absorption
of a medium because it is nondispersive. The logarithmic
decrement, J, and fraction of critical damping or damping
ratio, 77, are expressed as:

i
5 =In| —amplitude —ad=710 (3)
amplitude one cycle later
_o_ 1
T =2r " 20 O

In geotechnical engineering the shear damping ratio is
typically defined as 77, = 1/(2Q). The unit of § is nepers (Np).

Attenuation from refraction at a layer boundary is
quantified by the transmission coefficient. The amplitude
decay term in Equation (1) (x,/x)" corresponds to geometric
spreading where n = 1 based upon the conservation of
the energy flux of a traveling seismic wave and spherical
divergence. Spherical divergence is given as:

£y
£ = 477 ®

where r is the expanding radius from the source, E| is the
initial source energy and E is the energy at distance  from the
source. The amplitude of the source wave decays proportional
to the distance » from the source as outlined as follows:

2 6)

A =
Arr?

o

Some researchers have noted that the amplitude of the
seismic wave generally does not decay as 1/r where r is the
travel distance, and this is why the exponent 7 is incorporated
into Equation (1).

The apparent attenuation due refraction at an interface
is quantified by the transmission coefficient. The transmission
coefficient quantifies the loss of energy when transitioning
from layer 1 to layer 2 is outlined below in Equation (7) for
horizontally polarized shear wave (SH).

T A, 27y
2 A4 Z,+Z, pVicosO + p,V,ycos0,

2p,V cos6,

O]

In Equation (7) T, is the transmission coefficient for the
source traveling moving from layer 1 to 2, 4, is the amplitude
of incident wave, 4, the amplitude of refracted wave, p, is
the medium density of layer i, 0, denotes the incident angle,
0, is the refraction angle, V| is the medium velocity of layer
1, and V, is the medium velocity layer 2 (note: Z, = p,V; is
the acoustic impedance).

The ability to solve the absorption coefficients demands
that several assumptions be made regarding the properties of
the medium of propagation. These include the assumptions
that the medium is an attenuating, velocity dispersive, causal,
and linear system. Some properties of seismic medium
absorption is proportional to frequency, absorption is inversely
proportional to velocity, absorption is proportional to pore
saturation, absorption is proportional to porosity in saturated
rocks and soils (e.g., absorption is greater in clean sands
than shales), absorption is dependent upon pore fluid type
(e.g., absorption is greater for brine-watered saturated rocks
than methane saturated rocks), and absorption is inversely
proportional to formation pressure.

There are several mathematical techniques which
facilitate the derivation of absorption from seismic time
series. The most popular methodology is the spectral ratio
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technique (SRT) (Rebollar, 1984; Campillo et al., 1985;
Blakeslee et al., 1989; Kvamme & Havskov, 1989; Stewart
& Campanella, 1993; Howie & Amini, 2005).

2.1 Spectral ratio technique equation derivation

The mathematical representations of an elastic and
anelastic plane wave in the depth domain (z) and frequency
domain (w =27z f') are outlined as follows:

Elastic Plane Wave:

u(z,0)=

Anelastic Medium:

u(z,w)=

Parameter & in Equation (8) is the wavenumber (Sheriff &
Geldart, 1982). Equation (9) implies that anelastic attenuation
is a linear phenomenon. As was previously stated, o denotes
the absorption and is defined as:

u(0,0) e 3

u (0, a)) eikze_a(w)z ©

a(w)=w/2V(0)0(w) (10)
where V() - dispersive velocity and Q(w®) - dispersive
quality factor

Experimental data have shown that O is almost
identically constant with respect to frequency over a large
bandwidth (10mHz to 10MHz) (Toksoz et al., 1979). This
bandwidth encompasses frequencies encountered in seismic
wave propagation. Equation (9) can also be rewritten in terms
of a complex wave number as

ik'(0)(z-2,)

u(z,0)=u(z,0)e :
K(o)=w!V(o)+ia(w)

Substituting Equation (10) into (11) and taking real
parts (to have physical meaning) gives

(11)

| | z ZO a)TT (a))

"uzo0) 2 20

(12)

In Equation (12) T (w) is the travel time difference
between depths z and z. The arrival time difference is strictly

a function of frequency; however if the distance (z-z ) is not
to large and V(w) is not to dispersive, then T (w) will be
approximately constant with respect to frequency; therefore,
Q can be determined from the dominant frequencies of the
wave understudy, the relative arrival time and the natural
logarithm of the spectral ratio by Equation (12) as follows:

TT
2x SRS’

u(z,0)

SRS =1
" u(zo.0)

O=- /o (13)

The propagating waves are also affected by non-intrinsic
amplitude variation (i.e., frequency independent) such as
geometric spreading. The non-intrinsic amplitude variations
are lumped into the intercept term of Equation (12) to give

| Na(eo)| ,

In | ZO, | +1nN

where :N' = ]]\YZZ (14)
0

In general terms, Equation (14) indicates that attenuation
due to geometric spreading and apparent attenuation are
included in the intercept term and do not affect the intrinsic
O estimation derivation provided they are independent of
frequency.

A significant problem with implementing the SRT on
DST data sets is that the SRT assumes the source waves
travel along the same path as shown in Figure 1. Source wave
trajectories adhere to Fermat’s principle, meaning the raypath
travels along the trajectory that minimizes the travel time
between points. This results in raypath refraction as shown
in Figure 2. The schematic illustrated in Figure 2 outlines a
DST investigation where seismic source waves are generated
at the surface. The source waves travel down into the soil
profile where they are recorded by seismic sensors vertically
located at increasing depths. Parameter X denotes the source
radial offset from the vertically installed seismic sensors.
Parameters D, V, and ; denote the depth of the seismic
sensor, interval velocity and absorption value for soil layer
i. respectively. Finally, in Figure 2 dij is the travel path for
each source wave j within layer i. As is shown in Figure 2,
the source waves refract at the soil interfaces according to
Snell’s law and Fermat’s principle.

* X0

Figure 1. Assumed source wave travel paths when implementing SRT.
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Figure 2. Near surface DST where SRT assumptions are not valid.

3. FMDSM-SRT algorithm

Baziw Consulting Engineers Ltd. (BCE) developed
the so-called FMDSM-SRT algorithm for correcting DST
SRT absorption estimates for source wave travel paths.
The FMDSM-SRT utilizes iterative forward modeling
(IFM) for parameter estimation. IFM is based on iteratively
adjusting the parameters until a user specified cost function
is minimized. The IFM technique implemented by the
FMDSM-SRT algorithm is the downhill simplex method
(DSM) developed by Nelder & Mead (1965). The DSM
searches for the minimum of the costs function by taking a
series of steps, each time moving a point in the simplex away
from where the cost function is largest. The simplex moves
in space by variously reflecting, expanding, contracting, or
shrinking. The simplex size is continuously changed and
mostly diminished, so that finally it is small enough to contain
the minimum with the desired accuracy.

Equations (15) to (18) define the expected intrinsic
source amplitudes for traces recorded at depths D, D,, D,
and D, for the source raypaths illustrated in Figure 2.

4 = e (@) (15)
4 = e—(al(du—xo)mzdzz) (16)
4= e—(al(dl3—x0)+a2d23+a3d33) (17)

(@ (dia=x) )+ ardyy +asdsy +ayday ) (18)

A, =e

In general terms, the intrinsic amplitudes recorded at
each subsequent DST depth of acquisition are mathematically
expressed as follows:

d1s

d2y
d2s

d34

dss

dys

o (dy;—x, )+Zajdﬁ

’{ : (19)
A, = dye #

}, j2lLi>1

If'you then consider the ratio of the amplitudes, whether in
absolute terms or globally normalized, the unknown amplitude
initial 4, drops out of the set of equations. The equation describing
the intrinsic amplitude ratio estimated DST absorption values
from the measured seismic traces is outlined below.

A"

i+l

Aim

where a,,; is the estimated SRT absorption value for interval
i and D, denotes the total travel distance for raypath i.

SRT absorption estimates «,,; are obtained from the real
data sets by substituting Equation (10) into Equation (13)

efam/ (Di+l 7D/ )

(20)

u(DHl’w)
u(Di,a))
SRS*Aw/ (D, - D;)

a,;=—In /(D —D;) =

20

Based on the above the proposed FMDSM-SRT
algorithm for estimating absorption coefficients can then
be described as follows:

+ Utilizing the standard interval velocity FMDSM
technique (Baziw, 2002; Baziw & Verbeek, 2012,
2014), obtain estimates of ¥ and dl.j.

*  For the depth increments under analysis determine
the measured SRT absorption estimates (¢,,; - using
Equation 21) from the recorded DST traces each
depth increment.

*  Implement FMDSM-SRT algorithm to calculate the
synthesized amplitudes with Equation (19) based on
assumed absorption coefficients, whereby the absolute
difference between the measured and synthesizes
amplitude ratios is iteratively minimized.
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i=1 i+l

D..—D,

i+l i

7ami( )

min !
a

(22)

| |

where 7 is the number of layers or absorption coefficients
to be estimated.

4. FMDSM-SRT test bed simulation

The test bed simulation outlined in this paper uses the
same one outlined by Baziw & Verbeek (2019). However, in
this case measured SRT absorption values are utilized instead
of PPAs. This was done for consistency and comparison of
results with the FMDSMA A algorithm. Table 1 below outlines
the FMDSM-SRT test bed simulation working parameters.
Columns 1 and 2 of Table 1 are the assumed depths and
associated source wave arrival times of the simulated DST.
Column 3 of Table 1 contains the estimated interval velocities
with the depths and arrival times input into the FMDSM

Table 1. FMDSM-SRT test bed example parameters (f= 100 Hz).

algorithm, which accounts for raypath refraction. Column 4 of
Table 1 outlines the true absorption values for each soil interval.
Column 5 of Table 1 contains the wavelength of the source
wave as it travels through the soil layers of varying interval
velocities (4 = V/f). Column 6 of Table 1 outlines the quality
factor obtained by implementing Equation 2. Finally, column
7 of Table 1 contains the associated estimated measured SRT
absorption values for each depth increment. The SRT measured
absorption values were calculated by implementing Equations
19 and 23. As is evident from reviewing column 7, there are
numerous nonsensical absorption values such as the negative
values at 3m and 5m.

A
a, . =—In|—=L

= /(Dyy = D) (23)

mi

i

Table 2 and Figure 3 outline the output of the FMDSM-
SRT algorithm after inputting the values given in Table 1,
and the raypaths determined by the FMDSM algorithm

Depth [m] T, [ms] V [m/s] o [1/m] A[m] O [1/Np] a [1/m]
1 17 131.5 0.34129 1.32 7 N/A
2 25 97.1 0.64708 0.97 5 0.94071
3 28 176.3 0.162 1.76 11 -0.02294
4 34 142.8 0.275 1.43 8 0.27871
5 37 249.6 0.05244 2.5 24 -0.01041
6 41 222.5 0.07431 2.23 19 0.05774
7 46 189.1 0.1278 1.89 13 0.12536
8 49 303.2 0.03701 3.05 28 0.02556
9 54 193.7 0.10137 1.94 16 0.10001
10 58 242.2 0.06177 2.42 21 0.05933
11 62 2433 0.05869 2.43 22 0.05661
12 65 322.1 0.03048 3.23 32 0.02760

Legend: see List of symbols and abbreviations. V'is derived from the FMDSM algorithm. ¢, is obtained from Equation (23).
Table 2. FMDSM-SRT test bed example results.
a /o percent a /o/ percent Amplitude ratio

Depth (m) o (1/m) @, (1/m) diﬁ“e?eﬂce (%) o (1/m) differerilce (%) errrc))r residual
1 0.34129 N/A N/A 0.31725 7.3 N/A
2 0.64708 0.94071 37 0.6353 1.8 2.62E-06
3 0.162 -0.02294 266 0.15293 5.8 7.86E-07
4 0.275 0.27871 1.3 0.27181 1.2 6.07E-07
5 0.05244 -0.01041 299.1 0.04996 4.8 1.33E-06
6 0.07431 0.05774 25.1 0.0733 1.4 1.40E-07
7 0.1278 0.12536 1.9 0.12729 0.4 5.77E-08
8 0.03701 0.02556 36.6 0.03653 1.3 4.64E-07
9 0.10137 0.10001 1.4 0.10118 0.2 1.01E-06
10 0.06177 0.05933 4 0.0616 0.3 4.28E-06
11 0.05869 0.05661 3.6 0.05857 0.2 4.78E-06
12 0.03048 0.02760 9.9 0.03038 0.3 1.36E-06

Legend: see List of symbols and abbreviations. ¢ is obtained from the FMDSM-SRT algorithm. ¢, is obtained from Equation (21).
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Figure 3. Output from the FMDSM-SRT algorithm illustrating source wave raypaths and estimated Q values.

which are illustrated in Figure 3. Figure 3 also illustrates the
estimated FMDSM-SRT algorithm Q values. Column 4 of
Table 2 outlines the very large percent differences between
the true absorption values and the DST measured SRT values.
For example, depth intervals to 2m to 3m and 4m to Sm have
percent differences of 266 and 299, respectively. Column
5 of Table 2 contains the FMDSM-SRT estimate, o/, while
column 6 outlines the percentage differences between the
true absorption values and the FMDSM-SRT estimate. As is
evident from the precent differences outlined in Table 2, the
FMDSM-SRT was able to correct the DST SRT values for
the source wave raypaths and obtain accurate estimates of
the true absorption values. Column 7 of Table 2 outlines the
low FMDSM-SRT error residuals.

5. Conclusion

The low-strain DST #_estimates are very important
for predicting and assessing ground amplification during
earthquakes. In addition, DST #_estimates provide for a
reference of laboratory tests such as the resonant column
test. RCT can suffer from various disadvantages such as
sample disturbance and sample preparation which can shift
the estimated 7 values. The RCT results can be adjusted so
that the low-strain RCT #_estimates agree with the low-strain
in-situ DST #_estimates. The most popular methodology for
estimating DST is the spectral ratio technique. The major
shortcoming of the SRT on DST data sets is that the SRT
assumes that the source waves travel along the same path. This
assumption can result in very large errors in the 7 _estimates.
This paper has outlined the mathematical details of a new
technique, the so-called FMDSM-SRT algorithm, which
corrects the estimated DST SRT 7 estimates for source wave

raypaths. The effectiveness of the FMDSM-SRT algorithm
was demonstrated by a challenging test bed simulation. It is
of paramount importance that optimal estimation algorithms
first carry out sufficiently challenging test bed simulations
for algorithm verification prior to implementation on real
data sets.
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List of symbols and abbreviations

k wavenumber

u plane wave

X, source wave reference distance
4, source wave reference amplitude
DST  downhole seismic testing

G shear modulus
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(0] quality factor

PPA  peak particle acceleration

RCT  resonant column test

SRS spectral ratio slope

SRT spectral ratio technique

T transmission coefficient

T, travel time

V source wave velocity

o absorption coefficient

o FMDSM-SRT estimated absorption coefficient
a, SRT measured absorption coefficient
0 logarithmic decrement

n damping ratio

A source wave’s wavelength
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