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Abstract: Concrete with recycled aggregate is a fragile material under tensile stresses. However, like conventional 
concrete, it is possible that its contribution is relevant in the design of reinforced concrete elements under tension or 
bending, even after cracking. The objective of this work is to evaluate the application of the analytical models used 
to predict the effect of tension stiffening on recycled reinforced concrete. Tests of reinforced concrete under tensile 
were performed using conventional concrete and concrete containing 25% and 50% replacement of the natural 
aggregate with recycled aggregate. From the experimental results of reinforced concrete, the contribution of the 
concrete was isolated and a parametric study was carried out to identify which analytical model in the literature may 
be more appropriate. The models proposed by Carreira and Chu (1986), Vecchio and Collins (1986) and Hsu and 
Mo (2010) were evaluated. A numerical analysis, based on the finite element method, was implemented to model 
the mechanical behavior of the reinforced concrete under tensile using the analytical models already adjusted to 
concrete with recycled aggregate. The stress distribution in steel and concrete and the cracking mode were evaluated 
numerically. The results indicate that the parameters used in the analytical models for conventional concrete cannot 
predict the behavior of concrete with recycled aggregate and need to be modified to obtain a more accurate answer. 

Keywords: tension stiffening, damage, plasticity, finite elements. 

Resumo: O concreto com agregado reciclado é um material frágil sob tensões de tração, no entanto, assim como o 
concreto convencional, é possível que, mesmo após sua fissuração, a sua contribuição seja relevante no 
dimensionamento de elementos de concreto armado sob tração ou flexão. O objetivo deste trabalho é avaliar a 
aplicação dos modelos analíticos usados na previsão do efeito do enrijecimento a tração (tension stiffening) ao 
concreto armado reciclado. Ensaios de tirantes de concreto armado foram realizados utilizando concreto 
convencional e concreto contendo 25% e 50% de substituição do agregado natural por agregado reciclado. A partir 
dos resultados experimentais, a contribuição do concreto foi isolada e um estudo paramétrico foi realizado para 
identificar qual modelo analítico existente na literatura pode ser mais apropriado. Foram avaliados os modelos 
propostos por Carreira e Chu (1986), Vecchio e Collins (1986) e Hsu e Mo (2010). Uma análise numérica baseada 
no método dos elementos finitos foi implementada para modelar o comportamento mecânico do tirante de concreto 
armado utilizando os modelos analíticos já ajustados ao concreto com agregado reciclado. A distribuição de tensões 
no aço e no concreto e o modo de fissuração foram avaliados numericamente. Os resultados indicam que os 
parâmetros utilizados nos modelos analíticos para concreto convencional não conseguem prever o comportamento 
do concreto com agregado reciclado e precisam ser modificados para se obter uma resposta mais precisa. 

Palavras-chave: tirante de concreto armado, modelo de dano, plasticidade, método dos elementos finitos. 
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1 INTRODUCTION 
The great success obtained by reinforced concrete as a structural material is due to the excellent bond between the 

reinforcement and the concrete, which allows the redistribution of stresses between the materials after the cracking of 
the concrete. Due to this bond, the concrete, considered as a fragile material under tensile stress, can contribute to the 
increase of the strength and stiffness of the reinforced concrete even after the formation of cracks, in an effect called 
“tension stiffening”. The tension stiffening effect has been defined as the contribution of intact concrete between cracks 
to the stiffness of the structural element or even by the ability of intact concrete between cracks to resist part of the 
resulting tensile forces. This contribution of cracked concrete has been identified as responsible for increasing the 
flexural strength [1], increasing the shear strength of reinforced concrete structures [2], increasing the stiffness of 
reinforced concrete slabs [3] and for the non-linear response of reinforced concrete under stress [4]. 

Due to the importance of this phenomenon, several studies have been carried out to determine theoretical models of 
the tension stiffening effect, as a way of incorporating it into the design standards for reinforced concrete structures. In 
this context, two different approaches have been used to determine the constitutive models: i) change in the constitutive 
equation associated with steel [1], [5], [6]; ii) or modification of the constitutive law of concrete, after the opening of 
the first crack [2], [7], [8]. Despite the good results obtained with the theoretical models for determining the tension 
stiffening effect, the parameters obtained for the design have been validated through experimental results of 
conventional reinforced concrete elements, which may limit its applicability to structures produced with recycled 
concrete aggregate. 

The use of concrete with recycled aggregate in reinforced concrete structures is allowed by several design standards [9] 
and, as a result, some studies [10], [11] and practical applications [12] have reported the inherent gains in economic or 
sustainability terms of this material. However, the cracking mode of recycled concrete is different from conventional 
concrete, either under tensile [13] or compression [14] stresses, due to the lower strength and stiffness of the recycled 
aggregate, which may limit the use of some established and validated standard equations for conventional concrete. 

The structural behavior evaluation of reinforced concrete beams with recycled aggregates, carried out by 
Etxeberria et al. [15], identified that the design standards overestimate the shear strength of reinforced concrete beams 
produced with recycled aggregate. According to Ignjatović et al. [16], the deflection in service of reinforced concrete 
beams containing recycled aggregate may be higher than the deflection of beams with conventional reinforced concrete. 
Xiao et al. [10] evaluated the bond between steel bars and recycled concrete and, after verifying the reduction in bond 
with the increase of the content of recycled aggregate in the concrete, established a new empirical law to determine the 
steel-recycled concrete bond. The drying shrinkage measures of concrete with recycled aggregate also indicate that the 
equations currently used by the structural design standards cannot predict the shrinkage behavior of recycled 
concrete [17]. Considering all these aspects and the important effect that drying shrinkage has on the tension stiffening 
effect of concrete [18], [19], it is believed that the use of normative models of the tension stiffening effect, calibrated 
for conventional concrete [20], are not valid for recycled reinforced concrete. Due to such particularities of recycled 
concrete, Kosior-Kazberuk and Grzywa [21] indicate that the special properties of concrete with recycled aggregate 
need to be considered in the design of reinforced concrete structures. 

The objective of this work is to evaluate the tension stiffening effect of recycled concrete on the mechanical behavior 
of elements of reinforced concrete under tensile stress. For this, changes were made to the theoretical tension stiffening 
models proposed by Carreira and Chu [22], Vecchio and Collins [2] and Hsu and Mo [23] to fit the experimental results 
of concrete containing 0%, 25% and 50% of recycled aggregate. Subsequently, the elements were numerically modeled, 
using the finite element method, to evaluate the most appropriate theoretical model for the design of recycled concrete 
elements. The cracking pattern of the elements and the level of stress in the concrete and in the reinforcement were also 
numerically obtained and discussed. 

2 ANALYTICAL MODELS OF THE TENSION STIFFENING EFFECT 
The tension stiffening effect can be seen in Figure 1a, in which an element is subjected to tensile stress. The typical 

curve of this element subjected to tensile can be subdivided into 3 phases. 
The first phase is represented by the elastic region, where the stresses and strains of the element follow the Hooke’s 

Law, and there are no cracks in the concrete. The second phase is initiated by the primary cracking of the concrete and 
the appearance of new cracks, as the stresses in the concrete (between cracks already formed) reach the tensile strength 
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of the concrete. Thus, phase 2 is marked by instability in the test due to gradual cracking. At the end of phase 2, all the 
cracks have already appeared and a reduction in the stiffness of the element is verified. At the crack opening site, the 
force is resisted almost exclusively by the steel bar, while in the region between cracks some tensile force is transferred 
(by bond) from the bar to the surrounding concrete, which results in a reduction of stresses and deformations in the 
reinforcement. At the beginning of cracking, the tension stiffening effect reaches its maximum value (see Figure 1b) 
and gradually decreases with the evolution of the deformation. In the third phase, there is a stable cracking, with the 
opening of existing cracks and loss of bond between steel and concrete. In this phase, the contribution of concrete 
between cracks is reduced to zero as the reinforcement steel tends to yielding phase. 

 
Figure 1. Stages of typical load-strain behavior of a tension stiffening element (a) and region where new cracks appear (b). 

The prescription of the load-displacement behavior of reinforced concrete elements can be performed by standard 
specifications such as CEB [1]. To determine the tension stiffening effect, several models have been proposed over the 
years, being differentiated by the complexity and number of variables involved in the equations. In this study, the 
constitutive equations proposed by Carreira and Chu [22], Vecchio and Collins [2] and Hsu and Mo [23] were used, 
which were based on experimental studies and used in different applications. 

2.1 Tension stiffening Model by CEB [1] 
A classic model for evaluated the behavior of reinforced concrete elements is presented by CEB [1], as illustrated 

in Figure 2. 

 
Figure 2. Relative strain of the reinforcement in the tension stiffening element. 
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In this model, the objective is to determine the average relative deformation of the reinforcement εsm of an element 
of length L subjected to an axial load N. Until reaching the total elongation ΔL, the element goes through an elastic 
phase (Phase 1 in Figure 1a) until reaching the crack load Nr. For values greater than Nr, the average strain of the 
reinforcement is given by: 

sm s2 s
L

L
ε ε ε∆

= = − ∆  (1) 

Where sε∆  represents the contribution of the concrete between cracks (tension stiffening effect), which was established 
experimentally as: 

( ) ( )( )/ /s smax sr s2 s2r s1r sr s2ε ε σ σ ε ε σ σ∆ = ∆ = −  (2) 

By substituting Equation 2 in Equation 1, it is obtained: 

( ) ( )/ /2 2
sm s2 sr s2 s2 sr s21ε ε σ σ ε σ σ = − +  

 (3) 

That can be written in the form: 

[ ]sm s1 s21ε ζ ε ζε= − +  (4) 

Where ζ is a distribution coefficient given by: 

( )/ ,     
,    

2
sr s2 s2 sr

s2 sr

1 para
0 para

σ σ σ σζ
σ σ

 − ≥= 
<

 (5) 

In the Equation 1 to Equation 5, s2σ  is the stress of the reinforcement in a cracked section; srσ  is stress in the 
reinforcement at the moment of cracking, that is, when the stress in the concrete reaches the tensile strength; s1ε  is the 
deformation in the reinforcement in Phase 1; s2ε  is the deformation in the reinforcement after cracking the concrete, 
not considering the contribution of the concrete between cracks; s1rε  is the strain in the reinforcement corresponding 
to the stress srσ , in Phase 1; s2rε  is the strain in the reinforcement corresponding to the stress srσ , not considering the 
contribution of concrete between cracks. 

To consider the quality of the bond of the reinforcement bars and the influence of the duration and repetition of the 
load application, the CEB Model Code 1990 [24] introduced, respectively, the coefficient β1 and the coefficient β2 in 
Equation 5: 

( )/ ,     
,    

2
1 2 sr s2 s2 sr

s2 sr

1 para
0 para

β β σ σ σ σζ
σ σ

 − ⋅ ⋅ ≥= 
<

 (6) 

Where 
,1
1

2 5 1
β

κ
= , with .1 0 4κ =  for ribbed bars and .1 0 8κ =  for smooth bars, and .2 1 0β =  for load applied for a short 

time and .2 0 5β =  for load applied for a long time or for a large number of load cycles. 
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2.2 Model by Carreira and Chu [22] 
The equation proposed by Carreira and Chu [22] was adapted from a model for the behavior of concrete under 

compression and it is given by: 

t

ct
t ct

cr
t

ct
t

cr

f

1
β

εβ
ε

σ
εβ
ε

 
⋅  

 =
 

− +  
 

 (7) 

where tσ  and ctε  correspond, respectively, to the normal tensile stress and the specific linear strain in the stress-strain diagram; 
crε  is the deformation corresponding to the maximum tensile stress. The parameter tβ  combines the effect of cracking and the 

loss of bond between the reinforcement and the concrete and it must be obtained from experimental tests. 
Equation 7 was used by the authors [22] to determine the tension stiffening effect in concrete elements reinforced 

with different ratios of reinforcement, and values for tβ  ranging between 1.45 and 1.70 were adopted. 

2.3 Model by Hsu and Mo [23] 
The model presented by Hsu and Mo [23] was obtained based on experiments carried out on reinforced concrete 

panels submitted to uniaxial tensile stress. The equation that correlates the tensile stress in the concrete tσ  with the 
axial strain ct  ε  is given by: 

cr
t ct

ct

εσ  f
ε

µ
 

=  
 

 (8) 

Where the exponent μ is an adjustment parameter, initially adopted as equal to 0.4 by the authors [21]; ctf  is the tensile 
strength of concrete and crε  is the deformation corresponding to this stress, being adopted by Hsu and Mo [23] as 

.cr 0 00008ε = , based on the experimental results for conventional concrete. 
Equation 8 was used by Wang and Hsu [25] and by Dede and Ayvaz [26], obtaining good results. 

2.4 Model by Vecchio and Collins [2] 
The model proposed by Vecchio and Collins [2] was based on the experiments carried out on reinforced concrete 

panels subjected to pure shear stress and it is given by: 

ct
t

1

f
1

σ
ηε

=
+

 (9) 

Where η is an experimental parameter, adopted equal to 200 for conventional concrete, and 1ε  is the tensile strain of 
the concrete in direction 1 (axial). 

Equation 9 is present in the Modified Compression-Field Theory (MCFT) [2], in which the authors reported the 
importance of considering the tension stiffening effect in the analysis of structures subjected to shearing force 
predominantly to flexion. 

3 EXPERIMENTAL PROGRAM 

3.1 Materials 
The coarse recycled aggregate used in this study, with a maximum diameter of 9.5 mm, was obtained by demolishing 

concrete beams produced in laboratory for this purpose. The coarse natural aggregate was granite gravel with a 
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maximum diameter of 9.5 mm. The water absorption test indicated that the natural aggregate has a total absorption of 
1.2% while the recycled aggregate has a total absorption of 8.0%. Quartz sand with a maximum diameter of 4.75 mm, 
CPV-ARI cement and polycarboxylate-based superplasticizer with a solids content of 30% were used. 

The concretes were composed according to the Compressible Packing Model (CPM), described in Rangel [27], to 
achieve a compressive strength of 25 MPa and an slump value of 75 mm. Three types of concrete were produced, R0, 
R25 and R50, with the replacement of 0%, 25% and 50% of natural aggregate by recycled aggregate, respectively. 
Table 1 shows the consumption of materials for the production of the concrete mixtures, as well as the results of 
mechanical tests at 28 days after curing in a humid chamber. The superplasticizer content was about 3 kg/m3 for all 
mixtures. The concretes were produced in an air-conditioned room at 21ºC ± 1ºC, using a planetary mixer. 

Table 1. Composition and properties of the concrete mixtures. 

Mixture 
Composition (kg/m3) Mechanical properties 

Cement Coarse 
aggregate 

Fine 
aggregate Water fc (MPa) E (GPa) Ftd (MPa) 

R0 304 922.9 841.1 205.7 27.5(±4.2%) 20.8(±7.4%) 2.98(±7.7%) 
R25 301.4 695.0 844.5 211.0 26.9(±4.0%) 21.9(±3.9%) 2.88(±7.9%) 
R50 293.8 467.6 852.3 213.4 26.5(±4.8%) 21.8(±5.5%) 3.02(±5.6%) 

In the tension stiffening elements, CA 50 steel bars with 20 mm of diameter were used, which were subjected to 
tensile test and the bars presented a yield stress of 540 MPa, a rupture stress of 705 MPa and an elastic modulus of 
232.9 GPa. This diameter bar was adopted so that a larger post-cracking region could be investigated before the bar 
begins the yielding phase. 

3.2 Tension stiffening test 
Metallic molds with dimensions of 15 x 15 x 80 cm were used to produce the tension stiffening elements. The steel 

bar was positioned in the center of the cross section of the mold before casting the concrete, as shown in Figure 3. 
The tests were performed in a servo-controlled press with a capacity of 1000 kN, in three samples for each concrete 

mixture. The loading of the test was applied continuously, with a constant speed of 0.3 mm/min. Two electric 
transducers (LVDT) were used to measure longitudinal displacements in the central region of the specimens (0.7 m). 

 
Figure 3. Production and tension stiffening test: a) casting of concrete; b) end of molding; c) test specimen; d) positioning the 

testing machine. 

4 CALIBRATION OF ANALYTICAL MODELS 
From the experimental result of the tension stiffening test, the contribution of the matrix to the overall load-strain 

behavior of the element was isolated. For this, it was evaluated the difference between the result obtained for the element 
and the individually contribution of the steel bar. 
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The analytical models of tension stiffening represented by Equation 7 to Equation 9 were calibrated in comparison 
with the experimental result, from the variation of the values of the parameters tβ , µ  and η , respectively. To determine 
the parameter that best fits the theoretical model to the experimental curve, the regions under the curves were then 
compared up to a deformation of 3.5/1000 and the errors were calculated. The error rate was established as the relation 
between the area under the obtained curve with the theoretical model, divided by the area under the curve obtained 
from the experimental test. 

The analytical stress-strain ratio that corresponded to the smallest error was then used in the numerical modeling of 
the reinforced concrete element. 

5 NUMERICAL MODELING OF THE TENSION STIFFENING ELEMENT 
The computational numerical modeling of the reinforced concrete element was performed using the finite element 

method with application of the plasticity model to the concrete. The ABAQUS software was used. 

5.1 Discretization of the tension stiffening element 
A three-dimensional mesh was modeled in finite elements using the solid element C3D8R, with eight nodes, with 

three degrees of freedom per node (displacements in the X, Y and Z directions) and reduced integration. The C3D8R 
element has 6 faces and four integration points per face, as shown in Figure 4. In the tension stiffening element mesh, 
44400 thousand elements were used, with 47315 nodes, as shown in Figure 5. 

 
Figure 4. Finite element C3D8R used in the mesh: a) numbering of nodes; b) integration points. 

 
Figure 5. Mesh used for the tension stiffening modeling. 
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The computer simulation was performed by applying axial displacements, according to the experimental test 
performed, shown in Figure 6a. Despite the finite element mesh having 80 cm in length, it were monitored the difference 
between the axial displacements, referring to the 1U  direction, of points A and B spaced 70 cm apart and located 5 cm 
from the upper and lower faces, respectively, as shows Figure 6b. These points correspond to the places where the 
LVDTs were fixed for measuring the axial displacement during the experimental test. 

 
Figure 6. Representation of the reinforced concrete tension stiffening test: a) experimental configuration; b) numerical 

representation. 

The numerical analysis was implemented by gradually applying a displacement at point A of 0.0096 m in the U1 
direction, with 2 3U  U 0= = . In point B, displacement restrictions were applied in the three directions, 1 2 3U  U  U  0= = = . 
Thus, the values referring to axial deformations were obtained through the application of Equation 10: 

   
 1 ponto A

inicial

U
L

ε =  (10) 

where 1 ponto AU  is the displacement in the U1 direction of point A and inicialL  is the initial distance of 0.70 m, between 
point A and point B. 

The modeling was performed considering a static problem. Thus, it was decided to use the Static General tool, 
available at ABAQUS, which uses the direct method for solving systems of equations using the Full Newton solution 
technique or pure Newton. The automatic increment was chosen, in which the user determines the initial, maximum 
and minimum increment size. An initial increment of 1E-007 m was used. Concrete and steel were modeled separately 
and, for concrete-steel interaction, perfect bond was considered, so that the tension stiffening effect on the response 
was isolated. 

5.2 Plasticity Model 
To model the tension of the elements, the Concrete Damaged Plasticity (CDP) model was used, in which the 

nonlinear behavior of the concrete is based on the concept of isotropic elastic damage, which aims to represent the 
stiffness degradation associated with the irreversible damage that it occurs during the fracture process, in combination 
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with isotropic plasticity, to describe the damage mechanisms, called “softening” in tensile and “crushing” in 
compression. In this context, local damage models assume that nonlinear behavior is different in relation to tensile and 
compression [28], [29]. 

On the contrary of the concrete models based on smeared crack, the CDP does not present a tool that can capture 
the development of the crack at the point of integration of the material. However, it is possible to introduce the concept 
of an effective crack direction in order to obtain a graphic visualization of crack patterns in the concrete structure. It is 
assumed that the cracking starts at points where the plastic strain, plε , equivalent to tensile is greater than zero and the 
maximum main plastic strain is positive. The direction of the vector normal to the crack plane is assumed to be parallel 
to the direction of the maximum main plastic stress [30]. 

To use the CDP model, it is necessary to define some parameters of plasticity, described in Table 2, which, in this 
study, were chosen based on the values used by several researchers, such as Jankowiak and Lodygowski [33], Birtel 
and Mark [34] and Ors et al. [35]. Regarding the dilatation angle, ψ , it is usually used between 30° and 40° to describe 
the behavior of the concrete [36], [37]. 

Table 2. Plasticity parameters of the CDP model. 

Parameters Values Denotation 
ψ  30° Dilatation angle (Lee and Fenves [31]) 
  0.1 Potential flow function parameter 
b0

c0

f
f

 1.16 Relation between biaxial compressive strength and uniaxial compressive strength 
(Kupfer et al. [32]) 

ck  0.667 Rate of the second stress invariant 
Viscosity 0 Viscosity 

5.2.1 Constitutive laws 
As the CDP model allows to insert a table with the behavior of the concrete related to the tensile, the analytical 

models of tension stiffening were introduced after being calibrated with the experimental results. 
For the behavior under compression, the model proposed by Hognestad [38] and Kent and Park [39], represented 

by Equation 11, was used, applying the peak stress and the peak strain values obtained from experimental tests. 

2
c c

c cu
0 0

2ε εσ σ
ε ε

   = −  
   

 (11) 

where cuσ  is peak stress in compression, adopted as the compressive strength value experimentally obtained, and 0ε  
of the strain related to peak stress. 

For the steel of the reinforcement bar, a perfect elastoplastic model was adopted, considering the experimental results. 

6 RESULTS AND DISCUSSION 

6.1 Experimental results 
The experimental load-strain curves of the tests of reinforced concrete elements for mixtures R0, R25 and R50 are 

shown in Figure 7. The experimental curve of the direct tensile test of the isolated steel bar is also presented. 
It appears that all tension stiffening elements, with conventional concrete or recycled concrete, exhibit a behavior 

similar to that predicted in Figure 1, with a linear phase followed by a baseline of constant force in which multiple 
cracking occurs. After this phase, the elements showed an increase in loading, with a stiffness lower than that initially 
verified, and close to the stiffness presented by the isolated steel bar. It appears that after cracking, the force in the 
element is greater than the force in the isolated bar, demonstrating the contribution of concrete between cracks to the 
mechanical behavior of the reinforced concrete element. 
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Figure 7. Experimental results for tension stiffening elements without recycled aggregate (R0) and with substitution of 25% (R25) 

and 50% (R50) of natural aggregate for recycled aggregate. 

The average results of the properties of the concrete elements under tensile test, before and after the cracking phase, 
are presented in Table 3. It is verified that the presence of the recycled aggregate affected the behavior of the tension 
stiffening element, with an increase of up to 15% in the cracking stress (F1) and 19.4% increase in deformations (Δε) 
during the multiple cracking process (phase 2, Figure 1). The stiffness of the element, before and after cracking, was 
less influenced by the recycled aggregate since the steel stiffness affects these properties more strongly. 

Table 3. Experimental results of tension stiffening tests. 

Element F1(kN) ε1(µε) ε2(µε) Δε E1(GPa) E2(GPa) 

R0 44.4 (±6.6%) 92.8 (±1.4%) 384.7 (±9.2%) 291.9 23.0 (±6.3%) 3.03 (±2.5%) 

R25 49.3 (±6.8%) 96.0 (±4.6%) 442.4 (±7.5%) 346.4 22.9 (±7.5%) 3.04 (±6.5%) 

R50 51.1 (±3.4%) 103.3 (±6.4%) 451.8 (±8.6%) 348.5 22.0 (±2.9%) 3.13 (±1.6%) 

From the difference between the load value on the element and the load value on the steel bar, the contribution of 
the concrete matrix to the behavior of the element (tension stiffening effect) was obtained, as shown in Figure 8 to 
Figure 10. Assessing the stress-strain behavior of concrete elements, it appears that, after the appearance of the first 
crack, when the stress reaches the tensile strength shown in Table 4, there is a sudden reduction in the resistant strength 
of the material (softening), followed by the maintenance of this strength until deformations of the order of 3.5/1000. 
The substitution of the natural aggregate for recycled aggregate contributed to an increase in the peak stress in tensile, 
in the strain corresponding to the peak stress and in the elastic modulus of about 15%, 33% and 10%, respectively. 

Table 4. Concrete properties obtained in the tension stiffening test. 

Concrete ctf  (MPa) crε  E (MPa) 

R0 1.97 7.5E-05 20700 

R25 2.19 1.0E-04 21900 

R50 2.27 1.0E-04 22700 

6.2 Parametric study of analytical models to determine the tension stiffening effect 
To calibrate the analytical models, a parametric study was carried out in which several values of the parameters tβ , µ  and 

η  were tested in the models proposed by Carreira and Chu [22], Hsu and Mo [23] and Vecchio and Collins [2], respectively, 
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and compared with the experimental results. The results are shown in Figure 8 to Figure 10 for conventional concrete, concrete 
with 25% recycled aggregate and concrete with 50% recycled aggregate, respectively. The values obtained for the parameters 
and the prediction errors of each model, when compared with the experimental results, are shown in Table 5. 

The model by Vecchio and Collins [2] was initially tested with a value of η equal to 200, as proposed by the authors, 
however the theoretical values of stresses, after the peak, were much higher than the values obtained in the experimental 
result. Values varying between 1500 and 3000 were then tested. For conventional concrete, investigated in this study, 
a value of η equal to 1500 was the one that best adjusted the theoretical curve to the experimental result, with an error 
of less than 1%. For concrete with recycled aggregate, values of η equal to 1800 and 2700 were obtained, with errors 
of about 1%. 

 
Figure 8. Parametric study of analytical models for the R0 tension stiffening element. 

Although the model by Vecchio and Collins [2] does not fit well with the modeling of the tension stiffening 
behavior, especially in the second phase of the curve, immediately after the peak, it appears that the parameter used for 
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conventional concrete does not fit in the modeling of the concrete with recycled aggregate. This fact was also identified 
in the other models used. 

Compared with the model used previously, it appears that the Carreira and Chu model [22] has greater versatility 
with respect to the ability to model the stress-strain curves, as well as the model presented by Hsu and Mo [23], as can 
be seen in Figures 8, Figure 9 and Figure 10. For small variations in the experimental adjustment parameters βt and μ, 
presented in Equation 7 and Equation 8, respectively, a significant variation in the tension stiffening behavior was 
verified. The parameter βt ranged from 1.45 to 1.70, while the parameter μ ranged from 0.25 to 0.50. 

 
Figure 9. Parametric study of analytical models for the R25 tension stiffening element. 
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Figure 10. Parametric study of analytical models for the R50 tension stiffening element. 

Table 5 indicates the values of adjustment parameters that best suit the experimental results, considering each model 
and each type of concrete. The comparison between these parameters indicates that the analytical models obtained to 
predict the behavior of conventional concrete do not apply to recycled concrete, even when using the 25% substitution 
content, whose effect on mechanical strength is not so relevant. This proves the initial hypothesis established in this 
study that, the mathematical relations already established in the design standards for conventional concrete structures 
can be used to predict the structural behavior of recycled reinforced concrete, there must be an adjustment in the 
parameters used or a modification of the models. 
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Table 5. Parameter values obtained for tension stiffening models. 

Mix Theoretical model 
Parameter Theoretical area 

(MPa.mm/mm) 
Experimental area 

(MPa.mm/mm) 
Relative 

error rate 
(%) Symbol Value 

R0 
Carreira and Chu (1986) βt 1.45 0.00281 0.00283 -0.71 

Hsu and Mo (2010) μ 0.30 0.00294 0.00283 3.89 
Vecchio and Collins (1986) η 1500 0.00286 0.00283 1.06 

R25 
Carreira and Chu (1986) βt 1.60 0.00273 0.00268 1.87 

Hsu and Mo (2010) μ 0.40 0.00277 0.00268 3.36 
Vecchio and Collins (1986) η 2700 0.00265 0.00268 -1.12 

R50 
Carreira and Chu (1986) βt 1.55 0.00307 0.00306 0.26 

Hsu and Mo (2010) μ 0.35 0.00322 0.00306 5.23 
Vecchio and Collins (1986) η 1800 0.00310 0.00306 1.31 

6.3 Modeling of the reinforced concrete elements 
Figure 8, Figure 9 and Figure 10 show the experimental results of the tension stiffening test compared to the numerical 

models. In the numerical models, the stress-strain diagrams used for concrete under tensile were obtained from appropriate 
tension stiffening models, using the parameters presented in Table 5. For the purpose of comparison with design standards, 
the analytical model presented by CEB [1] is also shown in Figure 11, Figure 12 and Figure 13. It appears that the numerical 
model was able to predict the overall behavior of the tension stiffening element with an acceptable approximation. To 
prediction the load and the strain of the first crack of the element, shown in Table 6, the greatest differences between the 
numerical value and the experimental value, of the order of 19% for the force 1F  and 39% for the strain 1ε , were verified 
when the Vecchio and Collins [2] model was used to determine the tension stiffening effect. The Hsu and Mo [23] model was 
the one that best fitted to conventional concrete, with an error of 3.1% in the predicted 1F , and the Carreira and Chu model [22] 
resulted in a maximum error of 6.85% in predicted 1F  for recycled concrete. 

Table 6. Tension stiffening test properties at the cracking start. 

Models 
R0 R25 R50 

( )1F kN  ( )1 µε ε  ( )1F kN  ( )1 µε ε  ( )1F kN  ( )1 µε ε  
Experimental 44.4 92.8 49.3 96.0 51.1 103.3 

Carreira and Chu (1986) 46.1 72.7 47.6 73.2 47.6 74.5 
Hsu and Mo (2010) 45.8 72.1 47.3 71.6 46.8 72.5 

Vecchio and Collins (1986) 35.8 56.6 45.2 67.3 45.8 70.3 

 
Figure 11. Comparison between numerical models, analytical model and experimental result for the tension stiffening element 

with conventional concrete R0. 
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Figure 12. Comparison between numerical models, analytical model and experimental result for the tension stiffening element 

with recycled concrete R25. 

 
Figure 13. Comparison between numerical models, analytical model and experimental result for the tension stiffening element 

with recycled concrete R50. 

To evaluate the numerical modeling in the prediction of the post-cracking behavior of the tension stiffening element, 
the areas under the load-strain curves (numerical, analytical and experimental), up to the 2000 µε deformation, were 
calculated and the error was calculated by the relation between these areas. The results are shown in Table 7. 

The maximum error obtained by the numerical models was about 14% when the Hsu and Mo model [23] was used 
in the analytical modeling of the tension stiffening of conventional concrete. In fact, evaluating Figure 9, it is observed 
that, after the multiple cracking phase, the ascending phase of this numerical curve is more rigid than the other models 
and then the experimental result. For this phase, the numerical model with the Vecchio and Collins [2] curve presents 
the best approximation for conventional concrete, with an error of 0.77%, while the model with the Carreira and 
Chu [22] curves more adequately model the element with recycled concrete, with a maximum error of 0.82%. 

Regarding the analytical model proposed by CEB [1], it appears that the main difference concerns the load-strain 
behavior in Phase 2 (see Figure 1). While the numerical models and the experimental result indicate a baseline on the 
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curve, with constant load during the multiple cracking process, the CEB model shows an increase in load during this 
phase. However, the maximum prediction error using the normative prescription was 5.24%, which shows a potential 
for predicting the behavior of tension stiffening elements with conventional or recycled concrete. 

Table 7. Comparison between numerical, analytical and experimental results of reinforced concrete tension stiffening elements. 

Element Theoretical model Parameter Simulation area 
(kN∙µε) 

Experimental area 
(kN∙µε) Error (%) Symbol Value 

R0 

Carreira and Chu (1986) βt 1.45 190861 

188567 

1.21 
Hsu and Mo (2010) μ 0.30 215484 14.27 

Vecchio and Collins (1986) η 1500 190033 0.77 
CEB - - 186224 -1,24 

R25 

Carreira and Chu (1986) βt 1.60 183680 

183574 

0.05 
Hsu and Mo (2010) μ 0.40 198222 7.92 

Vecchio and Collins (1986) η 2700 188121 2.47 
CEB - - 193206 5,24 

R50 

Carreira and Chu (1986) βt 1.55 189327 

187780 

0.82 
Hsu and Mo (2010) μ 0.35 205180 9.26 

Vecchio and Collins (1986) η 1800 205678 9.53 
CEB - - 195334 4,02 

6.3.1 Monitoring the distribution of stresses and strains in the tension stiffening element 
According to the theory of tension stiffening element cracking [1], after the appearance of the first crack, there is a 

variation on the distribution of stresses inside the element and, at the crack region, there is a reduction in the concrete 
stress (which can go to zero) and an increase in tension in the reinforcement. Using the numerical model, it was possible 
to monitor the development of element cracking and map the level of stresses and strains in concrete and steel. 

The experimental results of the tension stiffening test indicate the appearance of three or four main cracks spaced 
along its length, as shown in Figure 14. The numerical models managed to capture this behavior indicating the 
appearance of three cracks in all analyzed elements, as shows Figure 15. Despite the appearance of the first crack being 
in a random region, changing according to the type of concrete, it appears that the final spacing between cracks remained 
equal to 20 cm. The experimental results indicate an average spacing of 11.3 cm, since in some specimens a greater 
number of cracks appeared. 

 
Figure 14. Evolution of the cracking during the tension stiffening test of R0. 

The variation of stresses in the steel bar and in the concrete were monitored along the length of the element during 
the multiple cracking phase and it is shown in Figure 15. The tension was obtained in a node located inside the concrete, 
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halfway between the face of the element and the reinforcement bar, that is, at a distance of 37.5 mm from the external 
face. 

With the appearance of the first crack (Figure 15a), at the crack region, there is a reduction in the stress in the 
concrete and an increase in the steel stress, since there is a transfer of stresses between the two components. A similar 
fact is observed when there is the appearance of the second (Figure 15b) and third (Figure 15c) cracks. It is possible to 
observe, however, that the stresses in the concrete between cracks remain high, indicating the occurrence of the tension 
stiffening effect, with the contribution of the concrete between cracks to the total strength. 

Throughout the cracking process, it appears that, with the appearance of a new crack, there is a redistribution of 
stresses, and at the point where the crack appears, the steel bar becomes more tensioned and the concrete has a reduction 
in the capacity to transmit efforts. However, different from what is proposed in the classic tension stiffening cracking 
model [1], which proposes that in the crack region the stresses in the concrete go to zero, it is realized in the 
computational model that the concrete, even in the cracked region, can transmit a small portion of efforts. This 
phenomenon, called interlocking, is predicted by Prado and Van Mier [40] for conventional concrete, and corresponds 
to the friction that the crack faces impose on the relative displacement and which is influenced by the type of aggregate. 

 
Figure 15. Stress distribution in concrete and in reinforcement along the elements after: a) first crack; b) second crack and c) third crack. 
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In addition to the variation in stresses along the length of the element, it is expected that the stresses in the concrete 
will vary along the cross section, since the transfer of stresses, after cracking, is made from the steel bar to the concrete. 
Using numerical simulation, it was possible to monitor the development of stresses at two points in the concrete cross 
section, as shown in Figure 16: close to the surface and inside the concrete. Evaluating the non-cracked concrete, it 
appears that the stresses measured inside the concrete (Point P2) are practically constant while the stresses measured 
on the surface (Point P1) have a parabolic shape along the length of the element. 

 

 
Figure 16. Stress and strain distribution in concrete and in reinforcement for R0 element. 
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Assessing the distribution of plastic deformations inside the concrete (Figure 16), it appears that there is a variation 
along the cross section. In the cracked section (S1), it can be seen that the deformation of the concrete is greater on the 
external surface and it decreases as it approaches the steel bar, indicating the maintenance of a certain level of bond 
that allows the development of stresses in the concrete. In the section S2, formed of intact concrete, a difference is also 
verified between the deformation in the surface and the deformation inside the concrete, but with less intensity, which 
is compatible with the level of stresses observed in this section. 

7 CONCLUSIONS 
Reinforced concrete elements produced with normal concrete and recycled concrete, containing 25% and 50% of 

recycled aggregate in substitution to the conventional aggregate, were experimentally evaluated under direct tensile and 
analyzed through numerical and analytical models. 

All tension stiffening elements showed multiple cracking under uniaxial tensile. After the cracking process, the 
observed load values remained higher than the values observed in the steel bar tested separately, confirming the 
contribution of concrete between cracks (tension stiffening effect) for the strength of the reinforced concrete element. 
The recycled concrete element presented higher cracking stress and greater deformations in the multiple cracking phase 
than the conventional concrete element, confirming the influence of the addition of recycled aggregate on the 
mechanical behavior. 

Three analytical models of tension stiffening, with different mathematical equations, were compared with the 
experimental stress-strain diagrams obtained for the isolated matrix. It is verified that the values obtained for modeling 
of conventional concrete cannot adequately predict the tension stiffening behavior of concrete with recycled aggregate. 
For that, new parameters had to be obtained. The mathematical model proposed by Carreira and Chu (1986) obtained 
better approximations with the experimental results for the behavior of conventional concrete and for concrete with 
50% recycled aggregate, but with different adjustment parameters equal to 1.45 and 1.55, respectively. 

The numerical evaluation of reinforced concrete elements indicates that the type of analytical model adopted for 
tension stiffening affects the prediction of structural behavior, both in the approximation of curves and in the 
determination of crack loads. Comparing the models used, it can be seen that, for conventional concrete elements, the 
tension stiffening model proposed by Vecchio and Collins managed to approximate the areas under the curve (0.77% 
of error), but does not present as good approximation in the post-cracking behavior regarding the model proposed by 
Carreira and Chu, who managed to predict the behavior of the elements with conventional and recycled concrete with 
reasonable precision, provided that the appropriate parameters for each type of concrete were used. Despite presenting 
an error of 5.24% in the prediction of the element behavior, the analytical model proposed by CEB showed a good 
approximation, especially when it is considered that it did not change the original parameters proposed by the standard. 

The monitoring of the stress distribution along the element, during the loading and cracking processes, demonstrated 
that there is a stress redistribution as new cracks appear in the concrete, making it possible to identify the tension 
stiffening effect, that is, the contribution of the concrete between cracks. At the crack region, it is possible to identify 
that the concrete stresses reduce, but do not reach zero, also contributing to the strength of the tension stiffening element. 

The numerical results indicate that, in the same section of the element, there is a variation of plastic deformations 
and stresses along the cross section. This variation affects the form of stress distribution in the concrete along the length 
of the element, which is no longer uniform when measured inside the section, and becomes parabolic when measured 
on the concrete surface. 
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